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Abstract. The aim of the present paper is to introduce a new class of non-
commuting condition which acts as a necessary, hence minimal, condition for
the existence of common fixed points of Lipschitz type mapping pairs. As an
application of the new concept we obtain a common fixed point theorem under
a noncontractive condition without assuming completeness (or closedness) of
the underlying space (or subspaces). The new notion is a proper generalization
of weakly compatible mappings-which implies commutativity at coincidence
points but does not help in establishing the existence of coincidence points.
Further, we also propose some new classes of necessary noncommuting condi-
tions which are useful in establishing the existence of coincidence points.

1. Introduction and preliminaries

Fixed point theorems are statements containing sufficient conditions that
ensure the existence of a fixed point. Therefore, one of the primal concerns
in fixed point theory is to find a minimal set of sufficient conditions for
the problem under consideration. Common fixed point theorems invariably
require a commutativity condition, a condition on the ranges of the map-
pings, some continuity condition, and a contractive or possibly a Lipschitz
type condition and every significant fixed point theorem attempts to weaken
or obtain a necessary version of one or more of these conditions.

It is, therefore, suitable to address to the following central question con-
cerning common fixed point theorems.

Given a pair (f, g) of self-mappings of a metric space (X, d) satisfying a
contractive condition what minimal assumptions on commutativity, conti-
nuity and contractive condition guarantee the existence of a common fixed
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point, and, if possible, to replace the contractive condition by more gen-
eral conditions that may hold for mappings satisfying contractive as well as
nonexpansive and Lipschitz type mapping pairs.

In 1982, Sessa [17] initiated the study of noncommuting mappings which
was further generalized by Jungck first to compatible mappings [8] and then
to weakly compatible mappings [9]. Pant [11] also generalized weakly com-
muting mappings by introducing R-weak commutativity. In 1996, Pathak
et al.[15] enlarged the class of noncommuting mappings by introducing the
new concept of compatible of type (P) and obtained applications of that no-
tion in generalized metric spaces. In a recent work, Thagafi and Shahzad [4]
weakened the notion of weakly compatible mappings by introducing the new
notion of occasionally weakly compatible (in short owc) mappings. Jungck
and Rhoades [10] proved some common fixed point theorems by taking non-
trivial owc. More recently, Pant and Pant [3] redefined the notion of non-
trivial owc mappings by conditional commutativity. In recent years many
generalizations of weak compatibility or owc mappings came into existence.
A fine survey of almost all the weaker commuting notions upto 2014 can be
found in [2]. In view of the results of M. A. Alghamdi et al. ([3] see also,[7]),
all the generalized commutativity conditions including owc fall in the sub-
class of weak compatibility in the setting of a unique common fixed point
(or unique point of coincidence). On the other hand, in [6, 13] Pant and
the author have shown that under contractive conditions proving existence
of common fixed point by assuming nontrivial owc is equivalent to proving
the existence of common fixed point by assuming the existence of common
fixed point.

A proper setting for the application of many recent noncommuting con-
ditions should allow the existence of multiple fixed points or multiple coin-
cidence points with distinct functional values and the classes of mappings
that allow such possibility include noncompatible mappings satisfying non-
expansive or Lipschitz type condition [6, 13].

Before proceeding further, we recall some relevant concepts.

Definition 1.1 ([9]). Let f and g be self-mappings of a set X . If w =
f(x) = g(x) for some x in X , then x is called a coincidence point of f and
g, and w is called a point of coincidence of f and g.

Definition 1.2 ([8]). Two self-maps f and g of a metric space (X, d)
are called compatible if and only if lim

n

d(f(g(xn)), g(f(xn))) = 0, whenever

{xn} is a sequence in X such that lim
n

f(xn) = lim
n

g(xn) = t for some t in

X .

It is clear from the above definition that f and g will be noncompatible
if there exists a sequence {xn} in X such that lim

n

f(xn) = lim
n

g(xn) = t for

some t in X but lim
n

d(f(g(xn)), g(f(xn))) is either non-zero or non-existent.
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Definition 1.3 ([1]). Two self-maps f and g of a metric space (X, d) are
said to satisfy property (E. A.), if there exists a sequence {xn} in X such

that lim
n

f(xn) = lim
n

g(xn) = t for some t in X .

