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Abstract. In this paper, we examine a fixed point theorem of set-valued
mappings on chain-complete posets provided in [6]. Then we extend the con-
cept of Pareto equilibrium from strategic games from vector utilities to par-
tially ordered preferences. The main result of this paper is the existence of
Pareto equilibrium for strategic games with partially ordered preferences, and
the inductive properties of the set of Pareto equilibria, which is proved by a
fixed point theorem on posets proved in this paper.

1. Introduction

Pareto equilibrium (Pareto efficient, or Pareto optimal) is a very impor-
tant concept in economic theory and in game theory (see [7, 11]). In case
that the utilities (the payoffs) of participants (or players) in a game or in an
economy take values in complete ordered sets, which can be represented by
real valued functions, the existence of Pareto equilibrium problems can be
solved by the techniques in ordinal real analysis, such as Browder fixed point
theorem, Kakutani fixed point theorem and Fan-KKM theorem in normed
topological vector spaces (see [10, 16]).

Over the last two decades or so, as extensions of the equilibrium problems
with non-real valued utilities, the equilibrium problems with vector payoffs ,
which include Pareto equilibrium problems and Nash equilibrium problems,
have been extensively studied by numerous authors (see [1, 3, 8, 9, 12, 13,
15]). Roughly speaking, this study can be viewed as the generalization of
the payoffs of the players from one dimension real space to finite dimensional
Euclidean spaces. One of the new tools applied in the published research
papers (as mentioned above) on this topic is to introduce a partial ordering
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relation in Rn, denoted by <n, which is naturally defined by: for any t =
(t1, t2, · · ·, tn), and s = (s1, s2, · · ·, sn) in Rn,

s <
n t, if and only if si ≥ ti, for i = 1, 2, · · ·, n. (1)

The ordering relation <
n is a lattice order on Rn; and (Rn, <n) is a vector

lattice (a Riesz space). The important key that the fixed point theorems
developed on normed vector spaces can be applied in (Rn, <n) is that the
norm topology in Rn is a natural topology with respect to the lattice order
n. That is, (Rn, <n) is a lattice ordered normed vector space.

Recently, in the study of the existence of generalized Nash equilibrium
for strategic games, the payoffs have been extended to lattices (see [4]),
partially ordered sets (posets) (see [5, 6]), and preordered sets (see [14]),
in which the proofs of the existence of generalized Nash equilibrium are
based on fixed point theorems for set-valued mappings on chain-complete
posets (see [6, 14]). In these fixed point theorems provided in [6], [14], the
mappings are required to satisfy some order-increasing properties to ensure
the existence of a fixed point; and it is not necessary for the mappings to
possess any kind topological continuity condition.

In this paper, we first examine a fixed point theorem for set-valued map-
pings on chain-complete posets provided in [6] and we improve this theorem
by showing that the set of fixed points is inductive. Then by applying this
fixed point theorem, we consider the existence of Pareto equilibrium for
strategic games with partially ordered preferences and the inductive prop-
erties of its Pareto equilibria.

2. Some fixed point theorems on chain-complete posets

In this section, we recall some basic concepts of posets and related proper-
ties. Then we examine some fixed point theorems on chain-complete posets
provided in [6], which will be applied in the following section to prove the
existence of generalized Pareto equilibrium for strategic games with partially
ordered preferences. We recall some terminologies below which are used in
this paper.

Let (X, <X) and (U, <U) be posets and let F : X → 2U \ {∅} be a set-
valued mapping. F is said to be isotone or order-increasing upward whenever
x 4

X y in X implies that, for any z ∈ F (x), there is a w ∈ F (y) such that
z 4

U w. F is said to be order-increasing downward whenever if x 4
X y in

X implies that, for any w ∈ F (y), there is a z ∈ F (x) such that z 4
U w. If

F is both of order-increasing upward and order-increasing downward, then
F is said to be order-increasing.

