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Abstract. We note that Takahashi’s 1976 paper [13] is extended or applied
by a number of authors; see [1]-[10], and [12]. Recall that the contents of
such articles belong to the KKM theory originated by Knaster-Kuratowski-
Mazurkiewicz in 1929 and initiated by Park in 1992. In the present paper, we
show that a number of basic results appeared in the above-mentioned papers
can be extended to the corresponding current generalized ones in the recently
developed KKM theory.

1. Introduction

In 1976, Takahashi [13] obtained many results on nonlinear variational
inequalities and fixed point theorems, and, in 1986 [14], some results on fixed
point, minimax, and Hahn-Banach theorems. Such results are included in at
least three of his monographs. Subsequently, Takahashi’s results extended
or applied by several authors; for example, Park and Kim [10], Matsushita
[6], Kawasaki [1], Kawasaki, Toyoda and Watanabe [2], Kimura et al. [3],
[4], [5] and Saito, Tanaka and Yamada [12].

Since 1992, Park began to study the KKM theory systematically; that
is, the study of various generalizations and applications of the celebrated
Knaster-Kuratowski-Mazurkiewicz intersection theorem in 1929; see [7], [8],
[9] and the references therein.

In the present paper, we show that many of Takahashi’s results related to
the KKM theory and their applications due to a number of authors appeared
in the references are simple consequences of recently developed Park’s KKM
theory for abstract convex spaces.

Section 2 is a short preliminary on abstract convex spaces due to Park.
In Section 3, a number of Takahashi’s results can be generalized to Park’s
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abstract convex spaces. Finally, Section 4 devotes to review several pa-

pers concerned with applications of Takahashi’s results related to the KKM

theory.

2. Abstract convex spaces

For sets X and Y , a multimap (or a multifunction or simply a map)
F : X ( Y is a function F : X → 2Y to the power set of Y .

For the concepts on our abstract convex spaces, KKM spaces and the

KKM admissible classes KC, KO, we follow [7], [8], [9] with some modifica-

tions and the references therein:

Definition. Let E be a topological space, D a nonempty set, 〈D〉 the

set of all nonempty finite subsets of D, and Γ : 〈D〉 ( E a multimap with

nonempty values ΓA := Γ(A) for A ∈ 〈D〉. The triple (E, D; Γ) is called an

abstract convex space whenever the Γ-convex hull of any D′ ⊂ D is denoted

and defined by

coΓD′ :=
⋃

{ΓA | A ∈ 〈D′〉} ⊂ E.

A subset X of E is called a Γ-convex subset of (E, D; Γ) relative to some

D′ ⊂ D if for any N ∈ 〈D′〉, we have ΓN ⊂ X , that is, coΓD′ ⊂ X .

When D ⊂ E, a subset X of E is said to be Γ-convex if coΓ(X ∩D) ⊂ X ;

in other words, X is Γ-convex relative to D′ := X ∩ D. In case E = D, let

(E; Γ) := (E, E; Γ).

Definition. Let (E, D; Γ) be an abstract convex space and Z a topologi-

cal space. For a multimap F : E ( Z with nonempty values, if a multimap

G : D ( Z satisfies

F (ΓA) ⊂ G(A) :=
⋃

y∈A

G(y) for all A ∈ 〈D〉,

then G is called a KKM map with respect to F . A KKM map G : D ( E is

a KKM map with respect to the identity map 1E of E.

A multimap F : E ( Z is called a KC-map [resp. a KO-map] if, for any

closed-valued [resp. open-valued] KKM map G : D ( Z with respect to F ,

the family {G(y)}y∈D has the finite intersection property. In this case, we
denote F ∈ KC(E, Z) [resp. F ∈ KO(E, Z)].

Definition. The partial KKM principle for an abstract convex space

(E, D; Γ) is the statement 1E ∈ KC(E, E); that is, for any closed-valued

KKM map G : D ( E, the family {G(y)}y∈D has the finite intersection
property. The KKM principle is the statement 1E ∈ KC(E, E)∩ KO(E, E);

that is, the same property also holds for any open-valued KKM map.
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An abstract convex space is called a (partial) KKM space if it satisfies
the (partial) KKM principle, resp.

