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Abstract. In this paper, we obtain some common fixed point theorems for
some new classes of contraction mappings which are more general than the
A−contractions of Akram et al. Our results generalize and extend the result
of Jungck as well as recent results of Akram et al. and indeed unify several
other classical results in the literature.

1. Introduction

Let (X, d) be a complete metric space, T : X → X a selfmap ofX. Suppose
that FT = {x ∈ X | Tx = x} is the set of fixed points of T.

The classical Banach’s fixed point theorem is established in Banach [3] by
using the following contractive definition: there exists c ∈ [0, 1) (fixed) such
that ∀ x, y ∈ X, we have

d(Tx, Ty) ≤ c d(x, y). (1)

In generalizing the Banach’s fixed point theorem, Kannan [15] used the
following contractive definition: there exists a ∈ [0, 1

2) such that

d(Tx, Ty) ≤ a[d(x, Tx) + d(y, Ty)], ∀ x, y ∈ X. (2)

Chatterjea [8] employed a dual contractive condition: that is, there exists
a ∈ [0, 1

2
) such that

d(Tx, Ty) ≤ a[d(x, Ty) + d(y, Tx)], ∀ x, y ∈ X. (3)

In 1972, Zamfirescu [21] employed a combination of the conditions (1), (2)
and (3) to establish a nice generalization of Banach’s fixed point theorem.

Literature abounds with several generalizations of the classical Banach’s
fixed point theorem since 1922. For some of these generalizations of the
classical Banach’s fixed point theorem and various contractive definitions
that have been employed, we refer the readers to [5, 11, 16, 20, 21] and
other references listed in the reference section of this paper.
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In this paper, we shall obtain some common fixed point theorems for
more general classes of mappings than the A−contractions of Akram et al.
[2]. Our results unify, generalize and extend several classical results in the
literature. In particular, our results are generalizations and extensions of
some recent results of Akram et al. [2] and also some of their corresponding
analogues in Ahmad and Rchman [1], Chuanyi [7] and Khan [16]. See also
the results of Chatterjea [8], Kannan [15], Zamfirescu [21], the Banach’s
fixed point theorem [3, 4, 5, 21] and a host of others.

Definition 1.1 (Akram et al. [2]). A selfmap T : X → X of a metric
space (X, d) is said to be A-contraction if it satisfies the condition:

d(Tx, Ty) ≤ α(d(x, y), d(x, Tx), d(y, Ty)), ∀ x, y ∈ X, (A)

and some α ∈ A, where A is the set of all functions α : R
3
+ → R+ satisfying

(i) α is continuous on the set R
3
+ (with respect to the Euclidean metric on

R3);
(ii) if any of the conditions a ≤ α(a, b, b), or a ≤ α(b, a, b), or a ≤ α(b, b, a)
holds for some a, b ∈ R+, zhen there exists k ∈ [0, 1) such that a ≤ kb.
It has been shown in [2] that the class of A−contractions is larger than the
classes of contractions studied by Bianchini [6], Kannan [15], Khan [16] and
Reich [20].

We shall employ the following definitions in the sequel:

Definition 1.2. (a) A function ψ : R+ → R+ is called a comparison
function if it satisfies the following conditions:
(i) ψ is monotone increasing;
(ii) lim

n→∞
ψn(t) = 0, ∀ t ≥ 0, where ψn(t) denotes the n−th iterate of ψ.

(b) A comparison function satisfying
∞∑

n=0

ψn(t) converges for all t > 0 is

called a (c)-comparison function.
See Berinde [4, 5] for the definition and examples of comparison function.

Remark 1.3. Any comparison function satisfies ψ(0) = 0.