A partially ordered set A is said to be inductively ordered or inductive iff
every chain of elements of A has an upper bound in A. It is a set fulfilling
the assumption of Zorn’s lemma. A partially ordered set A is said to be
re-inductively ordered or re-inductive iff every chain of elements of A has a
lower bound in A. A is said to be chain-complete, whenever every chain of
elements of A has a supremum in A, and A is said to be re-chain-complete,
whenever every chain of elements of A has a infimum in A.



On Pareto equilibrium problems with partially ordered preferences 15

Let F : X → 2U \ {∅} be a set-valued mapping. A point x ∈ X is called a
fixed point of F , whenever x ∈ F (x). The set of fixed points of F is denoted
by F (F ). We recall a fixed point theorem from [6].

Theorem 2.2 ([6]). Let (P, <) be a chain-complete poset and let F : P →
2U \ {∅} be a set-valued mapping satisfying the following three conditions:

A1. F is order-increasing upward;
A2. (F (x), <) is inductive with a finite number of maximal elements, for

every x ∈ P ;
A3. There is an element y in P with y 4 v, for some v ∈ F (y).

Then F has a fixed point.

In Theorems 2.2 in [6] listed above, the conditions A1 and A2 for the
given mapping F look very natural; and the condition that the poset (P, <
) is chain-complete and condition A2 for F seem to be very strong and
superfluous. In fact, these conditions cannot be deleted in this theorem.
Some counterexamples are provided in [4] to show that in condition A2 of
Theorems 2.2 [6], the condition that, for every x ∈ P , the set of the maximal
elements of the inductive set (F (x), <) is finite is necessary for ensuring F
to have a fixed point.

The following theorem makes some improvement on Theorem 2.2 [6],
which studies the properties of the sets of fixed points for some set-valued
mappings on posets.

Corollary 3.2 ([4]). Let (P, <) be a chain-complete poset and let F :
P → 2U \ {∅} be a set-valued mapping satisfying the following three condi-

tions:

A1. F is order-increasing upward;

A2. (F (x), <) is inductive with a finite number of maximal elements, for
every x ∈ P ;

A3. There is an element y∗ in P and v∗ ∈ F (y∗) with y∗ 4 v∗.

Then

(i) (F (F ), <) is a nonempty inductive poset;
(ii) (F (F ) ∩ [y∗), <) is a nonempty inductive poset, and F has an <-

maximal fixed point x∗ with x∗
< y∗.

Let (P, <) be a poset, reversed order of < is also a partial order on P . It
is denoted by <−: for x, y ∈ P ,

x <
− y, if and only if, x 4 y.

As the reverse version of Corollary 3.2 in [4], Theorem 4.3 in [4] is a fixed
point theorem regarding to the reversed order of a poset. It will be applied
in the proof of the main theorem in this paper.

Theorem 4.3 ([4]). Let (P, <) be a chain-complete poset and let F : P →
2P \ {∅} be a set-valued mapping satisfying the following three conditions:

A1. F is <-increasing upward;
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A2. (F (x), <) is inductive with a finite number of minimal elements, for
every x ∈ P ;

A3. There are element z∗ in P and v∗ ∈ F (z∗) with v∗ 4 z∗.

Then

(i) (F (F ), <) is a nonempty inductive poset;
(ii) (F (F ) ∩ [z∗), <) is a nonempty re-inductive poset.

3. Pareto equilibrium of strategic games with partially ordered
preferences

In this section, we study some strategic and noncooperative games with
partially ordered preferences, in which the payoffs of the players are not
totally ordered. That is, the players in these games do not have the nor-
mal preferences on the outcomes of the games. Such games are also called
non-monetized noncooperative games in [3, 6] and [8–10].The word non-
monetized refers that the preferences of the players are not normal and
cannot be represented by real functions (such as money).

