
Nonlinear Analysis Forum 21(2), pp. 91–101, 2016
Available electronically at http://www.na-forum.org

REGULARIZED EQUILIBRIUM PROBLEMS ON

HADAMARD MANIFOLDS

Salahuddin

Reprinted from the
Nonlinear Analysis Forum
Vol. 21(2), October 2016



Nonlinear Analysis Forum 21(2), pp. 91–101, 2016
Available electronically at http://www.na-forum.org

REGULARIZED EQUILIBRIUM PROBLEMS ON

HADAMARD MANIFOLDS

Salahuddin

Department of Mathematics

Jazan University

Jazan, K. S. A.

Email : salahuddin12@mailcity.com

Abstract. In this communication, we define an iterative method for solving
a class of regularized equilibrium problems on Hadamard Manifolds by using
the auxiliary principle techniques and we also study the convergence of the
proposed methods under the suitable assumptions.

1. Introduction

The theory of equilibrium problem provides us with a unified, natural
and general framework to study a wide range of problems, which arise in
finance, economics, network analysis, transportation and optimization. This
theory had application across all disciplines of pure and applied sciences.
Equilibrium problems include variational inequalities and related problems,
see, [2, 9, 10].

We note that the almost all results concerning the solutions of iterative
scheme for solving the variational inequalities and related problems are being
considered in the setting of convex sets. Consequently, the techniques are
based on the projection operator over convex sets, which may not hold in
general, when the sets are nonconvex. It is known that the unified prox-
regular sets are nonconvex and included the convex sets as special cases,
see, [5, 13, 14, 19, 21, 22, 23].

Riemannian manifolds constitute a broad and fruitful framework for the
development of different fields. Actually in the last decades concepts and
techniques which fit in Euclidean spaces have extended to this nonlinear
framework. Most of the extended methods however require the Riemannian
manifolds to have non-positive sectional curvature. This is an important
property which enjoyed by a large class of Riemannian manifolds and it is
strong enough to imply light topological restriction and rigidity phenomena
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[12, 20, 26]. Particularly, Hadamard manifolds which are complete sim-
ply connected and finite dimensional Riemannian manifolds of nonpositive
sectional curvature, have turned out to be a suitable setting for diverse
disciplines. Hadamard manifolds are examples of hyperbolic spaces and ge-
odesic spaces more precisely, a Busemann nonpositive curvature space and
a CAT(0) spaces, see, [1, 8, 15, 17].

In this paper, we used the auxiliary principle technique to define an iter-
ative method for solving the regularized equilibrium problems on Hadamard
manifolds and also discuss its convergence.

2. Preliminaries

Let M be a simply connected m-dimensional manifold. Given x ∈ M ,
the tangent space of M at x is denoted by TxM and the tangent bundle of
M by TM =

⋃
x∈M TxM which is naturally a manifold. A vector field A

on M is a mapping of M into TM which associates to each point x ∈ M ,
a vector A(x) ∈ TxM. We always assume that M can be endowed with a
Riemannian metric to become a Riemannian manifold. We denote by 〈·, ·〉
the scalar product on TxM with the associated with norm ‖ · ‖x where the
subscript x will be omitted. Given a piecewise smooth curve γ : [a, b] → M
joining x to y (that is γ(a) = x and γ(b) = y), by using the metric we can

define the length of γ as L(γ) =
∫ b

a
‖γ ′(t)‖dt. Then for any x, y ∈ M , the

Riemannian distance d(x, y) which includes the original topology on M is
defined by minimizing this length over the set of all such curves joining x
and y. Let 4 be the levi-civita connection with (M, 〈·, ·〉). Let γ be a smooth
curve in M . A vector field A is said to be parallel along γ if 4γ′A = 0. If γ ′

itself is parallel along γ, we say that γ is a geodesic and in this case ‖γ ′‖ is
a constant when ‖γ ′‖ = 1, γ is said to be normalized. A geodesic joining x
to y in M is said to be minimal if its length equal to d(x, y). A Riemannian
manifold is complete if for any x ∈ M, all geodesic emanating from x are
defined for all t ∈ R. By the Hopf-Rinow Theorem, we know that if M is
complete then any pair of points in M can be joined by a minimal geodesic.
Moreover (M, d) is a complete metric space and bounded closed subsets are
compact.