Clearly, a pair of noncompatible mappings satisfies the property (E.A.).

Definition 1.4 ([15]). Two self-maps f and g of a metric space (X, d)
are called compatible of type (P) if and only if lim

n

d(f(f(xn)), g(g(xn))) = 0,

whenever {xn} is a sequence in X such that lim
n

f(xn) = lim
n

g(xn) = t for

some t in X .

Definition 1.5 ([9]). Two self-mappings f and g of a metric space (X, d)
are said to be weakly compatible if they commute at their coincidence points;

i.e., if f(x) = g(x) for some x ∈ X , then f(g(x)) = g(f(x)).

Definition 1.6 ([4]). Two self-mappings f and g of a metric space (X, d)

are said to be occasionally weakly compatible if fgx = gfx for some x ∈
C(f, g), the set of coincidence points.

Definition 1.7 ([11]). Two self-mappings f and g of a metric space (X, d)
are called conditionally commuting if they commute on a nonempty set of the
set of coincidence points whenever the set of their coincidences is nonempty.

We now introduce the notion of conditional compatibility of type (P) by

unifying the approaches employed in defining compatible of type (P) and
conditional commutativity [5].

Definition 1.8. Two self-mappings f and g of a metric space (X, d) will
be defined to be conditionally compatible of type (P) if and only if whenever
the set of sequences {xn} satisfying lim

n→∞

f(xn) = lim
n→∞

g(xn) is nonempty,

there exists a sequence {yn} such that lim
n→∞

f(yn) = lim
n→∞

g(yn) = t (say) and

lim
n→∞

d(f(f(yn)), g(g(yn))) = 0, and the pair (f, g) commutes on a nonempty

set of the set of coincidence points whenever the set of their coincidences is
nonempty.

If f and g are compatible of type (P) then they are obviously conditionally
compatible of type (P) but, as shown in Example 1.1, the converse is not

true. Thus the new notion is a proper generalization of compatible of type
(P).

Example 1.1. Let X = [1, 10] and d be the usual metric on X . Define
self-mappings f and g on X as follows

f(x) = 2 if x ≤ 2 , f(x) = 7 if x > 2,

g(x) = 6− 2x, if x ≤ 2 , g(x) = 8 if x > 2.
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In this example f and g are conditionally compatible of type (P) but
not compatible of type (P) . To see this let us consider the constant se-
quence {yn = 2} then lim

n→∞

f(yn) = 2, lim
n→∞

g(yn) = 2, lim
n→∞

f(f(yn)) = 2,

lim
n→∞

g(g(yn)) = 2 and lim
n→∞

d(f(f(yn)), g(g(yn))) = 0. If we consider the

sequence {xn = 2− 1
n
} then lim

n→∞

f(xn) = 2, lim
n→∞

g(xn) = lim
n→∞

(2+ 2
n
) → 2,

lim
n→∞

f(f(xn)) = 2, lim
n→∞

g(g(xn)) = 8 and lim
n→∞

d(f(f(xn)), g(g(xn))) = 6.

Thus f and g are conditionally compatible of type (P) but not compatible
of type (P).

It may be observed that compatibility is independent of the notion of
conditional compatibility of type (P). The following examples illustrate this
claim.

Example 1.2. Let X = [1,∞) and d be the usual metric on X . Define
f, g : X → X by

f(x) = x for all x and g(x) = 3x for all x.

Then it can be verified that f and g are compatible but not conditionally
compatible of type (P).

Example 1.3. Let X = [2, 20] and d be the usual metric on X . Define
self-mappings f and g on X as follows

f(x) = 2 if x = 2 or x > 5, f(x) = 5 if 2 < x ≤ 5,

g(2) = 2, g(x) = 4, if 2 < x ≤ 5, g(x) = (x+1)
3 if x > 5.