Definition 3.1. Let n be a positive integer greater than 1. An n-person
noncooperative strategic game with partially ordered preferences consists of
the following elements:

1. a set of n players, which is denoted by N = {1, 2, · · ·, n};
2. for every player i = 1, 2, · · ·, n, his set of strategies (Si, <i) is a poset,

and the collection of profiles of strategies is denoted by S = S1 × S2 ×
· · · × Sn;

3. an outcome space (U ; <U) that is a poset;
4. for every player i = 1, 2, · · ·, n, his utility function (payoff) fi is a map-

ping from S1 ×S2 ×· · ·×Sn to (U ; <U). We write f = {f1, f2, · · ·, fn}.

This game is denoted by G = (N, S, f, U).

In a n-person noncooperative strategic game G = (N, S, f, U), the play-
ers follow the performing rules: when all n players simultaneously and in-
dependently choose their own strategies x1, x2, · · ·, xn, to act, respectively,
where xi ∈ Si, for i = 1, 2, · · ·, n, player i will receive his utility (payoff)
fi(x1, x2, · · ·, xn) ∈ U .

For any x = (x1, x2, · · ·, xn) ∈ S, and for every i = 1, 2, · · ·, n, as usual,
we denote

x−i := (x1, x2, · · ·, xi−1, xi+1, · · ·, xn) and S−i := S1×S2×· · ·Si−1×Si+1×· · ·×Sn.

Then x ∈ S can be simply written as x = (xi, x−i). Moreover, for all
x−i ∈ S−i, we denote

fi(Si, x−i) := {fi(ti, x−i) : ti ∈ Si}.

For convenience, we write S−0 := S1 × S2 × · · · × Sn.
Now we extend the concept of Pareto equilibrium of noncooperative strate-

gic games with vector utilities to generalized Pareto equilibrium of nonco-
operative strategic games with partially ordered preferences.
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Definition 3.2. In an n-person noncooperative strategic game G =
(N, S, f, U) with partially ordered preferences, a profile of strategies (x̃1, x̃2,
· · ·, x̃n) ∈ S1 × S2 × · · · × Sn is called a Pareto equilibrium of this game, if
for every i = 1, 2, · · · , n, there is no zi ∈ Si such that

fi(zi, x̃−i) ≺
U fi(x̃i, x̃−i). (2)

It is equivalent to say that a profile of strategies (x̃1, x̃2, · · ·, x̃n) ∈ S1 ×
S2 × · · · × Sn is a Pareto equilibrium of this game G = (N, S, f, U), if for
every i = 1, 2, · · · , n, such that -1

fi(zi, x̃−i) 6≺
U fi(x̃i, x̃−i), for all zi ∈ Si. (3’)

That is, for every, zi ∈ Si, either fi(zi, x̃−i) <
U fi(xi, x̃−i), or fi(zi, x̃−i) ./U

fi(xi, x̃−i).
Let P(G) denote the collection of all Pareto equilibria of this game G.
Recall (for more details, see [12]) that in an n-person noncooperative

strategic game with vector utilities, for every i = 1, 2, · · · , n, the player is
utility function fi is a mapping from the collection of profiles of strategies
S to Rk(i), for some positive integer k(i). The utility function fi can be
component-wisely represented as

fi(x) = (fi1(x), fi2(x), · · ·, fi,k(i)(x)), for all x ∈ S, (4)

where fi1(x), fi2(x), · · ·, fi,k(i)(x) are all real valued functions defined on S.
Then a profile of strategies (x̃1, x̃2, · · ·, x̃n) ∈ S1 × S2 × · · · × Sn is a Pareto
equilibrium of this n-person noncooperative strategic game with vector util-
ities, if for every i = 1, 2, · · ·, n, there is no zi ∈ Si such that

fij(zi, x̃i) < fij(x̃i, x̃−i), (5)

for j = 1, 2, · · ·, k(i) and the above inequality (5) holds strictly for at least
one j.