Let M be complete, then exponential map expx : TxM → M at x is
defined by expxv = γv(1, x) for each v ∈ TxM where γ(·) = γv(·, x) is
the geodesic starting at x with velocity v (i.e.,, γ(0) = x and γ ′(0) =
v). Then expxtv = γv(t, x) for each real number t. A complete simply
connected Riemannian manifolds of non-positive sectional curvature is called
a Hadamard manifolds. Throughout this paper, we always assume that M
is a m-dimensional Hadamard manifold. The geodesic triangle 4(x1, x2, x3)
of a Riemannian manifold is a set consisting of three points x1, x2, x3 and
three minimal geodesic joining these points.

Lemma 2.1 ([24]). Let x ∈ M , then expx : TxM → M is a diffeomor-
phism and for any two points x, y ∈ M there exists an unique normalized
geodesic joining x to y, γx,y which is minimal.
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Lemma 2.2 ([7]). Let 4(x1, x2, x3) be a geodesic triangle. Denote for
each i = 1, 2, 3(mod 3) by γi : [0, `i] → M the geodesic joining xi to xi+1

and set αi = L(γ ′

i(0),−γ ′

i−1(`i−1)), the triangle between the vectors γ ′

i(0)
and −γ ′

i−1(`i−1), and `i = L(γi). Then

α1 + α2 + α3 ≤ π, (2.1)

`2
i + `2

i+1 − 2`i`i+1 cos αi+1 ≤ `2
i−1. (2.2)

In terms of the distance and the exponential map, the inequality (2.2)
can be rewritten as

d2(xi, xi+1) + d2(xi+1, xi+2)− 2〈exp−1
xi+1

xi, exp−1
xi+1

xi+2〉 ≤ d2(xi−1, xi),

(2.3)
since

〈exp−1
xi+1

xi, exp−1
xi+1

xi+2〉 = d(xi, xi+1)d(xi+1, xi+2) cosαi+1.

Lemma 2.3 ([3]). Let 4(x, y, z) be a geodesic triangle in a Hadamard

manifold M . Then there exist x′, y′, z′ ∈ R
2 such that

d(x, y) = ‖x′ − y′‖, d(y, z) = ‖y′ − z′‖, d(z, x) = ‖z′ − x′‖.

The 4(x′, y′, z′) is called the comparison triangle of the geodesic triangle
4(x, y, z) which is unique up to isometry of M.
From the law of cosine of inequality (2.3) we have the following inequality:

〈exp−1
x y , exp−1

x z〉 + 〈exp−1
y x , exp−1

y z〉 ≥ d2(x, y), ∀x, y, z ∈ M. (2.4)

Lemma 2.4 ([4]). Let 4(x, y, z) be a geodesic triangle in a Hadamard

manifold M and 4(x′, y′, z′) be its comparison triangle.

(i) Let α, β, γ (resp. α′, β′, γ ′) be the angles of 4(x, y, z)(resp.4(x′, y′, z′))
at the vertices x, y, z (resp. x′, y′, z′). Then

α′ ≥ α, β′ ≥ β, γ ′ ≥ γ. (2.5)

(ii) Given any point q belonging to the geodesic which join x to y, its

comparison point is the point q′ in the interval [x′, y′] such that
d(q, x) = ‖q′ − x′‖ and d(q, y) = ‖q′ − y′‖. Then

d(z, q) ≤ ‖z′ − q′‖. (2.6)

Lemma 2.5 ([4]). For all x, y, z ∈ M and q ∈ M with d(x, q) = d(y, q) =
d(x, y)/2, one has

d2(z, q) ≤
1

2
d2(z, x) +

1

2
d2(z, y)−

1

4
d2(x, y). (2.7)

Lemma 2.6 ([24]). Let x0 ∈ M and {xn} ⊂ M such that xn → x0. Then
the following assertions hold:

(i) For any y ∈ M

exp−1
xn

y → exp−1
x0

y and exp−1
y xn → exp−1

y x0.
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(ii) If {vn} is a sequence such that vn ∈ Txn
M and vn → v0, then

v0 ∈ Tx0
M.

(iii) Given the sequences {un} and {vn} satisfying un, vn ∈ Txn
M , if

un → u0 and vn → v0 with u0, v0 ∈ Tx0
M , then

〈un , vn〉 → 〈u0 , v0〉.