The following diagram for triples (E, D; Γ) is well-known in Park’s works:

Simplex =⇒ Convex subset of a t.v.s. =⇒ Lassonde type convex space
=⇒ H-space =⇒ G-convex space =⇒ φA-space =⇒ KKM space

=⇒ Partial KKM space =⇒ Abstract convex space.

3. Generalizations of some of Takahashi’s results

In this section we introduce some general theorems in the KKM theory of
abstract convex spaces. These includes some results of Takahashi appeared
in the literature. Recall that the following well-known fact due to Park
is a simple consequence of the KKM theorem for closed (or open) valued
KKM maps as in the proof of Fan’s 1961 KKM lemma without assuming
Hausdorffness of a t.v.s.:

Lemma. Let X be a convex subset of a t.v.s. and D be a nonempty

subset of X. Then (X, D; co) is a KKM space where co : 〈D〉( X is the

convex hull operation.

The following appears in [8], which corrects [7, Theorem 4]:

Theorem A (Minimax inequality). Let (E, D; Γ) be a partial KKM

space, f : D × E → R, g : E × E → R extended real-valued functions,

and γ ∈ R such that

(1) for each z ∈ D, {y ∈ E | f(z, y) ≤ γ} is closed;

(2) for each y ∈ E, coΓ{z ∈ D | f(z, y) > γ} ⊂ {x ∈ E | g(x, y) > γ}; and

(3) the map G : D ( E defined by G(z) := {y ∈ E | f(z, y) ≤ γ} has a

coercivity condition.

Then (i) there exists a y0 ∈ E such that f(z, y0) ≤ γ for all z ∈ D; and

(ii) if γ := supx∈E g(x, x), then we have

inf
y∈E

sup
z∈D

f(x, y) ≤ sup
x∈E

g(x, x).

Note that condition (3) satisfies in case E is compact.
The following is in [13] and Fan-Takahashi’s inequality theorem given in

[12]:

Corollary A.1. Let E be a real Hausdorff t.v.s., X a nonempty compact

convex subset of E, and f a real-valued function defined on X×X satisfying

the following

(1) for any x ∈ X , f(x, ·) is concave on X;

(2) for any y ∈ X , f(·, y) is l.s.c. on X;

(3) for any x ∈ X , f(x, x) ≤ 0.

Then, for any y ∈ X there exists x̂ ∈ X such that f(x̂, y) ≤ 0.
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Proof. Note that (X ; co) is a partial KKM space. If we interchange the
variables x and y in f and let g(x, y) := f(x, y), then the conditions (1) and
(2) of Theorem A are satisfied. Condition (3) implies x ∈ G(x) for γ = 0,
where the map G : X ( X defined by G(z) := {y ∈ X | f(z, y) ≤ 0} has
a coercivity condition since X is compact. There exists x̂ ∈ X such that
f(x̂, y) ≤ 0.

The following in [10] is originally deduced from the Brouwer fixed point
theorem with the partition of unity argument:

Corollary A.2. Let X be a nonempty compact convex subset of a real

Hausdorff t.v.s. E and f : X × X → R a function satisfying:

(i) For each y ∈ X, the function f(x, y) of x is l.s.c.;

(ii) for each x ∈ X, the function f(x, y) of y is quasi-concave; and

(iii) f(x, x) ≤ c for all x ∈ X with some real number c.

Then there exists an x0 ∈ X such that f(x0, y) ≤ c for all y ∈ X .

Proof. Note that when f = g in Theorem A, the condition (2) implies
quasi-concavity of f . Other conditions of Theorem A are trivially satisfied,
so we have the conclusion.

A slightly different form of Corollary A.2 was given by Takahashi [13,
Lemma 1] as the basis of [13].

We had the following equivalency in [7] with a correction in (VI):

Theorem B. The following (0), (V), and (VI) are mutually equivalent:

(0) The KKM principle. For any closed-valued [resp. open-valued]
KKM map G : D ( E, the family {G(z)}z∈D has the finite intersection

property.