Definition 1.4. A pair (S, T ) of selfmaps S, T : X → X of a metric
space (X, d) is said to be a generalized MJ -contraction if S and T satisfy
the contractive condition:

d(Tx, Ty) ≤ α(d(Sx, Sy), d(Sx, Tx), d(Sy, Ty),

[d(Sx, Tx)]r[d(Sy, Tx)]pd(Sx, Ty), d(Sy, Tx)[d(Sx, Tx)]m), (MJ)

∀ x, y ∈ X, r, p, m ∈ R+ and some α ∈ MJ , where MJ is the set of all
functions α : R

5
+ → R+ satisfying

(i) α is continuous on the set R
5
+ (with respect to the Euclidean metric on

R5);
(ii) if any of the conditions a ≤ α(b, b, a, c, c), or, a ≤ α(b, b, a, b, b), or, a ≤
α(a, b, b, b, b) holds for some a, b, c ∈ R+, then there exists k ∈ [0, 1) such
that a ≤ kb.
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Definition 1.5. A pair (S, T ) of selfmaps S, T : X → X of a metric
space (X, d) is said to be a generalized MJψ-contraction if S and T satisfy
the contractive condition:

d(Tx, Ty) ≤ α(d(Sx, Sy), d(Sx, Tx), d(Sy, Ty),

[d(Sx, Tx)]r[d(Sy, Tx)]pd(Sx, Ty), d(Sy, Tx)[d(Sx, Tx)]m), (MJψ)

∀ x, y ∈ X, r, p, m ∈ R+ and some α ∈MJψ, where MJψ is the set of all
functions α : R

5
+ → R+ satisfying

(i) α is continuous on the set R
5
+ (with respect to the Euclidean metric on

R
5);

(ii) if any of the conditions a ≤ α(b, b, a, c, c), or, a ≤ α(b, b, a, b, b), or, a ≤
α(a, b, b, b, b) holds for some a, b, c ∈ R+, then there exists a continuous
(c)−comparison function ψ : R+ → R+ such that a ≤ ψ(b).

Remark 1.6. (i) From Definition 1.4, if

α(t1, t2, t3, t4, t5) = kt1, ∀ (t1, t2, t3, t4, t5) ∈ R
5
+, k ∈ [0, 1),

then, we obtain the contractive condition employed by Jungck [13].
(ii) We obtain the contractive condition employed by Jungck [13] from Def-
inition 1.5 if α(t1, t2, t3, t4, t5) = kt1, ∀ (t1, t2, t3, t4, t5) ∈ R

5
+, and ψ(u) =

ku, k ∈ [0, 1), u ∈ R+.
(iii) The contractive conditions stated in both Definition 1.4 and Definition
1.5 generalize several others in the literature for one or two selfmappings.

Definition 1.7. Let S, T : X → X be two mappings and denote the set
of common fixed points of S and T by FS∩T . Then, FS∩T = {x ∈ X | Sx =
Tx = x}.

2. Main results

Theorem 2.1. Let (X, d) be a complete metric space and let S, T : X →
X be commuting mappings satisfying generalized MJ−contraction condi-
tion. For x0 ∈ X, let {Sxn}

∞
n=0 be the Jungck iteration associated to S

and T defined by Sxn+1 = Txn,(n = 0, 1, 2, · · · ). If T (X) ⊂ S(X) and S is
continuous, then S and T have a unique common fixed point in X.

Proof. For x0 ∈ X, let Sxn+1 = Txn = yn, n = 0, 1, 2, · · · . Since S and
T satisfy the generalized MJ−contraction condition, there exists α ∈ MJ

such that α satisfies (i) and (ii) of the Definition 1.4.
Using the generalized MJ−contraction condition, we have

d(yn, yn+1) = d(Txn, Txn+1)

≤ α(d(Sxn, Sxn+1), d(Sxn, Txn), d(Sxn+1, Txn+1),

[d(Sxn, Txn)]r[d(Sxn+1, Txn)]pd(Sxn, Txn),

d(Sxn+1, Txn)[d(Sxn, Txn)]m)

= α(d(yn−1, yn), d(yn−1, yn), d(yn, yn+1), 0, 0)
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≤ kd(yn−1, yn). (4)