Definition 2.7 ([6]). The bifunction ϕ : K × K → R
⋃
{+∞} is called

skew-symmetric if and only if

ϕ(u, u)− ϕ(u, v)− ϕ(v, u)− ϕ(v, v) ≥ 0, ∀u, v ∈ K.

Clearly if the skew-symmetric (bifunction ϕ(·, ·)) is bilinear, then

ϕ(u, u)− ϕ(u, v)− ϕ(v, u) + ϕ(v, v) = ϕ(u− v, u− v) ≥ 0, ∀u, v ∈ K.

Definition 2.8. The proximal normal cone of K at u is given by

NP (K; u) = {ζ ∈ M : u ∈ PK(u + ηζ)}

where η > 0 is a constant and

PK [u] = {u∗ ∈ K : dK(u) = ‖u − u∗‖}.

Here dK(·) is the usual distance function to the subset of K, that is,

dK(u) = inf
v∈K

‖u − v‖.

Lemma 2.9. Let K be a nonempty closed subset in M . Then ζ ∈
NP (K; u) if and only if there exists a constant η > 0 such that

〈ζ, v − u〉 ≤ ηd2(v, u), ∀v ∈ Ω.

Definition 2.10. The Clarke normal cone, denoted by NC(K; u) is de-
fined as

NC(K; u) = c̄o[NP (K; u)]

where c̄oA means the closure of the convex hull of A.

Definition 2.11. For any r ∈ (0, +∞], a subset of K is said to be nor-
malized uniformly prox-regular (or uniformly r-prox-regular) if and only if
every nonzero proximal normal to K can be realized by an r-ball, i.e., for
all u ∈ K and 0 6= ζ ∈ NP (K; u) with ‖ζ‖ = 1

〈ζ, v − u〉 ≤
1

2r
d2(v, u), ∀v ∈ K.

Remark 2.12. It is clear that if r = ∞, then uniformly r-prox regularity
of K is equivalent to the convexity of K.
It is known that if K is a uniformly r-prox regular set then the proxi-
mal normal cone NP (K; u) is closed as set valued mapping. Thus we have
NC(K; u) = NP (K; u). For sake of simplicity, we denote

N (K; u) = NC(K; u) = NP (K; u)

and take γ = 1
2r . Clearly for r = ∞, γ = 0.
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For a given nonlinear continuous bifunction F : K × K → R and a
continuous bifunction ϕ : K × K → R

⋃
{+∞}, we consider the problem of

finding u ∈ K such that

F (u, v) + γd2(v, u) + ϕ(v, u)− ϕ(u, u) ≥ 0, ∀v ∈ K (2.8)

called the regularized equilibrium problems on Hadamard manifolds.
We note that if γ = 0, then uniformly r-prox regular set K becomes

the convex set K and consequently (2.8) reduces to equilibrium problems on
Hadamard manifolds to finding u ∈ K such that

F (u, v) + ϕ(v, u)− ϕ(u, u) ≥ 0, ∀v ∈ K. (2.9)

Again if ϕ(u, u) ≡ ϕ(u) ≡ 0, then (2.9) reduces to a equilibrium problems on
Hadamard manifolds for finding u ∈ K such that

F (u, v) ≥ 0, ∀v ∈ K (2.10)

studied by Noor and Noor [16].
If M ≡ R

n, (2.10) is called equilibrium problem, see, [9].
Again, we note that if F (u, v) = 〈Tu, exp−1

u v〉 where T : K → TM is a
single valued vector field, then problem (2.8) is equivalent to finding u ∈ K
such that

〈Tu, exp−1
u v〉 + γd2(v, u) + ϕ(v, u)− ϕ(u, u) ≥ 0, ∀v ∈ K (2.11)

called regularized variational inclusions on Hadamard manifolds.
Again, we note that if γ = 0 then problem (2.11) is equivalent to finding

u ∈ K such that

〈Tu, exp−1
u v〉 + ϕ(v, u)− ϕ(u, u) ≥ 0, ∀v ∈ K (2.12)

called variational inclusions on Hadamard manifolds.
Again, we note that if ϕ(u, u) ≡ ϕ(u) ≡ 0, then problem (2.12) is equiva-

lent to finding u ∈ K such that

〈Tu, exp−1
u v〉 ≥ 0, ∀v ∈ K (2.13)

called variational inclusions on Hadamard manifolds.
Nemeth [18] and Tang et al. [25] studied the variational inequalities on

Hadamard manifolds from different points of view.

