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Abstract. We consider certain classes of nonexpansive set-valued self-mappings
of a bounded, closed and star-shaped set in a Banach space. We show that
most mappings in these classes are contractive. It follows that a generic map-
ping in a significant class of compact-valued mappings has a fixed point.

1. Introduction and preliminaries

During more than fifty years now, there has been a lot of interest in the
fixed point theory of nonexpansive (that is, 1-Lipschitz) mappings. See, for
example, [2, 6, 7, 8, 9, 11, 12, 14, 16] and the references cited therein. The
origin of this interest lies in Banach’s classical theorem [1] regarding the
existence of a unique fixed point for a strict contraction. Since that seminal
result, many developments have taken place in this area. We mention, for
instance, existence results for fixed points of nonexpansive mappings which
are not strictly contractive [6, 7]. Such results were obtained for general
nonexpansive mappings in special Banach space, while for self-mappings of
general complete metric spaces existence results were established for the
so-called contractive mappings [10]. For general nonexpansive mappings in
general Banach spaces the existence of a unique fixed point was established
in the generic sense by using the Baire category approach [3, 4, 13, 14, 17].
More precisely, in these papers the space A of all nonexpansive self-mappings
of a closed and convex subset K of a Banach space is endowed with the
natural metric of uniform convergence on bounded subsets, and it is shown
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that there exists a subset A′ ⊂ A, which is a countable intersection of open
and everywhere dense subsets of A, such that every mapping in A′ has a
unique fixed point. Note that in [3, 4] the set K is assumed to be bounded,
while in [13] this assumption is removed.

Although fixed point theory for set-valued contractive and nonexpansive
mappings is more delicate, it was studied by several authors. See, for exam-
ple, [5, 6, 15, 17, 18] and the references mentioned there. Our purpose in the
present paper is to study set-valued contractive and nonexpansive mappings
on bounded, closed and convex subsets of a Banach space. We begin by
recalling a few basic notions.

Let (X, ρ) be a complete metric space. An operator A : X → X is said
to be nonexpansive if

ρ(Ax, Ay) ≤ ρ(x, y) for all x, y ∈ X.

We denote by A the set of all nonexpansive operators A : X → X . We
assume that (X, ρ) is bounded and set

d(X) := sup{ρ(x, y) : x, y ∈ X} < ∞.

We equip the set A with the metric ρA defined by

ρA(A, B) := sup{ρ(Ax, Bx) : x ∈ X}, A, B ∈ A.

It is clear that the metric space (A, ρA) is complete.
A mapping A ∈ A is called contractive if there exists a decreasing function

φ : [0, d(X)] → [0, 1] such that

φ(t) < 1 for all t ∈ (0, d(X)] (1.1)

and
ρ(Ax, Ay) ≤ φ(ρ(x, y))ρ(x, y) for all x, y ∈ X. (1.2)

It is known that all the iterates of any contractive mapping converge to
its unique fixed point (see [10] and Chapter 3 of [17]).

2. Star-shaped spaces

We say that a complete metric space (X, ρ) is star-shaped if it contains a
point x∗ ∈ X with the following property:

For each x ∈ X , there exists a mapping

t 7→ tx ⊕ (1 − t)x∗ ∈ X, t ∈ (0, 1), (2.1)

such that for each t ∈ (0, 1) and each x, y ∈ X ,

ρ(tx⊕ (1− t)x∗, ty ⊕ (1 − t)x∗) ≤ tρ(x, y) (2.2)

and
ρ(tx ⊕ (1 − t)x∗, x) ≤ (1− t)ρ(x, x∗). (2.3)

For each A ∈ A and each γ ∈ (0, 1), define Aγ ∈ A by

Aγx := (1 − γ)Ax⊕ γx∗, x ∈ X. (2.4)

The following result was obtained in [15].
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Theorem 2.1 (Theorem 9.4 of [15]). Assume that B is a closed subset
of A such that for each A ∈ B and each γ ∈ (0, 1), the mapping Aγ ∈ B.
Then there exists a set F which is a countable intersection of open and
everywhere dense subsets of B (with the relative topology) such that each
A ∈ F is contractive.

3. Set-valued mappings

Assume that (E, || · ||) is a Banach space, K is a nonempty, bounded and
closed subset of E, and that there exists a point θ ∈ K such that for each
point x ∈ K,

tx + (1− t)θ ∈ K, t ∈ (0, 1).

We consider the star-shaped complete metric space K with the metric ||x−
y||, x, y ∈ K. Denote by S(K) the set of all nonempty closed subsets of K.
For each x ∈ K and each A ⊂ K, set

ρ(x, A) := inf{||x− y|| : y ∈ A}

and for each A, B ∈ S(K), let

H(A, B) := max{sup
x∈A

ρ(x, B), sup
y∈B

ρ(y, A)}. (3.1)

We equip the set S(K) with the Hausdorff metric H(·, ·). It is well known
that the metric space (S(K), H) is complete. Clearly, {θ} ∈ S(K).

