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Abstract. In this paper, we examine some chain-complete properties of or-
dered Hausdorff topological spaces. By applying these properties, we pro-
vide several extensions of Abian-Brown fixed point theorem from single-valued
mappings to set-valued mappings on chain-complete ordered Hausdorff topo-
logical spaces. As applications of these fixed point theorems, we prove the
solvability of some ordered variational inequalities or vector variational in-
equalities on separable ordered Hausdorff topological vector spaces, and espe-
cially, on separable ordered reflexive Banach spaces.

1. Introduction

In nonlinear analysis, fixed point theorems have played important roles
in proofing the existence of solutions to some variational inequalities or
complementarity problems in topological spaces (See [8, 9, 10, 12, 17, 19,
22]). In the last two decades, fixed point theorems on ordered sets have been
widely applied to the theories of ordered variational inequalities and vector
variational inequalities (See [5, 6, 7, 13, 14, 15]), which has led authors to
develop some new fixed point theorems on posets, lattices, ordered vector
spaces, ordered topological spaces, and ordered topological vector spaces.

As some examples, Fujimoto [5] extended the Tarski’s fixed point theorem
on complete lattices from single-valued mappings to set-valued mappings
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and provided its applications to solve some complementarity problems. We
list the Fujimoto-Tarski fixed point theorem below:

Let (P, <) be a complete lattice and let F :P →2P \∅ be a set-valued map.
If F satisfies the following two conditions:

A1. F is isotone (F is order-increasing upward);
A2. The set {z ∈P : z 4 u for some u∈F (x)} is an inductively ordered

set for each x ∈ P.
Then F has a fixed point, that is, there exists x∗ ∈ P such that x∗∈F (x∗).
In [16], Li provided several extensions of the Abian-Brown fixed point the-

orem from single-valued mappings to set-valued mappings on chain-complete
posets, which can also be considered extensions of the above Fujimoto-Tarski
fixed point theorem from complete lattices to chain-complete posets. In the
same paper, the extensions of the Abian-Brown fixed point theorem were ap-
plied to prove the existence of extended and generalized Nash equilibria for
some non-monetized and non-cooperative games on chain-complete posets.

On the other hand, note that the underlying spaces in the theories of
ordered variational inequalities and vector variational inequalities are or-
dered vector spaces or ordered topological vector spaces. So in this paper,
we examine some extensions of the Abian-Brown fixed point theorem from
single-valued mappings to set-valued mappings on chain-complete ordered
vector spaces or chain-complete ordered topological vector spaces, which are
useful for solving ordered variational inequalities.

In this paper, we first introduce the concept of separable poset (See Defi-
nition 3.4 in Section 3), which is part of the conditions for some fixed point
theorems. We are interested to know what criteria to determine whether a
given poset is separable or not, which is not studied in this paper.

We organize this paper into four sections. In section 2, we investigate
properties of chain-complete ordered topological spaces and show that the
compactness of ordered topological space is a sufficient condition for it to be
chain-complete. In section 3, we introduce the concept of separable poset
and prove several fixed point theorems on separable ordered Hausdorff topo-
logical spaces. In section 4, we apply the fixed point theorems proved in
section 3 to solve some ordered variational inequalities in separable ordered
Hausdorff topological vector spaces and separable ordered reflexive Banach
spaces.

2. Chain-complete subsets in partially ordered vector spaces

In fixed point theory on posets, the chain-completeness plays an impor-
tant role for proving the existence of a fixed point of a set-valued mapping,
and fixed point theorems are powerful tools for proving the solvability of
vector variational inequalities on ordered vector spaces. It leads us to inves-
tigate the criterions for ordered vector spaces to be chain-complete in this
section. The notations used in this section are derived from Aliprantis and
Burkinshaw [1], Carl and Heikkil [2], Dunford and Schwartz [3], and Ok [18].



Several fixed point theorems and their applications to ordered variational inequalities 123

A real vector space X equipped with a partial order < is called an ordered
vector space, which is written as (X ;<) (It is a poset), if the following (order-
linearity) properties hold:

1. x<y implies x+z<y+z, for all x, y, z∈X.
2. x<y implies αx<αy, for all x, y, z∈X and α>0.

In this definition, in the underlying vector space, there is only algebraic
structure equipped with a partial order <; and there is no topological struc-
ture.

Notations: Let (P ;<) be a poset. For any z,w ∈ P, we denote the
following <-intervals:

[z) = {x∈P : x<z}, (w] = {x∈P : x4w} and

[z, w] = [z)∩(w] = {x∈P :z4x 4w}.