Definition 2.13. A bifunction F : K × K → R is said to be

(i) jointly pseudomonotone if

F (u, v) + ϕ(v, u)− ϕ(u, u) ≥ 0

⇒

−F (v, u) + ϕ(v, u)− ϕ(u, u) ≥ 0, ∀u, v ∈ K.

(ii) partially relaxed strongly jointly monotone if there exists a constant
α > 0 such that

F (u, v) + F (v, u) ≤ αd2(z, u), ∀u, v, z ∈ K.
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We note that if z = u, then partially relaxed strongly jointly monotonicity
reduces to

F (u, v) + F (v, u) ≤ 0, ∀u, v ∈ K

which is known as the jointly monotonicity of F .

3. Main results

We used the auxiliary principle techniques of Glowinski et al. [11] to
suggest and analyze some iterative methods for solving the regularized equi-
librium problems (2.8).

For given u ∈ K satisfying (2.8), consider the problem of finding w ∈ K
such that

ρF (w, v)+〈exp−1
u w, exp−1

w v〉 ≥ −ργd2(v, w)+ρ{ϕ(u, u)−ϕ(v, u)}, ∀v ∈ K
(3.1)

where ρ > 0 is a constant. Inequality (3.1) is called auxiliary regularized
equilibrium problems on Hadamard manifolds.

We note that if w = u, then w is a solution of (2.8). This simple ob-
servation enables us to suggest the following iterative methods for solving
(2.8).

Algorithm 3.1. For given u0 ∈ K, compute the approximate solution
un+1 ∈ K by iterative scheme

ρF (un+1, v) + 〈exp−1
un

un+1 , exp−1
un+1

v〉 ≥ −ργd2(v, un+1) + ρ{ϕ(un+1, un+1)

− ϕ(v, un+1)}, ∀v ∈ K. (3.2)

Algorithm 3.1 is called the proximal point algorithm for solving the reg-

ularized equilibrium problems on Hadamard manifolds.
If γ = 0 then the r-prox regular set K becomes the standard convex set

K and consequently Algorithm 3.1 reduces to:

Algorithm 3.2. For given u0 ∈ K, compute the approximate solution
un+1 ∈ K by iterative scheme

ρF (un+1, v) + 〈exp−1
un

un+1 , exp−1
un+1

v〉 ≥ ρ{ϕ(un+1, un+1)− ϕ(v, un+1)},

∀v ∈ K. (3.3)

If K is convex set in R
n, then Algorithm 3.1 collapse to:

Algorithm 3.3. For given u0 ∈ K, compute the approximate solution
un+1 ∈ K by iterative scheme

ρF (un+1, v) + 〈un+1 − un , v − un+1〉 ≥ −ργ‖v − un+1‖
2 + ρ{ϕ(un+1, un+1)

− ϕ(v, un+1)}, ∀v ∈ K. (3.4)

Algorithm 3.3 is called the proximal point algorithm for solving the reg-

ularized equilibrium problems.
If γ = 0 then the r-prox regular set K becomes the standard convex set

K and consequently Algorithm 3.3 reduces to:
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Algorithm 3.4. For given u0 ∈ K, compute the approximate solution
un+1 ∈ K by iterative scheme

ρF (un+1, v)+〈un+1−un, v−un+1〉 ≥ ρ{ϕ(un+1, un+1)−ϕ(v, un+1)}, ∀v ∈ K.
(3.5)

If F (u, v) = 〈Tu, exp−1
u v〉, where T is a single valued vector field T : K →

TM , then Algorithm 3.1 reduces to the following proximal point method for
solving the variational inclusions.

Algorithm 3.5. For given u0 ∈ K, compute the approximate solution
un+1 ∈ K by iterative scheme

〈ρTun + (exp−1
un

un+1), exp−1
un+1

v〉 ≥ −ργd2(v, un+1) + ρ{ϕ(un+1, un+1)

− ϕ(v, un+1)}, ∀v ∈ K. (3.6)

If γ = 0 then the r-prox regular set K becomes the standard convex set
K and consequently Algorithm 3.5 reduces to:

Algorithm 3.6. For given u0 ∈ K, compute the approximate solution
un+1 ∈ K by iterative scheme

〈ρTun +(exp−1
un

un+1), exp−1
un+1

v〉 ≥ ρ{ϕ(un+1, un+1)−ϕ(v, un+1)}, ∀v ∈ K.