We obtain by induction from (4) that

d(yn, yn+1) ≤ kd(yn−1, yn) ≤ k2d(yn−2, yn−1) ≤ · · · ≤ knd(y0, y1),

from which we get
d(yn, yn+1) ≤ knd(y0, y1). (5)

For q ∈ N, using (5) inductively in the repeated application of triangle
inequality yields

d(yn, yn+q) ≤
kn(1− kq)

1 − k
d(y0, y1) → 0 as n→ ∞, (6)

since k ∈ [0, 1). Thus, leading to d(yn, yn+q) → 0 as n→ ∞.
Therefore, the sequence {yn} is a Cauchy sequence in X. Since (X, d) is

complete, there exists u ∈ X such that lim
n→∞

Sxn = lim
n→∞

Txn−1 = u.

Since S is continuous, and T and S commute (i.e ST = TS) we obtain

Su = S( lim
n→∞

Sxn) = lim
n→∞

S2xn, (7)

Su = S( lim
n→∞

Txn) = lim
n→∞

(STxn) = lim
n→∞

(TSxn). (8)

Using the generalized MJ−contraction condition again yields

d(TSxn, Tu) ≤ α(d(S2xn, Su), d(S
2xn, TSxn), d(Su, Tu),

[d(S2xn, TSxn)]r[d(Su, TSxn)]
pd(S2xn, Tu),

d(Su, TSxn)[d(S
2xn, TSxn)]m). (9)

Using the continuity of α, S and metric as well as taking limits in (9) (with
the application of (7) and (8)) yield

d(Su, Tu) ≤ α(0, 0, d(Su, Tu), 0, 0) ≤ k.0 = 0,

thus, Su = Tu.
Again, by using the generalized MJ−contraction condition, we have

d(Txn, Tu) ≤ α(d(Sxn, Su), d(Sxn, Txn), d(Su, Tu),

[d(Sxn, Txn)]r[d(Su, Txn)]
pd(Sxn, Tu),

d(Su, Txn)[d(Sxn, Txn)]m). (10)

Taking limits in (10) gives

d(u, Tu) ≤ α(d(u, Su), d(u, u), d(Su, Tu), 0, 0),

= α(d(u, Tu), 0, 0, 0, 0) ≤ k.0 = 0,

which thus gives Tu = u.
Hence, Su = Tu = u. That is, u is a common fixed point of S and T.
We now prove the uniqueness of common fixed point of S and T : Suppose

not. Then, there exist u, v ∈ FS∩ T , u 6= v and d(u, v) > 0.
By using the generalized MJ−contraction condition, we have

0 < d(u, v) = d(Tu, Tv) ≤ α(d(Su, Sv), d(Su, Tu), d(Sv, Tv),
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[d(Su, Tu)]r[d(Sv, Tu)]pd(Su, Tv), d(Sv, Tu)[d(Su, Tu)]m)

= α(d(u, v), 0, 0, 0, 0) ≤ k.0 = 0,

from which it follows that d(u, v) ≤ 0 (which is a contradiction since metric
is nonnegative). Hence, d(u, v) = 0, that is, u = v.

Theorem 2.2. Let (X, d) be a complete metric space and let S, T : X →
X be commuting mappings satisfying generalized MJψ−contraction condi-
tion. Suppose that ψ : R+ → R+ is a continuous (c)−comparison function.
For x0 ∈ X, let {Sxn}

∞
n=0 be the Jungck iteration associated to S and T

defined by Sxn+1 = Txn, (n = 0, 1, 2, · · ·). If T (X) ⊂ S(X) and S is con-
tinuous, then S and T have a unique common fixed point in X.

Proof. For x0 ∈ X, let Sxn+1 = Txn = yn, n = 0, 1, 2, · · · . Since S and
T satisfy generalized MJψ−contraction condition, there exists α ∈ MJψ
such that α satisfies (i) and (ii) of the Definition 1.5.