Let X be a topological space equipped with a partial order <; that is,
(X ;<) is a poset. If for every z ∈ X, the order intervals [z) and (z] are

closed in the topology of X, then this poset (X ;<) is called an ordered
topological space. In this definition, in the underlying topological space,
there is only topological structure equipped with a partial order <; and
there is no algebraic structure. By combining the above two definitions, we
have

Let X be a topological vector space equipped with a partial order < . If
(X ;<) is both an ordered vector space and an ordered topological space with
respect to this partial order <, then (X ;<) is called an ordered topological
vector space. There are both of topological structure and algebraic structure
equipped with a partial order < in ordered topological vector space.

Next we consider some special partial orders on vector spaces, which
are induced by some closed cones in these spaces. These special cases are
especially applied in the vector variational inequality theory.

Let K be a nonempty subset of a topological vector space X. K is called
a cone in X if it satisfies the following two conditions:

1. K 6={0} and aK⊂K, for any non-negative number a;
2. (−K)∩K={0}.
The following result is well-known and is useful, which is listed as a propo-

sition.

Proposition 2.1. Let X be a vector space and K a convex cone of X.
If an ordering relation < on X is defined by

x<y if and only if x−y∈K. (1)

Then the ordering relation < is a partial order on X ; and therefore (X ;<)
is a poset. Furthermore, (X ;<) is an ordered vector space induced by the
cone K.
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It is worth noting that in Proposition 2.1, the ordering relation < on
the ordered vector space (X ;<) induced by a closed cone K is just a partial
order, which may not be a lattice order. That is, ordered vector space (X ;<)
is just a poset, which may not be a vector lattice (Riesz space). As a matter
of fact, there must be some more conditions on the closed cone K for (X ;<)
to be a vector lattice. It is described by the following well-known theorem:

The Choquet-Kendall Theorem [11]. Let B be a nonempty convex
set spanning a real vector space X, and suppose that its minimal affine
extension does not contain the zero vector. Let C be the pointed positive
convex cone = {λb :λ > 0, b∈B} having B as base (of X). Then X, partly
ordered by C, will be a vector lattice if and only if both

(1) B is a simplex, and
(2) each B-segment {λa+(1−λ)b : 0 6 λ 6 1; a,b ∈ B} is contained in a

maximal B-segment.

In [15], Xie, Li and Yang applied this theorem to study some ordered
normed vector spaces induced by closed cones in the given normed vector
spaces, and provided some results for an ordered normed vector space to be
a Riesz space.

Definition 2.2. A subset A of a poset (X ;<) is said to be
1. chain-complete if every chain in A has a supremum in A.
2. conditionally chain-complete if every upper <-bounded chain in A has

a supremum in A.
3. inductive if every chain in A has an upper bound in A.

In a poset, the chain-completeness is stronger than inductiveness. On the
other hand, the chain-completeness in a poset is weaker than the complete-
ness. In this section, we investigate some criteria for a poset, especially for
an ordered vector space, to be chain-complete. We recall the following result
provided by Ok [18].

Lemma 2.3 (Ok [18]). Let (X, d, <) be a partially ordered compact met-
ric space. Then (X ;<) is a chain-complete poset.

Now we generalize the above result from an ordered metric space to any
partially ordered topological space.

It is worthy to note that, in this paper, we follow the definition in Ward
[21], for any partially ordered topological space (P, τ, <), the topology τ is a
natural topology with respect to the endowed partial order < (See Debreu
[3]), that is, for every z∈P, the intervals

[z)={x∈P : x < z} and (z]={x∈P : x4z}

are τ -closed subsets in P.
Then we have the following result from [15].

Theorem 2.4 ([15]). Let (P, τ, <) be a partially ordered compact Haus-
dorff topological space. Then (P, <) is a chain-complete poset.
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Proof. Pick any given arbitrary chain S in P. Let cl(S) denote the τ -
closure of S. At first, we show that cl(S) is also a chain in P. To this end,
take any arbitrary pair of elements x,y ∈ cl(S). Then there are sequences
{xn} and {yn} in S such that xn → x and yn → y, as n → ∞. Since S is
a totally ordered subset of P, then xn 4 yn or yn 4 xn holds for every n =
1, 2, 3, · · · . Hence there must be subsequences of {xn} and {yn}, without loss
of generality, assuming itself, such that xn 4yn holds for every n=1, 2, 3, · · · .
On the other hand, since {xn} and {yn} are sequences in the chain S, we
can suppose (select) that both {xn} and {yn} are sub-chains of the chain
S; that is, xn ↑ and yn ↑ (Similarly, we can prove the result for the cases
xn ↑ and yn ↓, or xn ↓ and yn ↓). Then for every fixed positive integer n, we
have ym <xn, if m > n. For the given fixed positive integer n, the following
<-interval