(3.7)

In similar way one can obtain several iterative methods for solving the
variational inclusions and variational inequalities on Hadamard manifolds.

Now we consider the convergence analysis of Algorithm 3.1 for solving the
regularized equilibrium problems on Hadamard manifolds which is motivation
of our next results.

Theorem 3.7. Let u ∈ K be a solution of (2.8) and let un be the
approximate solution obtained from Algorithm 3.1. If F (·, ·) is the jointly
pseudomonotone and the bifunction ϕ(·, ·) is skew- symmetric, then

{1− 4ργ}d2(un+1, u) ≤ d2(un, u)− d2(un+1, un). (3.8)

Proof. Let u ∈ K be a solution of (2.8), then

F (u, v) + γd2(v, u) ≥ ϕ(u, u)− ϕ(v, u), ∀v ∈ K. (3.9)

Now take v = un+1 in (3.9) we have

F (u, un+1) + γd2(un+1, u) ≥ ϕ(u, u)− ϕ(un+1, u), (3.10)

which implies that

−F (un+1, u) + γd2(un+1, u) ≥ ϕ(u, u)− ϕ(un+1, u), (3.11)

since F (·, ·) is a pseudomonotone operator.
Taking v = u in (3.2) we get

ρF (un+1, u) + 〈exp−1
un

un+1 , exp−1
un+1

u〉 ≥ −ργd2(u, un+1) + ρ{ϕ(un+1, un+1)

− ϕ(u, un+1)} (3.12)
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which can be written as

〈exp−1
un

un+1 , exp−1
un+1

u〉 ≥ −ρF (un+1, u)− ργd2(u, un+1)

+ ρ{ϕ(un+1, un+1)− ϕ(u, un+1)}

≥ −ργd2(u, un+1) + ρ{ϕ(u, u)− ϕ(u, un+1)

− ϕ(un+1, u) + ϕ(un+1, un+1)} − ργd2(un+1, u)

≥ −ργd2(u, un+1) − ργd2(un+1, u) (3.13)

where we have used (3.11) and fact the bifunction ϕ(·, ·) is skew-symmetric.
Now from the geodesic triangle 4(un, un+1, u), we have

2〈exp−1
un

un+1, exp−1
un+1

u〉 ≤ d2(un, u)− d2(un+1, u)− d2(un+1, un). (3.14)

Combining (3.13) and (3.14), we have

{1− 4ργ}d2(u, un+1) ≤ d2(un, u)− d2(un+1, un), (3.15)

the required results (3.8).

Theorem 3.8. Let u ∈ K be a solution of (2.8) and let un+1 be the

approximate solution obtained from Algorithm 3.1. If ρ < 1
4γ

then the

sequence {un} given by Algorithm 3.1 converges to a solution u of (2.8),
i.e.,

lim
n→∞

un+1 = u.

Proof. Let u ∈ K be a solution of (2.8). Then from (3.8) it follows that
the sequence {un} is monotonically decreasing and bounded. Furthermore
we have

∞∑

n=0

d2(un+1, un) ≤ d2(u0, u)

which implies that

lim
n→∞

d(un+1, un) = 0. (3.16)

Let û be the cluster point of {un}. Then there exists a subsequence {uni
}

of {un} converging to û. Replacing un+1 by uni
in (3.2), taking the limit

ni → ∞ and using (3.16) we have

F (û, v) + γd2(v, û) ≥ ϕ(û, û) − ϕ(v, û), ∀v ∈ K, (3.17)

which implies that û solves the regularized equilibrium problems on Hadamard
manifolds (2.8) and

d2(un+1, û) ≤ d2(un, û).

Thus, it follow from the above inequality that {un} has exactly one cluster
point û and

lim
n→∞

un = û

is a solution of (2.8), the required results.
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It is well known that to implement the proximal methods, one has to cal-
culate the approximate solution implicitly, which is itself a different prob-
lem. To overcome this drawback we suggest another iterative methods, the
convergence of the which requires only the partially relaxed strongly mono-
tonicity, which is a weaker condition than cocoercivity.