Using the generalized MJψ−contraction condition, we have

d(yn, yn+1) = d(Txn, Txn+1)

≤ α(d(Sxn, Sxn+1), d(Sxn, Txn), d(Sxn+1, Txn+1),

[d(Sxn, Txn)]r[d(Sxn+1, Txn)]pd(Sxn, Txn),

d(Sxn+1, Txn)[d(Sxn, Txn)]m)

= α(d(yn−1, yn), d(yn−1, yn), d(yn, yn+1), 0, 0)

≤ ψ(d(yn−1, yn)). (11)

We have inductively from (11) that

d(yn, yn+1) ≤ ψ(d(yn−1, yn)) ≤ ψ2(d(yn−2, yn−1)) ≤ · · · ≤ ψn(d(y0, y1)),

from which we obtain

d(yn, yn+1) ≤ ψn(d(y0, y1)). (12)

For q ∈ N, using (12) inductively in the repeated application of triangle
inequality yields

d(yn, yn+q) ≤

n+q−1∑

k=n

ψk(d(y0, y1)) =

q−1∑

j=0

ψn+j(d(y0, y1))

=

n+q−1∑

k=0

ψk(d(y0, y1)) −

n−1∑

k=0

ψk(d(y0, y1)), (13)

and since ψ is a (c)−comparison function, it follows from (13) that d(yn, yn+q)
→ 0 as n→ ∞.

Therefore, the sequence {yn} is a Cauchy sequence in X. Since (X, d) is
complete, there exists u ∈ X such that lim

n→∞
Sxn = lim

n→∞
Txn−1 = u.

Since S is continuous, and T and S commute (i.e. ST = TS) we obtain

Su = S( lim
n→∞

Sxn) = lim
n→∞

S2xn, (14)
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Su = S( lim
n→∞

Txn) = lim
n→∞

(STxn) = lim
n→∞

(TSxn). (15)

Using the generalized MJψ−contraction condition again yields

d(TSxn, Tu) ≤ α(d(S2xn, Su), d(S
2xn, TSxn), d(Su, Tu),

[d(S2xn, TSxn)]r[d(Su, TSxn)]
pd(S2xn, Tu),

d(Su, TSxn)[d(S
2xn, TSxn)]m). (16)

Using the continuity of α, S and metric as well as taking limits in (16) (with
the application of (14) and (15)) yield

d(Su, Tu) ≤ α(0, 0, d(Su, Tu), 0, 0) ≤ ψ(0) = 0,

thus, Su = Tu.
Again, by Using the generalized MJψ−contraction condition, we have

d(Txn, Tu) ≤ α(d(Sxn, Su), d(Sxn, Txn), d(Su, Tu),

[d(Sxn, Txn)]r[d(Su, Txn)]
pd(Sxn, Tu),

d(Su, Txn)[d(Sxn, Txn)]m). (17)

Taking limits in (17) gives

d(u, Tu) ≤ α(d(u, Su), d(u, u), d(Su, Tu), 0, 0),

= α(d(u, Tu), 0, 0, 0, 0) ≤ ψ(0) = 0,

which thus gives Tu = u.

Hence, Su = Tu = u. That is, u is a common fixed point of S and T.
We now prove the uniqueness of common fixed point of S and T : Suppose

not. Then, there exist u, v ∈ FS∩ T , u 6= v and d(u, v) > 0.
By Using the generalized MJψ−contraction condition, we have

0 < d(u, v) = d(Tu, Tv) ≤ α(d(Su, Sv), d(Su, Tu), d(Sv, Tv),

[d(Su, Tu)]r[d(Sv, Tu)]pd(Su, Tv), d(Sv, Tu)[d(Su, Tu)]m)

= α(d(u, v), 0, 0, 0, 0) ≤ ψ(0) = 0,

from which it follows that d(u, v) ≤ 0 (which is a contradiction since metric
is nonnegative). Hence, d(u, v) = 0, that is, u = v.