[xn)={x∈P : x<xn}

is τ -closed (We assumed that the topology τ is a natural topology with
respect to the endowed partial order). From ym→y, as m→∞ and ym <xn

for m > n, it implies y∈ [xn); that is

y<xn, for every given fixed positive integer n.

That is xn ∈ (y], for n=1, 2, 3, · · · . Since (y] is τ -closed, from xn →x, as
n→∞, it yields that x∈(y]; that is, y<x. Hence cl(S) is also a chain in P.

Take any arbitrary chain {xα} in cl(S). Let cl({xα}) be the τ -closure of
{xα}. From the above argument, we have that cl({xα}) is also a chain. It
is clear that cl({xα})⊂ cl(S). We show that cl({xα}) has an upper bound
in cl(S). To this end, it is sufficient to show that cl({xα}) has a maximum
element in cl({xα})∈cl(S). For every x − β∈cl({xα}), let

Dβ ={y∈P : y ≺ xβ or y ./ xβ}, (2)

where y ./ xβ means that y and xβ are not order comparable.
Notice that Dβ is the complementary set of the order interval [xβ) which

is a τ -closed subset of P ; hence, Dβ is τ -open in P. Next we divide the rest
of the proof into two cases:

Case 1. The collection {Dβ : xβ ∈cl(xα)} does not form an open covering
of the set cl(xα), that is,

cl({xα})* ∪{Dβ :xβ∈cl(xα)}.

It implies that there is x0∈cl({xα}) such that

x0 /∈Dβ ={y∈P : y ≺ xβ or y ./ xβ}, for everyxβ ∈cl({xα}). (3)

Since cl({xα}) is a chain in P, which is totally ordered, from (3), it yields
that

x0<xβ , for every xβ∈cl({xα}).

Hence, x0, which belongs to cl({xα}), is a maximum element of cl({xα}).
Case 2. The collection {Dβ :xβ∈cl({xα})} forms an open covering of the

set cl({xα}), that is,

cl({xα})⊂∪{Dβ :xβ⊂cl({xα})}.
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Since cl({xα}) is a τ -closed subset of the compact Hausdorff topological
space (P, τ), then it is a τ -compact subspace of (P, τ). Hence there is a finite
subset {Dj :j = 1, 2, 3, · · · , m} of {Dβ :xβ∈cl({xα})} that covers cl({xα}),
for some positive integer m, where Dj is defined by (2) with an element
xj ∈cl({xα}), which satisfies

cl({xα})⊂∪{Dj :j= 1, 2, 3,· · ·, m}. (4)

Since cl({xα}) is totally ordered, and {xj : j = 1, 2, 3,· · ·, m} ⊂ cl({xα}),
there is a maximum element of the finite subset {xj : j = 1, 2, 3,· · ·, m}.
Without loss of generality, assuming that xm is the maximum element of
{xj :j= 1, 2, 3,· · ·, m}, that is,

xm =max{xj :j= 1, 2, 3,· · ·, m}. (5)

For any given x∈ cl({xα}), from (4), there is j = 1, 2, 3,· · ·, m such that
x∈Dj, for some j= 1, 2, 3,· · ·, m; that is, x≺xj or x./ xj. Since both x and
xj are in cl({xα}), which is totally ordered, from (5), we must have

x≺xj 4xm, for some j= 1, 2, 3,· · ·, m.

Hence, this element xm of cl({xα}) is the maximum element of cl({xα})
Combing these two cases, we have that every chain {xα} in cl(S) has

an upper bound in cl(S). Hence cl(S) is inductive. From Zorn’s Lemma,
cl(S) has a maximal element. Since cl(S) is totally ordered, it has a unique
maximal element, which is its maximum element, and is denoted by x∗. It
is clear that x∗ is an upper bound of the chain S. Next we claim

x∗=∨S. (6)

To prove (6), suppose that y ∈ P is also an upper bound of S, that is,
y < x, for every x∈S. Since x∗∈cl(S), then there exists a sequence {zn}⊂S
such that

zn→x∗ as n→∞. (7)

On the other hand, from {zn}⊂ (y] and (y] is τ -closed, (7) implies that
x∗ ∈ (y], that is, x∗ 4 y, which shows (6). It completes the proof of this
theorem.