For a given u ∈ K, consider the problem of finding w ∈ K such that

ρF (u, v)+〈exp−1
u w, exp−1

w v〉 ≥ −ργd2(v, w)+ρ{ϕ(w, w)−ϕ(v,w)}, ∀v ∈ K
(3.18)

which is also called the auxiliary uniformly regularized equilibrium problems
on Hadamard manifolds. Note that the problem (3.1) and (3.18) are quite
different. If w = u, then clearly w is a solution of regularized equilibrium

problems on Hadamard manifolds (2.8). This fact enables us to suggest and
analyze the following iterative methods for solving (2.8).

Algorithm 3.9. For given u0 ∈ K, compute the approximate solution
un+1 ∈ K by the iterative scheme

ρF (un, v) + 〈exp−1
un

un+1 , exp−1
un+1

v〉 ≥ −ργd2(v, un+1) + ρϕ(un+1, un+1)

− ρϕ(v, un+1), ∀v ∈ K. (3.19)

Note that if γ = 0 then r-prox regular set K becomes a convex set K and
Algorithm 3.9 reduces to:

Algorithm 3.10. For given u0 ∈ K, compute the approximate solution
un+1 ∈ K by the iterative scheme

ρF (un, v)+〈exp−1
un

un+1, exp−1
un+1

v〉 ≥ ρϕ(un+1, un+1)−ρϕ(v, un+1), ∀v ∈ K.

(3.20)

Theorem 3.11. Let the bifunction F (·, ·) be partially relaxed strongly
jointly monotone with the constant α > 0 and the bifunction ϕ(·, ·) be skew-
symmetric. If un+1 is the approximate solution obtained from Algorithm 3.9
and u ∈ K is a solution of (2.8), then

(1 − 4ργ)d2(un+1, u) ≤ d2(un, u)− (1 − 2ρα)d2(un, un+1). (3.21)

Proof. Let u ∈ K be a solution of (2.8), then

F (u, v) + γd2(v, u) ≥ ϕ(u, u)− ϕ(v, u), ∀v ∈ K. (3.22)

Now take v = un+1 in (3.22) we have

F (u, un+1) + γd2(un+1, u) ≥ ϕ(u, u)− ϕ(un+1, u), ∀v ∈ K. (3.23)

Taking v = u in (3.19) we have

ρF (un, u) + 〈exp−1
un

un+1 , exp−1
un+1

u〉 ≥ −ργd2(u, un+1)

+ ρ{ϕ(un+1, un+1)− ϕ(u, un+1)}

which implies that

〈exp−1
un

un+1 , exp−1
un+1

u〉 ≥ −ρF (un, u)− ργd2(u, un+1)
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+ ρ{ϕ(un+1, un+1)− ϕ(u, un+1)}. (3.24)

From (3.23) and (3.24), we have

〈exp−1
un

un+1 , exp−1
un+1

u〉 ≥ −ρ{F (un, u) + F (u, un+1)} − ργd2(u, un+1)

+ ρ{ϕ(u, u)− ϕ(u, un+1) − ϕ(un+1, u)

+ ϕ(un+1, un+1)} − ργd2(u, un+1)

≥ −ραd2(un+1, un) − ργd2(u, un+1)

− ργd2(u, un+1), (3.25)

where we have used the fact that the bifunction F (·, ·) is partially relaxed
strongly jointly monotone with a constant α > 0 and bifunction ϕ(·, ·) is
skew symmetric. For the geodesic triangle 4(un, un+1, u), the inequality
(3.25) can be written as

d2(un+1, u) + d2(un+1, un)− 2〈exp−1
un+1

un, exp−1
un+1

u〉 ≤ d2(un, u)

which implies that

2〈exp−1
un

un+1, exp−1
un+1

u〉 ≤ d2(un, u)− d2(un+1, u)− d2(un+1, un). (3.26)

Combining (3.25) and (3.26), we have

(1 − 4ργ)d2(u, un+1) ≤ d2(u, un) − (1 − 2ρα)d2(un, un+1), (3.27)

the required results.

4. Conclusion

The auxiliary principle technique is used to suggest and analyze a proxi-
mal methods for solving the regularized equilibrium problems on Hadamard
manifolds. It is shown that the convergence analysis of this methods re-
quires the jointly pseudomonotonicity and also partially relaxed strongly
jointly monotonicity.
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