For each subset A ∈ S(K) and each t ∈ [0, 1], define

tA ⊕ (1− t)θ := {tx + (1 − t)θ : x ∈ A} ∈ S(K). (3.2)

It is easy to see that the complete metric space (S(K), H) is star-shaped.
Denote by A the set of all nonexpansive operators T : S(K) → S(K). For

the set A we consider the metric ρA defined by

ρA(T1, T2) := sup{H(T1(A), T2(A)) : A ∈ S(K)}, T1, T2 ∈ A. (3.3)

Denote by M the set of all mappings T : K → S(K) such that

H(T (x), T (y)) ≤ ||x− y||, x, y ∈ K. (3.4)

A mapping T ∈ M is called contractive if there exists a decreasing function
φ : [0, d(K)] → [0, 1] such that

φ(t) < 1 for all t ∈ (0, d(K)] (3.5)

and
H(T (x), T (y))≤ φ(||x− y||)||x− y|| for all x, y ∈ K. (3.6)

Assume that T ∈ M. For each A ∈ S(K), denote by T̃ (A) the closure of
the set ∪{T (x) : x ∈ A} in the norm topology.

The next two results were obtained in [15].

Proposition 3.1 (Proposition 9.5 of [17]). Assume that T ∈ M. Then

the mapping T̃ belongs to A.

Proposition 3.2 (Proposition 9.6 of [17]). Assume that T ∈ M. Then

the mapping T̃ is contractive if and only if the mapping T is contractive.
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We equip the set M with the metric ρM defined by

ρM(T1, T2) := sup{H(T1(x), T2(x)) : x ∈ K}, T1, T2 ∈ M. (3.7)

It is not difficult to verify that the metric space (M, ρM) is complete.

For each T ∈ M, set P (T ) := T̃ . It is easy to see that for each T1, T2 ∈ M,

ρA(P (T1), P (T2)) = ρM(T1, T2). (3.8)

Denote
B := {P (T ) : T ∈ M}. (3.9)

It is clear that the metric spaces (B, ρA) and (M, ρM) are isometric.
For each T ∈ A and each γ > 0, define

Tγ(A) := (1 − γ)T (A)⊕ γθ. (3.10)

It is easy to see that Tγ ∈ A for each T ∈ A and each γ ∈ (0, 1), and
moreover, Tγ ∈ B if T ∈ B. Now we can apply Theorem 2.1 and obtain the
following result of [15].

Theorem 3.3 (Theorem 9.7 of [17]). There exists a set F which is a
countable intersection of open and everywhere dense subsets of (M, ρM)
such that each T ∈ F is contractive.

The next result was also obtained in [15].

Theorem 3.4 (Theorem 9.8 of [17]). Assume that the operator T ∈ M is

contractive. Then there exists a unique set AT ∈ S(K) such that T̃ (AT ) =

AT and (T̃ )n(B) → AT as n → ∞, uniformly for all B ∈ S(K).

Let T ∈ M. A sequence {xn}
N
n=1 ⊂ K with N ≥ 1 (respectively,

{xn}
∞
n=1 ⊂ K) is called a trajectory of T if xi+1 ∈ T (xi), i = 1, . . . , N − 1

(respectively, i = 1, 2, . . . ).
Theorem 3.4 leads to the following two results.

Theorem 3.5 (Theorem 9.9 of [17]). Let the operator T ∈ M be con-
tractive and let the set AT ∈ S(K) be as guaranteed by Theorem 3.4. Then
for each ε > 0, there exists a natural number n such that for each trajectory
{xi}

n
i=1 ⊂ K of T , ρ(xn, AT ) < ε.

Theorem 3.6 (Theorem 9.10 of [17]). Let the operator T ∈ M be con-
tractive and let the set AT ∈ S(K) be as guaranteed by Theorem 3.4. Then
for each ε > 0, there exists a natural number n such that for each z ∈ K and
each x ∈ AT , there exists a trajectory {xi}

n
i=1 ⊂ K of T such that x1 = z

and ρ(xn, x) < ε.

Denote by Mc the set of all T ∈ M such that T (x) is compact for all
x ∈ K. It is not difficult to see that Mc is a closed subset of (M, ρM).
Consider the complete metric space (Mc, ρM) and set

Bc := {P (T ) : T ∈ Mc}.

It is clear that the spaces (Mc, ρM) and (Bc, ρA) are isometric. It is also
easy to see that for each T ∈ Bc and each γ ∈ (0, 1), Tγ ∈ Bc. Now we can
apply Theorem 2.1 and obtain the following result.
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Theorem 3.7. There exists a set F which is a countable intersection of
open and everywhere dense subsets of (Mc, ρM) such that each A ∈ F is
contractive.