Proposition 2.5. Let X be a locally convex linear topological space and
K a closed convex cone of X. Then the ordered vector space (X, <) induced
by the closed cone K is an ordered topological vector space with respect to
either the topology or the weak topology on X.

Proof. From Proposition 2.1, (X, <) is an ordered vector space. Then
for any z,w∈X, we denote

[z)={x∈X :x<z}={x∈X :x−z∈K}={x∈X :x∈z+K}=z+K. (8)

(w]={x∈P :x4w}={x∈X :w−x∈K}={x∈X :x∈w−K}=w−K. (9)

Since K is closed in the topology of X, then from (8) and (9), [z) and (w]
are both closed in the topology of X. Hence, (X, <) is an ordered topological
vector space with respect to the topology on X.
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Since X is a locally convex linear topological space and K is closed and
convex in the topology of X, then applying the separation theorem (Theorem
V.2.7.10 in [3]), we can obtain that K is also closed in the weak topology of
X. Hence from (8) and (9), [z) and (w] are both closed in the weak topology
of X. It implies that (X, <) is an ordered topological vector space with
respect to the weak topology on X. This proposition is proved.

Since every normed vector space is a locally convex linear topological
space, then Lemma 2.38 in Carl and Heikkilä immediately follows from
Proposition 2.5 as a corollary.

Lemma 2.6 (Carl and Heikkilä [2]). An ordered normed space (X, <X)
induced by a closed convex cone K is an ordered topological space with
respect to either the norm topology or the weak topology.

As applications of Theorem 2.4 and Proposition 2.5, we have the following
result.

Proposition 2.7. Let (X, <X) be an ordered reflexive Banach space.
Then, for any nonempty norm closed, bounded, and convex subset B of X,
(B, <X) is a chain-complete poset.

Proof. Let Xw be the Hausdorff topological vector space induced by the
reflexive Banach space X equipped with the weak topology. At first we show
that Xw with the same partial order <X on X is also an ordered Hausdorff
topological vector space. Note that the linear operators on Xw are exactly
the same with that on X. So the ordering relation <X on Xw automatically
satisfies the conditions of ordered vector spaces. Hence (Xw, <X) is an
ordered vector space.

For any x,y∈Xw,with x4X y, we show that (x], [x) and [x, y] are closed
in Xw with respect to the weak topology of X. For s,t∈(x]; that is, s4X x
and t4X x, and for any α∈(0, 1), we have

αs+(1− α)t 4
X αx + (1 − α)x = x.

It shows that (x] is convex in Xw. Then we can similarly show that [x) and
[x, y] are convex in Xw. Since (X, <X) is an ordered reflexive Banach space,
then all (x], [x) and [x, y] are closed in X with respect to the norm topology.
It is known that every convex subset of a Banach space is closed in the norm
topology if and only if it is closed in the weak topology (See Theorem 1.2.12
in Takahashi [20]). It implies that all (x], [x) and [x, y] are closed in Xw with
respect to the weak topology of X. Hence (Xw; <X) is an ordered Hausdorff
topological vector space with respect to the weak topology.

Since every norm closed, bounded, and convex subset B of a reflexive
Banach space X is weakly compact and, from Proposition 2.5, (B, <X)
is an ordered weakly compact topological space with respect to the weak
topology of X, then this proposition follows from Theorem 2.4 immediately.

As a consequence of Proposition 2.7, we have the following result regard-
ing a partial order induced by a closed convex cone in a Banach space.
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Corollary 2.8. Let X be a reflexive Banach space and let K be a closed
convex cone of X . Let <K be the partial order on X induced by the closed
cone K. Then, for any nonempty norm closed, bounded, and convex subset
B of X, (B, <K) is a chain-complete poset.

3. Extensions of the Abian-Brown Fixed Point Theorem on
ordered vector spaces

The order-increasing property of mappings plays important roles in the
fixed point theory on posets. We recall the notations about order-increasing
and some related fixed point theorems below.

Let (X, <X), (U, <U) be posets and let F : X → 2U \{∅} be a set-valued
mapping. F is said to be isotone or to be order-increasing upward whenever
x 4X y in X implies that, for any z ∈ F (x), there is a w ∈ F (y) such that
z4Uw. F is said to be order-increasing downward whenever if x4Xy in X
implies that for any w∈F (y), there is a z∈F (x) such that z 4U w. If F is
both of order-increasing upward and order-increasing downward, then F is
said to be order-increasing.