Notice that if the Euclidean space Rk(i) is equipped with the component-

wise ordering <
k(i), as given in (1), in which the strict part of k(i) is that,

for any t = (t1, t2, · · ·, tk(i)), and s = (s1, s2, · · ·, sk(i)) in Rk(i),

s ≺k(i) t, if and only if, sj ≤ tj , for j = 1, 2, · · ·, k(i), (6)

and the above inequality holds strictly for at least one j. Hence by applying
the property (6) of the partial order k(i) on Rk(i) and the definition F i in
(4), the condition stated in (5) coincides to

fi(xi, x̃−i) ≺
k(i) fi(x̃i, x̃−i).

It is the case that the outcome space (U ; <U) in (2) takes the special case
poset (Rk, <

k), where k = max{k(1), k(2), · · ·, k(n)}. Thus the concept
of Pareto equilibrium for n-person noncooperative strategic game with par-
tially ordered preferences is indeed a significant generalization of the concept
of Pareto equilibrium of noncooperative strategic games with vector utilities.

Let (Si, <
i) be a poset, for i = 0, 1, 2, · · ·, n. We denote the component-

wise ordering relation <
−i on the product poset S−i = S1×S2×· · ·×Si−1 ×
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Si+1×· · ·Sn as: for any x−i, y−i ∈ S−i with x−i = (x1, x2, · · ·, xi−1, xi+1, · · ·, xn)
and y−i = (y1, y2, · · ·, yi−1, yi+1, · · ·, yn)

x−i <
−i y−i, if and only if xj <j yj, for all j = 1, 2, · · ·, i− 1, i + 1, · · ·, n.

It can be seen that (S−i, <
−i) is a poset. Furthermore, if for every j =

1, 2, · · ·, i− 1, i + 1, · · ·, n, (Sj, <j) is a chain complete (an inductive) poset,
then (S−i, <

−i) is also a chain complete (an inductive) poset. For conve-
nience, (S, <S) is written as (S−0, <

−0).

In an n-person noncooperative strategic game G = (N, S, f, U) with par-
tially ordered preferences, for every i = 1, 2, · · ·, n, we define a set-valued
mapping γi : S−i → 2Si by

γi(x−i) = {zi ∈ Si : fi(zi, x−i) is a minimal element of fi(Si, x−i)},

for all x−i ∈ S−i.

γi is called the minimal response function for player i.
In case if γi(x−i) 6= ∅, for all x−i ∈ S−i, we recall that the set-valued map-

ping γi is order-increasing downward on S−i, whenever, for any x−i, y−i ∈
S−i with x−i 4

−i y−i and for any wi ∈ γi(y−i), there is zi ∈ γi(x−i) such
that zi 4i wi.

Theorem 3.3. Let G = (N, S, f, U) be an n-person noncooperative

strategic game with partially ordered preferences such that (Si, <
i) is a

re-chain-complete poset, for i = 1, 2, · · ·, n. Suppose that, for every player i,
the following conditions hold:

1. fi(Si, x−i) is a re-inductive subset of (U, <U), for every xi ∈ S−i;

2. the minimal response function γi : S−i → 2Si \ {∅} is order-increasing

downward on (S−i, <
−i) with re-inductive values with a finite number

of minimal elements;

3. there are elements a = (a1, a2, · · ·, an) and b = (b1, b2, · · ·, bn) in S with

b 4
S a satisfying

ai ∈ γi(b−i).

Then this game G = (N, S, f, U) has a Pareto equilibrium. Moreover, we

have

1. (P(G), <S) is a nonempty re-inductive poset; and therefore, G has an

<
S -minimal Pareto equilibrium;

2. (P(G) ∩ (a], <S) is a nonempty re-inductive poset; and therefore, G
has an <

S -minimal Pareto equilibrium c with c 4
S a.