(V) The Fan-Browder fixed point property. Let S : E ( D, T :
E ( E be maps satisfying

(5.1) for each x ∈ E, coΓS(x) ⊂ T (x);
(5.2) S−(z) is open [resp. closed] for each z ∈ D; and
(5.3) E =

⋃
z∈M S−(z) for some M ∈ 〈D〉.

Then T has a fixed point x0 ∈ E; that is, x0 ∈ T (x0).

(VI) Existence of maximal elements. Let S : E ( D, T : E ( E
be maps satisfying

(6.1) for each x ∈ E, coΓS(x) ⊂ T (x);
(6.2) S−(z) is open for each z ∈ D; and

(6.3) for each x ∈ E, x /∈ T (x).
Then E is not covered by a finite number of S−(z)’s.

The following is Takahashi’s fixed point theorem appeared in [6] and [14]:
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Corollary B.1. Let E be a Hausdorff t.v.s., Y a compact subset of E,

X a convex subset of Y. Let A : X ( Y be a multimap such that A−(y) is

convex for each y ∈ Y . If there exists a multimap B : X ( Y satisfying the

following three conditions:

(1) B(x) ⊂ A(x) for each x ∈ X ;
(2) B−(y) 6= ∅ for each y ∈ Y ;

(3) for each x ∈ X , B(x) is open in Y with relative topology with respect

to E,

then there exists an x0 ∈ X satisfying x0 ∈ A(x0).

In fact, putting (E, D, S, T ) = (Y, X, B−, A−) in Theorem B(V), we ob-
tain Takahashi’s theorem.

The following form appears in [14] and Kawasaki et al. [2]:

Corollary B.2. Let X be a Hausdorff t.v.s., Y a compact subset of X
and Z a convex subset of Y. Suppose that f is a mapping from Z into 2Y

satisfies

(0) f−1(y) := {x | y ∈ f(x)} is convex for any y ∈ Y ,

and there exists a mapping g from Z into 2Y satisfying the following condi-

tions:

(1) g(z) is a subset of f(z) for any z ∈ Z;

(2) g−1(y) is non-empty for any y ∈ Y ;

(3) g(z) is an open subset of X for any z ∈ Z.

Then there exists z0 ∈ Z such that z0 ∈ f(z0).

This can be extended to our statement (0) ⇔ (V) in Theorem B.
Moreover, Theorem B(VI) implies Takahashi [15, Theorem 6.1.7] as fol-

lows:

Corollary B.3. Let X be a nonempty compact convex subset of a real

Hausdorff t.v.s. and A : X ( X satisfying the following conditions:

(i) for each x ∈ y, A−(y) is open;

(ii) for each x ∈ X, A(x) is convex;

(iii) for each x ∈ X, x /∈ A(x).
Then there exists x0 ∈ X such that A(x0) = ∅.

Proof. Let S and T of Theorem B (VI) be A of this Theorem, then
the conditions (6.1)-(6.3) are all satisfied. Suppose that every A(x) is not
empty, so it contains an yx, then x is in A−(yx) which is open by condition
(i). Since X is compact, we can find a finite cover {A−(yxi

)}n
i=1. This

contradicts the conclusion of Theorem B(VI). Hence there exists x0 ∈ X
such that A(x0) = ∅.

This was the basis of Kimura and Shimizu [3]. Also the following is
obtained by Kimura and Tanaka [4], but later the authors stated that it is
from Takahashi [15]:
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Corollary B.4. Let X be a nonempty convex and compact subset of a
real Hausdorff t.v.s. and S : X ( X a set-valued mapping. Assume the
following two conditions:

(i) S−(y) is open for each x ∈ y;
(ii) x /∈ coS(x) for each x ∈ X .

Then there exists x̂ ∈ X such that S(x̂) = ∅.

This was the basis of Kimura and Shimizu [3].

Remark. In view of our Lemma, all real Hausdoff t.v.s. in this section
can be replaced simply by a t.v.s. Recall that Takahashi [13] and Park
and Kim [10] based on the Brouwer fixed point theorem and the partition of
unity argument, and stated most of results for real Hausdorff t.v.s. However,
according to Park’s new KKM theory on abstract convex spaces, real Haus-
dorffness of t.v.s. in all corollaries in this section is redundant. Moreover,
two theorems in this section holds various types of partial KKM spaces as
shown in Section 2. Therefore, all real Hausdoff t.v.s. in this section can be
replaced simply by a convex space in the sense of Lassonde or more general
types of (partial) KKM spaces.