Remark 2.3. Both Theorem 2.1 and Theorem 2.2 generalize and extend
the main results of Akram et al. [2] and Olatinwo [19]. In fact, our results are
also generalizations and extensions of some of their corresponding analogues
in Ahmad and Rchman [1], Chuanyi [7], Ciric [11], Jungck [13], Khan [16]
as well as several others in the literature.

Example 2.4. Let X = [0, 1] and consider S, T : X → X defined by
Tx = 1

4
x3 and Sx = x. Let d(x, y) = |x− y|, x, y ∈ R (the usual metric on

R). We show that S and T satisfy the hypotheses of Theorem 2.1 as follows:

d(Sx, Ty) =
1

4
|x3 − y3| =

1

4
|(x− y)(x2 + xy + y2)|



Fixed point theorems of Akram-Banach type 61

≤
1

4
|x2 + xy + y2||x− y| =

3

4
|x− y| =

3

4
d(Sx, Sy),

which shows that S and T satisfy the generalized (MJ)−contraction condi-
tion.

Also, TSx = STx = 1
4
x3(that is, S and T commute) and TX = [0, 1

4
] ⊂

SX = [0, 1], and the unique common fixed point of S and T is given by
FS∩T = {0}.

The next two results are extensions of both Theorem 2.1 and Theorem
2.2.

Theorem 2.5. Let X be a non-empty set, d and δ two metrics on X. For
x0 ∈ X, let {Sxn}

∞
n=0 be the Jungck iteration associated to S and T defined

by Sxn+1 = Txn, (n = 0, 1, 2, · · ·). Suppose that:
(i) there exists a number c > 0, such that δ(Sx, Sy) ≤ cd(Sx, Sy), for all
x, y ∈ X ;
(ii)X is complete with respect to δ;
(iii) S : (X, δ) → (X, δ) is continuous such that u = lim

n→∞
Sxn for any se-

quence {xn}
∞
n=0 ⊂ X converging to u ∈ X ;

(iv) T, S : (X, d) → (X, d) are mappings satisfying the contractive condition
(MJ), T (X) ⊂ S(X).
Then, S and T have a unique common fixed point.

Proof. Again, as in Theorem 2.1, for x0 ∈ X, let Sxn+1 = Txn = yn,
n = 0, 1, 2, · · · . By Condition (iv), we obtain as in Theorem 2.1 that, for
q ∈ N, d(yn, yn+q) → 0 as n → ∞. That is, the sequence {yn} is a Cauchy
sequence in (X, d).

We now show that the sequence {yn} is a Cauchy sequence in (X, δ) too
as follows: By Condition (i), we have that

δ(yn, yn+q) = δ(Sxn+1), Sxn+q+1) ≤ cd(Sxn+1), Sxn+q+1)

= cd(yn, yn+q) → 0 as n→ ∞,

that is, δ(yn, yn+q) → 0 as n → ∞. Thus, {yn} is a Cauchy sequence in
(X, δ) too.

By Condition (ii), (X, δ) is complete implies that there exists u ∈ X
such that lim

n→∞
δ(Sxn, u) = lim

n→∞
δ(Txn−1, u) = 0, that is, lim

n→∞
Sxn =

lim
n→∞

Txn−1 = u.

Using Condition (iii), we have for any sequence {xn}
∞
n=0 ⊂ X converging

to u ∈ X , 0 = lim
n→∞

δ(Sxn, u), where S is continuous.

By the continuity of both S and metric δ, we get

0 = lim
n→∞

δ(Sxn, u) = δ(S( lim
n→∞

xn), u) = δ(Su, u).

Therefore, δ(Su, u) = 0 ⇐⇒ Su = u. So, S has a fixed point u.
Again, by using the generalized MJ−contraction condition, we have

d(Txn, Tu) ≤ α(d(Sxn, Su), d(Sxn, Txn), d(Su, Tu),



62 M. O. Olatinwo and O. J. Omidire

[d(Sxn, Txn)]r[d(Su, Txn)]
pd(Sxn, Tu),

d(Su, Txn)[d(Sxn, Txn)]m). (10?)