In this example f and g are conditionally compatible of type (P) but not
compatible. To see this let us consider the constant sequence {yn = 2} then
lim

n→∞

f(yn) = 2, lim
n→∞

g(yn) = 2, lim
n→∞

f(f(yn)) = 2, lim
n→∞

g(g(yn)) = 2 and

lim
n→∞

d(f(f(yn)), g(g(yn))) = 0. If we consider the sequence {xn = 5 + 1
n
}

then lim
n→∞

f(xn) = 2, lim
n→∞

g(xn) = lim
n→∞

(2 + 1
3n

) → 2, lim
n→∞

f(g(xn)) = 5,

lim
n→∞

g(f(xn)) = 2, and lim
n→∞

d(f(g(xn)), g(f(xn))) 6= 0. Thus f and g are

conditionally compatible of type (P) but they are not compatible.

Examples 1.2 and 1.3 clearly show that compatibility and conditional
compatibility of type (P) are independent to each other.

It is also relevant to mention here that if f and g are weakly compati-
ble then they are obviously conditionally compatible of type (P), but, the
converse is not true in general (see Example 2.1 below).

In the present paper, using the notion of conditionally compatible of type
(P) we establish a common fixed point theorem for a pair of Lipschitz type
mappings without assuming completeness (or closedness) of the underlying
space (or subspaces). In the setting of our result we establish a situation
in which a pair of mappings may posses common fixed points as well as
coincidence points which may not be common fixed points.
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2. Main results

Theorem 2.1. Let f and g be self-mappings of a metric space (X, d)
such that

(i) fX ⊆ gX ;
(ii) d(f(x), f(y)) ≤ kd(g(x), g(y)), k ≥ 0;
(iii) d(f(x), f(f(x))) 6= max{d(f(x), g(f(x)), d(g(f(x), f(f(x)))}, when-

ever the right-hand side is non-zero.
Suppose either f or g is continuous. If f and g are conditionally compat-

ible of type (P) and satify property (E. A.), then f and g have a common
fixed point.

Proof. Since f and g satisfy property (E. A.), there exists a sequence
{xn} in X such that f(xn) → t and g(xn) → t for some t ∈ X. Since f and
g are conditionally compatible of type (P) and lim

n→∞

f(xn) = lim
n→∞

g(xn) = t,

there exists a sequence {zn} in X satisfying lim
n→∞

f(zn) = lim
n→∞

g(zn) = u

(say), such that lim
n→∞

d(f(f(zn)), g(g(zn))) = 0. Further, since f is contin-

uous, then lim
n→∞

f(f(zn)) = f(u) and lim
n→∞

f(g(zn)) = f(u). The last three

limits together imply lim
n→∞

g(g(zn)) = f(u). Since fX ⊆ gX implies that

f(u) = g(v) for some v ∈ X and f(g(zn)) → g(v), g(g(zn)) → g(v). Also,
using (ii) we get d(f(v), f(g(zn))) ≤ kd(g(v), g(g(zn))). On letting n → ∞
we get f(v) = g(v). This implies that v is a coincidence point of f and g.

Conditional compatibility of type (P) implies that f and g commute at v or
there exists a coincidence point w of f and g at which f and g commute.
Suppose f and g commute at the coincidence point w. Then f(w) = g(w)
and f(g(w)) = g(f(w)). Also f(f(w)) = f(g(w)) = g(f(w)) = g(g(w)). We
claim that f(w) = f(f(w)). If not, by virtue of (iii) we get

d(f(w), f(f(w))) < max{d(f(w), g(f(w), d(f(f(w), g(f(w))}

= d(f(w), f(f(w))) or

d(f(w), f(f(w))) > max{d(f(w), g(f(w), d(f(f(w), g(f(w))}

= d(f(w), f(f(w)))

a contradiction (in both the cases) implying thereby g(w) = f(g(w)) =
g(g(w)). Hence, gw is a common fixed point of f and g. The same conclusion
is obtained when g is assumed to be continuous since continuity of g implies
continuity of f. This completes the proof of the theorem.

We now give an example to illustrate Theorem 2.1.

