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Abstract. In 2001, Park developed a unified theory of generalized KKM
maps on generalized convex spaces. Moreover in 2007, Park and Kim showed
that every generalized KKM map on these spaces can be regarded as a KKM
map on another generalized convex spaces. Since 2006 Park also have estab-
lished the KKM theory of abstract convex spaces unifying various particular
types of related spaces. This theory also provides certain basic theorems on
generalized KKM maps as a special case of usual KKM maps in certain ab-
stract convex spaces. In this article, we shall prove a generalization of the
2007 result which can be stated: Every generalized KKM map on a KKM
space can be regarded as a KKM map on another KKM space.

1. Introduction

Since Park first named the KKM theory in 1992, he established founda-
tions of the theory of convex spaces, H-spaces, G-convex spaces, φA-spaces,
and abstract convex spaces. At each stage of such developments, Park es-
tablished certain closely related results in analytical fixed point theory.

On the other hand, Park developed a unified theory of generalized KKM
maps in generalized convex spaces [12]. Later he made this theory as a
special case of KKM theory of generalized convex spaces by showing that
every generalized KKM map on these spaces can be regarded as a KKM
map on another generalized convex spaces [2].

Moreover, many authors followed his way and published certain applica-
tions related to his KKM theory and his fixed point theorems. For overall
surveys on these situations, the readers may consult his previous review
articles [3], [6], [7], [8], [9], [10], [11] and the references therein.

Our aim in the present paper is to generalize Kim and Park’s 2007 result
in [2]. After giving a preliminary section on the KKM theory of abstract

Received: Oct. 2015, Accepted: Oct. 2015, Online Published: Jan. 2016.
2010 Mathematics Subject Classification: 47H04, 49J27, 54H25, 55M20, 91B50.
Key words and phrases: Abstract convex space, finite intersection property, (partial)

KKM principle, (partial) KKM space, generalized KKM map.



2 Wanbok Lee

convex spaces, we generalize the KKM map on theses spaces in the sense of
Chang and Zhang [1]. Next, we discuss the finite intersection property of
the map values of this map on KKM spaces.

2. Abstract convex spaces and the KKM spaces

In this section, we follow [4], [5] for some necessary definitions.
A multimap F : X ( Y is a function F : X → 2Y to the power set

of Y and F− : Y ( X is defined by F−(y) := {x ∈ X | y ∈ F (x)} for
y ∈ Y . Multimaps are also simply called maps. Let 〈D〉 denote the set of
all nonempty finite subsets of a set D.

Definition 2.1. Let E be a topological space, D a nonempty set, and Γ :
〈D〉 ( E a multimap with nonempty values ΓA := Γ(A) for A ∈ 〈D〉. The
triple (E, D; Γ) is called an abstract convex space (ACS, briefly) whenever
the Γ-convex hull of any D′ ⊂ D is denoted and defined by

coΓD′ :=
⋃

{ΓA : A ∈ 〈D′〉} ⊂ E.

Definition 2.2. Let (E, D; Γ) be an abstract convex space. If a map
G : D ( E satisfies

ΓA ⊂ G(A) :=
⋃

y∈A

G(y) for all A ∈ 〈D〉,

then G is called a KKM map.

Definition 2.3. The partial KKM principle for an abstract convex space
(E, D; Γ) is the statement that, for any closed-valued KKM map G : D ( E,
the family {G(y)}y∈D has the finite intersection property, that is, for every
finite subset A of D,

⋂
y∈A G(y) is nonempty. The KKM principle is the

statement that the same property also holds for any open-valued KKM map.
An abstract convex space is called a (partial) KKM space if it satisfies

the (partial) KKM principle, respectively.

Note that if (E, D; Γ) is a (partial) KKM space, then for any D′ ⊂ D,
(E, D′; Γ|〈D′〉) is also a (partial) KKM space.

In [9], Park gave a standard form of the KKM type theorems as follows:

Theorem 2.4. Let (E, D; Γ) be a partial KKM space [resp. a KKM
space], and G : D ( E a multimap satisfying

(1) G has closed [resp. open] values; and
(2) ΓN ⊂ G(N ) for any N ∈ 〈D〉 (that is, G is a KKM map).

Then {G(y)}y∈D has the finite intersection property.
Further, if

(3)
⋂

y∈M G(y) is compact for some M ∈ 〈D〉,
then we have ⋂

y∈D

G(y) 6= ∅.

Park showed that condition (3) can be replaced by formally general, but
equivalent coercivity conditions. See [9].
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3. Generalized KKM maps on KKM spaces

In the KKM theory, many authors adopted the concept of generalized
KKM maps and applied it to extend or refine previously well-known results.
Their underlying spaces are mostly KKM spaces, because the finite inter-
section property of the map values of KKM maps is needed to establish
the same property of generalized KKM maps. In this paper, our results
characterize these maps as KKM maps on some different KKM spaces.

Inspired by recent works on generalized KKM maps in the sense of Chang
and Zhang [1], we introduce the following definition:

Definition 3.1. Let (X, D; Γ) be an abstract convex space and Y be a
nonempty set such that, for each A ∈ 〈Y 〉, there exists a function σA : A →
D. Then a new abstract convex space (X, Y ; Λ) induced by Γ is defined as
follows: for each A ∈ 〈Y 〉, define

Λ(A) := Γ(σA(A)).