Taking limits in (10?) yields

d(u, Tu) ≤ α(d(u, Su), d(u, u), d(Su, Tu), 0, 0),

= α(d(u, Tu), 0, 0, 0, 0) ≤ k.0 = 0,

which thus gives Tu = u.
Hence, Su = Tu = u. That is, u is a common fixed point of S and T.
Using Condition (iv) again, we obtain the uniqueness of the common fixed

point of S and T.

Theorem 2.6. Let X be a non-empty set, d and δ two metrics on X. For
x0 ∈ X, let {Sxn}

∞
n=0 be the Jungck iteration associated to S and T defined

by Sxn+1 = Txn, n = 0, 1, 2, · · · ). Suppose that:
(i) there exists a number c > 0, such that δ(Sx, Sy) ≤ cd(Sx, Sy), for all
x, y ∈ X ;
(ii)X is complete with respect to δ;
(iii) S : (X, δ) → (X, δ) is continuous such that u = lim

n→∞
Sxn for any se-

quence {xn}
∞
n=0 ⊂ X converging to u;

(iv) T, S : (X, d) → (X, d) are mappings satisfying the contractive condition
(MJψ), T (X) ⊂ S(X), where ψ : R+ → R+ is a continuous (c)−comparison
function.
Then, S and T have a unique common fixed point.

Proof. Again, as in Theorem 2.2, for x0 ∈ X, let Sxn+1 = Txn = yn, n =
0, 1, 2, · · · . By Condition (iv), we obtain as in Theorem 2.2 that, for q ∈ N,
d(yn, yn+q) → 0 as n→ ∞. That is, the sequence {yn} is a Cauchy sequence
in (X, d).

We now show that the sequence {yn} is a Cauchy sequence in (X, δ) too
as follows: By Condition (i), we have that

δ(yn, yn+q) = δ(Sxn+1), Sxn+q+1) ≤ cd(Sxn+1), Sxn+q+1)

= cd(yn, yn+q) → 0 as n→ ∞,

that is, δ(yn, yn+q) → 0 as n → ∞. Thus, {yn} is a Cauchy sequence in
(X, δ) too.

By Condition (ii), (X, δ) is complete implies that there exists u ∈ X
such that lim

n→∞
δ(Sxn, u) = lim

n→∞
δ(Txn−1, u) = 0, that is, lim

n→∞
Sxn =

lim
n→∞

Txn−1 = u.

Using Condition (iii), we have for any sequence {xn}
∞
n=0 ⊂ X converging

to u ∈ X , 0 = lim
n→∞

δ(Sxn, u), where S is continuous.

By the continuity of both S and metric δ, we get

0 = lim
n→∞

δ(Sxn, u) = δ(S( lim
n→∞

xn), u) = δ(Su, u).

Therefore, δ(Su, u) = 0 ⇐⇒ Su = u. So, S has a fixed point u.
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Again, by using the generalized MJψ−contraction condition, we have

d(Txn, Tu) ≤ α(d(Sxn, Su), d(Sxn, Txn), d(Su, Tu),

[d(Sxn, Txn)]r[d(Su, Txn)]
pd(Sxn, Tu),

d(Su, Txn)[d(Sxn, Txn)]m). (17?)

Taking limits in (17?) yields

d(u, Tu) ≤ α(d(u, Su), d(u, u), d(Su, Tu), 0, 0),

= α(d(u, Tu), 0, 0, 0, 0) ≤ ψ(0) = 0,

which thus gives Tu = u.

Hence, Su = Tu = u. That is, u is a common fixed point of S and T.

Using Condition (iv) again, we obtain the uniqueness of the common fixed
point of S and T.

Remark 2.7. Commutativity condition is not necessarily required in the
proof of each of Theorem 2.5 and Theorem 2.6. Both Theorem 2.5 and
Theorem 2.6 generalize and extend the result of Maia [18].
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