Example 2.1. Let X = [0, 1] and d be the usual metric on X. Define
self-mappings f and g on X as follows

f(x) =
1

2
−

∣

∣

∣

∣

1

2
− x

∣

∣

∣

∣

and g(x) =
2(1 − x)

3
.
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Then f and g satisfy all conditions of the above theorem and we have two
coincidence points x = 1 and x = 2

5 and a common fixed pointy x = 2
5 . It

may be verified in this example that f and g are conditionally compatible
mappings of type (P). To see this let us consider the constant sequence yn =
2
5 , Then lim

n→∞

f(yn) = 2
5 , lim

n→∞

g(yn) = 2
5 , lim

n→∞

f(f(yn)) = 2
5 , lim

n→∞

g(g(yn)) =

2
5 and lim

n→∞

d(f(g(yn)), g(f(yn))) = 0. It is also easy to verify that f and g

satisfy the condition (ii) with k = 3
2 together with the condition (iii). It

may also be verified that f and g are not weakly compatible as they do not
commute at the coincidence point x = 1, since f(g(1)) 6= g(f(1)). To see that
f and g satify property (E. A.), let us consider the sequence xn = 1 − 1

n
.

Then lim
n→∞

f(xn) = 0 = lim
n→∞

g(xn), lim
n→∞

f(f(xn)) = 0, lim
n→∞

g(g(xn)) = 2
3

and lim
n→∞

d(f(f(xn)), g(g(xn))) = 2
3 . Hence, f and g satify property (E. A.)

but they are not compatible of type (P). In Example 2.1. f and g are not
weakly compatible as they do not commute at the coincidence point x = 1.

We now furnish an example of weakly compatible maps satisfying Theo-
rem 2.1.

Example 2.2. Let X = [0, 1] and d be the usual metric on X. Define
self-mappings f and g on X as follows

f(x) =
1

2
−

∣

∣

∣

∣

1

2
− x

∣

∣

∣

∣

and g(x) =
2

3
· fractional part of (1 − x).

Then f and g satisfy all conditions of the above theorem and have three
coincidence points x = 0, x = 2

5 and x = 1 and two common fixed points

x = 0 and x = 2
5 . It may also be verified that f and g are weakly compatible

as they commute at each of their coincidence points x = 0, x = 2
5 and x = 1.

As a direct consequence of the above theorem we get the following corol-
laries.

Corollary 2.1. Let f and g be noncompatible self- mappings of a metric
space (X, d) such that

(i) fX ⊆ gX ;
(ii) d(f(x), f(y)) ≤ kd(g(x), g(y)), k ≥ 0;
(iii) d(f(x), f(f(x))) 6= max{d(f(x), g(f(x))), d(g(f(x), f(f(x))))}, when-

ever the right-hand side is non-zero.
Suppose either f or g is continuous. If f and g are conditionally compat-

ible of type (P) then f and g have a common fixed point.

Corollary 2.2. Let f and g be weakly compatible self-mappings of a
metric space (X, d) such that

(i) fX ⊆ gX ;
(ii) d(f(x), f(y)) ≤ kd(g(x), g(y)), k ≥ 0;
(iii) d(f(x), f(f(x))) 6= max{d(f(x), g(f(x))), d(g(f(x)), f(f(x)))}, when-

ever the right-hand side is non-zero.
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Suppose either f or g is continuous. If f and g satify property (E. A.),
then f and g have a common fixed point.

By choosing k = 1 in Theorem 2.1, we get a common fixed point theorem
for non-expansive type mapping pairs. We state it as follows:

Corollary 2.3. Let f and g be self-mappings of a metric space (X, d)
such that

(i) fX ⊆ gX ;
(ii) d(f(x), f(y)) ≤ d(g(x), g(y)),
(iii) d(f(x), f(f(x))) 6= max{d(f(x), g(f(x))), d(g(f(x)), f(f(x)))}, when-

ever the right-hand side is non-zero.
Suppose either f or g is continuous. If f and g are conditionally compat-

ible of type (P) and satify property (E. A.), then f and g have a common
fixed point.