Proposition 3.8. Let T ∈ Mc and D ⊂ K be nonempty and compact.
Then

∪{T (x) : x ∈ D}

is compact.

Proof. Let
{yi}

∞
i=1 ⊂ ∪{T (ξ) : ξ ∈ D}.

For each integer i, there exists a point

xi ∈ D (3.11)

such that
yi ∈ T (xi). (3.12)

Since D is compact, there exists a convergent subsequence {xiq}
∞
q=1. Set

x = lim
q→∞

xiq . (3.13)

In view of (3.11) and (3.13),
x ∈ D.

By (3.4) and (3.13), for each integer q ≥ 1,

H(T (x), T (xiq)) ≤ ρ(x, xiq) → 0 as q → ∞. (3.14)

It follows from (3.12) and (3.14) that for each integer q ≥ 1, there exists a
point

ziq ∈ T (x) (3.15)

such that
ρ(ziq , yiq) → 0 as q → ∞. (3.16)

Since the set T (x) is compact, extracting a subsequence and re-indexing, if
necessary, we may assume without loss of generality that there exists

z = lim
q→∞

ziq ∈ T (x). (3.17)

By (3.16) and (3.17),
z = lim

q→∞
yiq .

Proposition 3.8 is proved.

In [5] it was shown that most of the mappings in Mc have a fixed point.
The proof of this result is long and complicated. Here we provide another
proof which is much simpler. We show in the next result that every con-
tractive mapping in Mc has a fixed point. Then this result, when combined
with Theorem 3.7, implies the generic existence result of [5].

Theorem 3.9. Let a mapping T ∈ Mc be contractive and let AT ∈ S(K)
be as guaranteed by Theorem 3.4. Then AT is compact and there exists a
point x∗ ∈ AT such that x∗ ∈ T (x∗).
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Proof. Let z ∈ K. Theorem 3.4 implies that

(T̃ )n({z}) → AT as n → ∞.

By Proposition 3.8, for every integer n ≥ 1, the set (T̃ )n({z}) is compact.
Hence the set AT is compact too. In view of Theorem 3.4,

T̃ (AT ) = AT . (3.18)

Set
α := inf{ρ(z, T (z)) : z ∈ AT}. (3.19)

There exists a sequence
{zn}

∞
n=1 ⊂ AT (3.20)

such that
lim

n→∞
ρ(zn, T (zn)) = α. (3.21)

It is clear that there also exists a sequence {yn}
∞
n=1 ⊂ K such that

yn ∈ T (zn), n = 1, 2, . . . , (3.22)

and
lim

n→∞
ρ(zn, yn) = α. (3.23)

By Proposition 3.8, (3.18), (3.20) and (3.22), extracting a subsequence and
re-indexing, if necessary, we may assume without any loss of generality that
there exist

y∗ = lim
n→∞

yn and z∗ = lim
n→∞

zn. (3.24)

This implies that

H(T (zn), T (z∗)) → 0 as n → ∞

and
y∗ ∈ T (z∗). (3.25)

In view of (3.23) and (3.24),

ρ(y∗, z∗) = α. (3.26)

In order to complete the proof, it is sufficient to show that

α = 0.

Assume the contrary. Then α > 0.
Since the mapping T is contractive, there exists a decreasing function

φ : [0, d(K)] → [0, 1] such that

φ(t) < 1 for all t ∈ (0, d(K)] (3.27)

and
H(T (x), T (y)) ≤ φ(‖x− y‖)‖x− y‖ for all x, y ∈ K. (3.28)

By (3.25), (3.26) and (3.28),

H(T (y∗), T (z∗)) ≤ φ(‖y∗ − z∗‖)‖x∗ − y∗‖ = φ(α)α

and
ρ(y∗, T (y∗)) ≤ φ(α)α < α,
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which contradicts (3.19). The contradiction we have reached completes the
proof of Theorem 3.9.

4. Convex-valued mappings

Assume that the set K is convex. Denote by Mcc the set of all T ∈ M
such that T (x) is compact and convex for all x ∈ K. It is not difficult to
see that Mcc is a closed subset of (M, ρM). Consider the complete metric
space (Mcc, ρM) and set

Bcc := {P (T ) : T ∈ Mcc}.

It is clear that the spaces (Mcc, ρM) and (Bcc, ρA) are isometric. It is easy
to see that for each T ∈ Bcc and each γ ∈ (0, 1), Tγ ∈ Bcc. Now we can
apply Theorem 2.1 and obtain the following result.

Theorem 4.1. There exists a set F which is a countable intersection of
open and everywhere dense subsets of (Mcc, ρM) such that each A ∈ F is
contractive.
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