Proof. By applying Zorns lemma and condition 1 in this theorem, for
every x−i ∈ S−i, fi(Si, x−i) has at least one minimal element in fi(Si, x−i);
and therefore, γi(x−i) 6= ∅, for all x−i ∈ S−i.

For every x = (x1, x2, · · ·, xn) ∈ S, and for every i = 1, 2, · · ·, n, x can
be denoted as x = (xi, x−i). So the profile space S can be rewritten as
S = (Si, S−i). Then, for each player i, the minimal response function γi :
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S−i → 2Si \{∅} can be considered as a set-valued mapping from S to 2Si \{∅}
as:

γi(x) = γi(x−i), for any x = (xi, x−i) ∈ S, for every i = 1, 2, · · ·, n.

Then we define F : S → 2S \ {∅} by F = γ1 × γ2 × · · · × γn; that is,

F (x) = (γ1(x), γ2(x), · · ·, γn(x)), for any x ∈ S. (7)

By condition 2 in this theorem, it will next be shown that F is <
S-increasing

downward on S. To this end, for any x, y ∈ S with x 4
S y, and for

every i, from the definitions of the orders <
S on S and <

−i on S−i, it
implies x−i, y−i ∈ S−i with x−i 4

−i y−i. Then from (7), for any given
w = (w1, w2, · · ·, wn) ∈ F (y), we have wi ∈ γi(y−i). Since x−i 4

−i y−i,
by condition 2 in this theorem, there is zi ∈ γi(x−i) with zi 4X wi, for
i = 1, 2, · · ·, n. Let

z = (z1, z2, · · ·, zn).

It is clearly to be seen that z ∈ F (x) with z 4S w. It follows that F is
<S-increasing downward on S.

For every x = (x1, x2, · · ·, xn) ∈ S, and for every i = 1, 2, · · ·, n, from
condition 2, γi(x−i) is an re-inductive subset in Si with a finite number of
minimal elements. It follows that F (x) is a re-inductive subset in S with a
finite number of minimal elements.

The elements a, b in S given in condition 3 with ai ∈ γi(b−i), for i =
1, 2, · · ·, n, satisfy a ∈ F (b) and b 4

S a. Hence this mapping F satisfies
all conditions in Theorem 2.7; and therefore, F has a fixed point, say v =
(v1, v2, · · ·, vn) with v ∈ F (v).

Finally we show that any fixed point v of F is Pareto equilibrium for the
game G = (N, S, f, U). To this end, from v ∈ F (v), we have vi ∈ γi(v−i), for
i = 1, 2, · · ·, n; that is, fi(vi, v−i) is a minimal element of fi(Si, v−i). Notice
fi(Si, v−i) = {fi(ti, v−i) : ti ∈ Si} ⊆ U . It follows that there is no zi ∈ Si

such that
fi(zi, v−i) ≺

U fi(vi, v−i).

Thus v = (v1, v2, · · ·, vn) is a Pareto equilibrium of this game. The rest of
the proof immediately follows from the conclusions of Theorem 4.3 [4].

4. Pareto equilibrium problems on partially ordered reflexive

Banach spaces

In the literature of game theory and economic theory, the underlying
spaces in many application problems are partially ordered topological vector
spaces, which are equipped with algebraic structure, topology structures and
ordering relations, such as Hilbert lattices, Banach lattices, Riesz spaces (See
[2, 4, 5]). In this section, we particularly examine the inductive properties of
Pareto equilibriums in strategic and noncooperative games with preferences
described by the partial orders of elements in partially ordered reflexive
Banach spaces.
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We briefly recall some concepts of partially ordered reflexive Banach
spaces below. In this paper, we say that a reflexive Banach spaces B

equipped with a partial order is called a partially ordered reflexive Banach
spaces, denoted by (B, <), if the following conditions hold:

1. x < y implies x + z < y + z, for all x, y, z ∈ B;
2. x < y implies αx < αy, for all x, y ∈ B and α ≥ 0;
3. For any u ∈ B, the following <-intervals are closed:

[u) = {x ∈ B : x < u} and (u] = {x ∈ B : x 4 u}. (8)

Since every nonempty bounded closed convex subset K of a partially ordered
reflexive Banach spaces (B, <) is weakly compact, it has been shown in [4]
that (K, <) is a bi-chain complete subposet of (B, <). This property induces

the following useful result.