Remark 2.1. Theorem 2.1 remains true if one replaces condition (iii) by
any one of the following conditions (see also [12]):

(a) d(f(x), f(f(x))) 6= {d(g(x), g(g(x)))};
(b) d(f(x), f(g(x))) 6= {d(g(x), g(f(x)))};
(c) d(x, f(x)) 6= max{d(x, g(x)), d(f(x), g(x))};
(d) d(x, g(x)) 6= max{d(x, f(x)), d(f(x), g(x))};
(e) d(g(x), g(g(x))) 6= max{d(g(x), f(g(x))), d(f(g(x)), g(g(x)))};
(f) d(f(x), f(f(x))) 6= max{d(g(x), g(f(x))), d(f(x), g(x)),

d(f(f(x)), g(f(x))), d(f(x), g(f(x))), d(g(x), f(f(x)))};
(g) d(g(x), g(g(x))) 6= max{d(f(x), f(g(x))), d(f(x), g(x)),

d(g(g(x)), f(g(x))), d(g(x), f(g(x))), d(f(x), g(g(x)))};
(h) d(f(x), f(f(x))) 6= 1

3{d(f(x), g(f(x)))+ d(g(f(x)), g(x))
+d(g(x), f(f(x)))};

whenever the right-hand side is non-zero.

Remark 2.2. Our main theorem, i.e., Theorem 2.1 improves the result
of Pant [12] and many others.

Remark 2.3. Suppose f and g are self mappings of a metric space (X, d)
having a common fixed point, say z. Then z = f(z) = g(z) and f(g(z)) =
g(f(z)) = f(z) = g(z) = z. If we consider the constant sequence xn = z, then
lim

n→∞

f(xn) = lim
n→∞

g(xn) = lim
n→∞

f(f(xn)) = lim
n→∞

g(g(xn)) = f(z) = z and

lim
n→∞

d(f(f(xn)), g(g(xn))) = d(z, z) = 0, that is, f and g are conditionally

compatible of type (P).

This shows that existence of a common fixed point implies conditional
compatibility of type (P), that is, conditional compatibility of type (P) is
a necessary condition for the existence of a common fixed point of given
mappings f and g.

Following different classes of noncommuting conditions ([2, 16, 18]) we can
introduce some weaker version of noncommuting conditions which contain
the similar type of noncommuting conditions as their proper subclassess
which also act as necessary conditions for the given pair of mappings.
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Definition 2.1. Two self-mappings f and g of a metric space (X, d) will

be called:

(i) conditionally compatible of type (A) iff whenever the set of sequences

{xn} satisfying lim
n→∞

f(xn) = lim
n→∞

g(xn) is nonempty, there exists a sequence

{yn} such that lim
n→∞

f(yn) = lim
n→∞

g(yn) = t (say) and lim
n→∞

d(f(f(yn)),

g(f(yn))) = 0; lim
n→∞

d(f(g(yn)), g(g(yn))) = 0 and the pair (f, g) commutes

on a nonempty set of the set of coincidence points whenever the set of their

coincidences is nonempty.

(ii) weakly conditionally compatible of type (A) iff whenever the set of

sequences {xn} satisfying lim
n→∞

f(xn) = lim
n→∞

g(xn) is nonempty, there ex-

ists a sequence {yn} such that lim
n→∞

f(yn) = lim
n→∞

g(yn) = t (say) and

lim
n→∞

d(f(f(yn)), g(f(yn))) = 0 or lim
n→∞

d(f(g(yn)), g(g(yn))) = 0 and the

pair (f, g) commutes on a nonempty set of the set of coincidence points

whenever the set of their coincidences is nonempty.

(iii) conditionally compatible of type (C) iff whenever the set of sequences

{xn} satisfying lim
n→∞

f(xn) = lim
n→∞

g(xn) is nonempty, there exists a sequence

{yn} such that lim
n→∞

f(yn) = lim
n→∞

g(yn) = t (say) and lim
n→∞

d(f(g(yn)),

g(f(yn))) = 0; lim
n→∞

d(f(f(yn)), g(g(yn))) = 0 and the pair (f, g) commutes

on a nonempty set of the set of coincidence points whenever the set of their

coincidences is nonempty.

(iv) weakly conditionally compatible of type (C) iff whenever the set

of sequences {xn} satisfying lim
n→∞

f(xn) = lim
n→∞

g(xn) is nonempty, there

exists a sequence {yn} such that lim
n→∞

f(yn) = lim
n→∞

g(yn) = t (say) and

lim
n→∞

d(f(g(yn)), g(f(yn))) = 0 or lim
n→∞

d(f(f(yn)), g(g(yn))) = 0 and the

pair (f, g) commutes on a nonempty set of the set of coincidence points

whenever the set of their coincidences is nonempty.
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