Moreover, a multimap T : Y ( X is called a generalized KKM map on

abstract convex space (X, D; Γ) if for each A ∈ 〈Y 〉, we have Γ(σA(J)) ⊂
T (J) for each J ⊂ A. T can be regarded as a KKM map on abstract convex
space (X, Y ; Λ) induced by Γ.

In [12], Park gave many examples of the above definition for G-convex
spaces. Here we give only one example:

Example 3.2. Let X and Y be convex subsets of topological vector
spaces E and F , resp. A map G : X ( F is called a generalized KKM map
by Chang and Zhang [1], if for any finite set {x1, . . . , xn} ⊂ X , there exists
a finite set {y1, . . . , yn} ⊂ F such that any finite subset {yi1, . . . , yik} ⊂

{y1, . . . , yn}, 1 ≤ k ≤ n, we have co{yi1, · · · , yik} ⊂
⋃k

j=1 G(xij). Note that
any KKM map G : X ( E is a generalized KKM map, but the converse
does not hold as in [1]. Their counterexample can be made into a KKM
map on a generalized convex space. See [2].

The following generalizes Theorem 2 of [12] which was given for G-convex
spaces:

Theorem 3.3. Let (X, D; Γ) be a partial KKM space [resp. KKM space],
Y a nonempty set, and T : Y ( X a map with closed [resp. open] values.

(i) If T is a generalized KKM map, then the family of its values has the

finite intersection property.

(ii) The converse holds whenever X = D and Γ{x} = {x} for all x ∈ X .

Proof. (i) For any finite subset A = {yi}n
i=1 of Y , Let zi = σA(yi) ∈ D,

and G(zi) = T (yi) for each i = 1, . . . , n. Since T |A : A ( X is also a
generalized KKM map having closed [resp. open] values,

Γ(σA(J)) ⊂ T (J) = G(σA(J)) ∀J ⊂ A.
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Hence G : σA(A) ( X is a KKM map with closed [resp. open] values on
(X, σA(A); Γ|σA(A)) which is a (partial) KKM space. Hence {G(zi)}

n
i=1 has

the finite intersection property which implies
⋂

y∈A T (y) is non-empty.

(ii) Suppose that X = D and Γ{x} = {x} for all x ∈ X . For any A ∈ 〈Y 〉,
by assumption, we have an xA ∈

⋂
y∈A T (y) 6= ∅. Define a function σA :

A → D = X by σA(y) = xA for all y ∈ A. Then for any nonempty subset J
of A, we have

ΓσA(J) = Γ{xA} = {xA} ⊂
⋂

y∈A

T (y) ⊂ T (J).

Therefore, T is a generalized KKM map.

Moreover, we can identify a generalized KKM map on a KKM space as a
KKM map on another KKM space.

Theorem 3.4. Let (X, D; Γ) be a partial KKM space [resp. KKM space],
Y a nonempty set, and T : Y ( X a generalized KKM map with closed
[resp. open] values.

If we construct an abstract convex space (X, Y ; ΓT ) through defining ΓT :
〈Y 〉 ( X by ΓT (J) :=

⋃
{ΓσA(J) | J ⊂ A} for each J ∈ 〈Y 〉, then T can

be regarded as a KKM map on this space that is also a partial KKM space
[resp. KKM space].

Proof. For each J ∈ 〈Y 〉, since for each subset A of Y containing J,
σA : A → D satisfies ΓσA(J) ⊂ T (J), we have ΓT (J) ⊂ T (J). So we only
have to show that for every KKM map F : Y ( X on this abstract convex
space (X, Y ; ΓT ), the family {F (y)}y∈Y has the finite intersection property.
This fact can be proved using the Theorem 3.3.

Indeed, for each J ∈ 〈Y 〉, we have ΓT (J) ⊂ F (J) and there exists a
function σJ : J → D satisfying ΓσJ (M ) ⊂ T (M) for each M ∈ 〈J〉. So we

can see that ΓσJ (M ) ⊂ ΓT (M) ⊂ F (M) for each M ∈ 〈J〉. This shows F is a
generalized KKM map from Y to a partial KKM space (X, D; Γ). Therefore,
we can apply the above theorem to show the finite intersection property of
{F (y)}y∈Y .

Remark 3.5. We can define another map ΓT : 〈Y 〉 ( X by ΓT (M) =
T (M) for each M ∈ 〈Y 〉 to satisfy that T is a KKM map into an abstract
convex space. This space (X, Y ; ΓT ) is also a KKM space since every KKM
map F on it has a value containing the value of T whose values have the
finite intersection property.

Note that the finite intersection property which comes from the original
KKM space (X, D; Γ) makes the new abstract convex space into a KKM
space. But, in order to show the finite intersection property of a generalized
KKM map, we have to use the Theorem 3.3 not the Theorem 3.4. This
situation is somewhat similar to the case of L’Hospital’s theorem. We can
use this theorem to calculate some limit by differentiation, but sometimes
we first know the limit to differentiate the corresponding function.
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Now we can confidently say that every generalized KKM map on a KKM
space is a KKM map on another KKM space, so we can regard the theory
of generalized KKM maps on any KKM spaces already developed by Park.
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