As a special case, a single-valued mapping F from a poset (X, <X) to
a poset (U, <U) is said to be order- increasing whenever x 4X y implies
F (x)4U F (y). An order-increasing mapping F :X→U is said to be strictly
order-increasing whenever x≺X y implies F (x)≺X F (y).

The Abian-Brown Fixed Point Theorem [18]. Let (P, <) be a chain-
complete poset and let F :P →P be an order-increasing single-valued map-
ping. If there is an x∗ in P with F (x∗)<x∗, then F has a fixed point.

For simplification, we adapt a notation used by Fujimoto in [5]. Let (P, <)
be a poset and F :P → 2P \{∅} a set-valued mapping. For every x∈P, we
denote

SF (x)={z∈P :z4u for some u∈F (x)}.

We summarize the extensions of the Abian-Brown fixed point theorem
from single-valued mappings to set-valued mappings on posets obtained in
[16].

Theorem 3.1 (Theorems 3.1 and 3.2 [16]). Let (P, <) be a chain-complete
poset and let F : P →2P \{∅} be a set-valued mapping satisfying the follow-
ing two conditions:

A1. F is order-increasing upward;
A3. There is an element y in P with y4u, for some u∈F (y).

If any one of the following properties holds for F, for every x∈P :
A2. (SF (x), <) is an inductive subset of P ;
A2′. (F (x), <) is inductive with finite number of maximal elements;
A2′′. (F (x), <) has a maximum element;
A2′′′′. (F (x), <) is a chain-complete lattice.
Then F has a fixed point, that is, there exists an x∗ ∈P such that x∗ ∈

F (x∗).
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By applying Theorem 2.4, as consequences of Theorem 3.1 to ordered
topological space, we obtain the following results.

Corollary 3.2. Let (P, <) be an ordered topological space equipped with
the partial order < and let C be a compact subset of P. Let F : C →
2C \{∅} be a set-valued mapping. If F satisfies conditions A1, A3 and one
of A2, A2′, A2′′ or A2′′′ given in Theorem 3.1, then F has a fixed point.

Proof. From Theorem 2.4, the poset (C, <) is chain-complete. Then this
corollary follows from Theorem 3.1 immediately.

Take special cases of Corollary 3.2 by considering some topological vector
spaces which are induced by closed cones. Then we get the following result.
Since this result will be useful in vector variational inequalities and vector
optimization problems examined in next section, so we call it a theorem and
state it in details.

Theorem 3.3. Let X be a reflexive Banach space and K a closed convex
cone of X. Let <K be the partial order on X induced by the closed cone K.
Let C be a nonempty norm closed, bounded, and convex subset of X and
let F : C → 2C \{∅} be a set-valued mapping. If F satisfies the conditions
A1, A2 and also satisfies any one of the conditions A2, A2′, A2′′ or A2′′′, for
every x∈C, given in Theorem 3.1, then F has a fixed point.

Proof. Since C is a nonempty closed, bounded, and convex subset of
the reflexive Banach space X, it is weakly compact. From Proposition 2.7,
(C, <) is a chain-complete poset. Then this theorem immediately follows
from Theorem 3.1.

In vector variational inequality analysis and vector optimization theory,
the object spaces are normally equipped with a topology. So the next result
concentrates on ordered topological space, where we investigate some new
conditions involved with the topology for the considered mappings to replace
the conditions A2, A2′, A2′′ and A2′′′ given in Theorem 3.1. First of all, we
need the following concept.

Definition 3.4. A poset (P, <) is said to be separable if and only if, for
any chain S⊂P with ∨S existing implies that there is a countable sub-chain
{xn}⊂S such that

∨{xn}=∨S.

Theorem 3.5. Let (P, τ, <) be a separable ordered Hausdorff topological
space and let C be a chain-complete closed subset of P. Let F :C→2C\{∅}
be a set-valued mapping. Suppose that F satisfies conditions A1, A3 given
in Theorem 3.1. If the following condition holds for F,

A2(4). F (x) is a τ−compact subset of P, for every x∈C.

Then F has a fixed point.
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Proof. Define

A={x∈C :x4u, for some u∈F (x)}. (10)

From assumption A3, the element y is in A; and therefore A is a nonempty
subset of C.