Theorem 5.10 ([4]). Let (B, <) be a partially ordered reflexive Banach

space and K a bounded closed convex subset of B. Let F : K → 2K \ {∅}
be a set-valued mapping satisfying the following three conditions:

A1. F is <-increasing;

A2. F (x) is a closed and convex subset of K, for every x ∈ K;

A3. There are element y∗, z∗ in K and v∗ ∈ F (y∗), u∗ ∈ F (z∗) with

y∗ 4 v∗ and z∗ 4 u∗.

Then (F (F ), <) is a nonempty bi-inductive poset.

By Theorem 5.10 [4], as a consequence of Theorem 3.1, we have the
following Pareto equilibrium existence theorem in partially ordered reflexive
Banach spaces.

Theorem 4.1. Let G = (N, S, f, U) be an n-person noncooperative

strategic game with partially ordered preferences such that Si is a nonempty

bounded closed convex subset of a partially ordered reflexive Banach space

(Bi, <i), for i = 1, 2, · · ·, n. Suppose the utility space (U, <U) is also a par-

tially ordered reflexive Banach space and, for every player i, the following

conditions hold:

1. fi(Si, x−i) is a nonempty bounded closed convex subset of (U, <U), for

every xi ∈ S−i;

2. The minimal response function γi : S−i → 2Si \ {∅} is order-increasing

on (S−i, <
−i) with values of nonempty bounded closed convex subsets;

3. There are elements a = (a1, a2, · · ·, an), b = (b1, b2, · · ·, bn), c = (c1, c2,

· · ·, cn) and d = (d1, d2, · · ·, dn) in S with b 4
S a and c 4

S d satisfying

ai ∈ γi(b−i) and ci ∈ γi(d−i).

Then (P(G), <S) is a nonempty bi-inductive poset.
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Sketch of the proof. For the given partially ordered reflexive Banach
spaces (Bi, <i), for i = 1, 2, · · ·, n, we define the component partial order B of
the orders <i, for i = 1, 2, · · ·, n, on the product space B = B1×B2×· · ·×Bn,
then (B, <B) is also a partially ordered reflexive Banach space with respect
to the product topology. Then S = S1×S2×· · ·×Sn is a nonempty bounded
closed convex subset of B and (B, <B) is bi-chain complete with respect to
the order <

B.

When the strategy sets and the utility space are real with the ordinary or-
der, the Pareto equilibrium problems in strategic and noncooperative games
with partially ordered preferences become classical Pareto equilibrium prob-
lems in strategic and noncooperative games with totally ordered preferences.
As a corollary of Theorem 4.1, we have the following special case of Pareto
equilibrium problems.

Corollary 4.2. Let G = (N, S, f, U) be an n-person noncooperative
strategic game such that Si = [si, ti], for some real numbers si < ti, for
i = 1, 2, · · ·, n. Suppose that the following conditions hold:

1. fi(Si, x−i) is a nonempty bounded closed subset of R, for every x−i ∈
S−i;

2. The minimal response function γi : S−i → 2R\{∅} is ≥-increasing with
values of nonempty bounded closed subsets;

3. There are elements a = (a1, a2, · · ·, an), b = (b1, b2, · · ·, bn), c = (c1, c2,
· · ·, cn) and d = (d1, d2, · · ·, dn) in S with b ≤n a and c ≤n d satisfying

ai ∈ γi(b−i) and ci ∈ γi(d−i).

Then (P(G),≥n) is a nonempty bi-inductive poset.

Where ≥n is the componentwise ordering on Rn.
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