4. Contents of related papers

Takahashi’s two papers [13], [14] contain various results of the KKM the-
ory, which can be generalized in Park’s way. In this section, we recall some
contents of articles related Takahashi’s works on the KKM theory.

(1) Park-Kim 1989 [10]
From Introduction: The well-known Hartmann-Stampacchia variational

inequality in 1966 was extended by Browder in 1967 and 1968, Takahashi
[13], and others. In Section 2, a generalization (Theorem 1) of such in-
equalities of Browder and Takahashi is obtained. Section 3 devotes to apply
Theorem 1 to improve some known fixed point theorems due to Browder,
Takahashi, and Park. Finally, in Section 4, Theorem 1 is applied to varia-
tional inequalities improving results of Takahashi, Browder, and Kakutani.

Comments: Actually, this paper is based on Theorem 1, which is same to
Corollary A.2 of the present article.

(2) Matsushita 2009 [6]
In this paper, its author showed that Fan’s 1961 KKM lemma for a com-

pact case is equivalent to Corollary B.1, which is a particular case of the
equivalency of (0) and (V) in Theorem B.

(3) Kawasaki-Toyoda-Watanabe 2010 [3]
Abstract: The purpose of this paper is to show fixed point theorems with

the topology introduced by Kawasaki [1]. In particular, we obtain Taka-
hashi’s fixed point theorem in the case where the whole space is a vector
lattice with unit. Using Takahashi’s fixed point theorem in this space, we
also obtain Fan-Browder’s fixed point theorem and Schauder-Tychonoff’s
fixed point theorem.
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Comments: The authors studied several fixed point theorems on vector
lattices with units having certain topologies introduced by Kawasaki himself
in 2009. Their main result ([15], Theorem 1) is essentially the following:

Theorem. Let X be a Hausdorff Archimedean vector lattice with unit
having the Kawasaki topology, Y a compact subset of X , and Z a convex
subset of Y . Suppose that two multimaps S : Z ( Y, T : Y ( Y satisfy

(1) S(z) is open for each z ∈ Z;
(2) for each y ∈ Y, ∅ 6= coΓS−(y) ⊂ T−(y).

Then T has a fixed point x0 ∈ Y ; that is x0 ∈ T (x0).

Note that (Y ⊃ Z; co) is a partial KKM space in view of Theorem B
characterizing such spaces. Therefore the vector lattice in Theorem satisfies
a large number of statements in Park [7] and Section 3.

(4) Kimura-Shimizu 2010 [3]
Abstract: In this paper, we consider six types of set-optimization problems

based on six types of direct comparisons between two sets. We present
existence results for all six types of set-optimizations problems.

Comments: This paper is based on Corollary B.4.

(5) Kimura-Tanaka 2010 [4]
Abstract: In this paper, we consider set-valued saddle-point problems in

the sense of direct set comparisons. We also present existence results for set-
valued saddle-point problems by making use of a kind of the Fan-Browder
fixed point theorem.

Comments: Lemma 2.3 [4] states that a nonempty convex and compact
subset of a Hausdorff t.v.s. is a partial KKM space. Here compactness and
Hausdorffness are redundant.

(5) Kimura-Tanaka 2013 [5]
Abstract: In this paper, we consider set-equilibrium problems with set-

relations. We also present existence results for set-equilibrium problems
with set-relations by making use of a kind of the Fan-Browder fixed point
theorem.

(6) Saito-Tanaka-Yamada 2014 [12]
Introduction: In this paper, we consider relations between Takahashi’s in-

equality theorem [13] and Ricceri’s theorem in [11]. The relation of such two
theorems are already stated by Ricceri [11], and they have same conclusion,
but their hypotheses are mutually complementary. In this study, we com-
pare and consider two theorems on different point of view from Ricceri’s one.
As the conclusion, we propose a generalized theorem by assuming common
properties as expressed by mappings and their properties.
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