At first, we show that the set A is inductive. To this end, take an arbitrary
chain S⊂A. Since S is also a chain of the chain-complete poset (C, <), then
∨S exists in C. For any x∈S⊂A, from (10) there is an element u(x)∈F (x)
such that x4 u(x). On the other hand, since x4∨S, from the assumption
A1, the order-increasing property of F implies that there is an e(x)∈F (∨S)
such that u(x)4e(x). Thus we obtain a mapping e :S→F (∨S) such that

x4u(x)4e(x), with u(x)∈F (x) and e(x)∈F (∨S), for every x∈S. (11)

Since (P, τ, <) is separable, for this given chain S ⊂ A, we can select a
countable sub-chain {xn}⊂S satisfying

∨{xn}=∨S.

From (11) and the above equation, {e(xn)} is a sequence in F (∨S) =

F (∨{xn}). From assumption A2(4), F (∨S) is a τ -compact subset of the
Hausdorff topological space P. Then the sequence {e(xn)} has a conver-
gent subsequence with limit in F (∨S); and without loss of the generality,
assuming that the sequence {e(xn)} is itself. Hence we can suppose

e(xn)→w, as n→∞, for some w∈F (∨S)=F (∨{xn}). (12)

For any fixed positive integer n, from the <-chain assumption of {xn},
we have

xn 4xm 4e(xm), for all m > n. (13)

For the given fixed positive integer n, since the order interval [xn) is τ -
closed, then (13) and (12) imply w∈ [xn); that is,

w<xn, for every given positive integer n.

It implies that w is an upper bound of {xn}; and therefore, ∨S =∨{xn}4

w. From (12), w∈F (∨S), and ∨S 4w, applying the definition of the set A,
it implies that ∨S∈A. That is, every chain S⊂A has an upper bound in A.
Thus we obtain that A is inductive.

Then applying the Zorn’s Lemma, A has a maximal element, say x∗∈A.
From (10), it implies that there is u∈F (x∗) such that x∗4u. Applying the
order-increasing property of F, from x∗ 4u and u∈F (x∗) there is v∈F (u)
with u 4 v, which implies that u∈A. Since x∗ is a maximal element of A,
from x∗ 4 u, we must have x∗ = u∈ F (x∗); hence x∗ is a fixed point of F.
This theorem is proved.

Considering a special case for compact topological spaces, we have the
following useful result as a consequence of Theorem 3.5.
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Corollary 3.6. Let (P, τ, <) be a separable ordered Hausdorff topological
space and let C be a compact subset of P. Let F :C→2C\{∅} be a set-valued
mapping. Suppose that F satisfies conditions A1, A3 given in Theorem 3.1.
If the following condition holds for F,

A2(5). F (x) is a τ−closed subset of P, for every x∈C.

Then F has a fixed point.

Remarks 3.7. If the subset C of the poset (P, <) appeared in Theorem
3.1 through Corollary 3.6 has its smallest element; that is, ∨C exists in C,
then all the results from Theorem 3.1 to Corollary 3.6 hold without the
assumption A3.

In fact, take y=∧C in C, then for any u∈F (y), we obviously have y4u.
So y = ∧C automatically satisfies assumption A3 in Theorem 3.1 through
Corollary 3.6.

4. Applications to vector variational inequalities

In this section, we recall the concepts of vector variational inequalities
and ordered variational inequalities on ordered topological vector spaces
and we show the connections between these two types of problems. Then
by applying the fixed point theorems provided in the previous section, we
prove the solvability for some ordered variational inequalities on ordered
topological vector spaces.

Let X, U be topological vector spaces. Let L(X, U) denote the collec-
tion of all linear operators from X to U (which are not necessary to be
continuous). It is clear that L(X, U) is also a vector space.

Definition 4.1. Let X, U be topological vector spaces and let K be a
closed cone in U. Let C be a nonempty convex subset of X and let F :C→
L(X, U) be a mapping. The vector variational inequality problem associated
with C, F, and K, denoted by V V I(C, F, K), is to find an element x∗ ∈C
such that

F (x∗)(x−x∗)∈K, for all x∈C. (14)

If x∗∈C satisfies (14), then x∗ is a solution to the problem V V I(C, F, K).

Definition 4.2. Let (X, <X) and (U, <U) be two ordered vector spaces.
Let C be a nonempty convex subset of X and let F : C → L(X, U) be a
mapping. The ordered variational inequality problem associated with C, F
and U, denoted by OV I(C, F, U) is to find an x∗∈C such that

F (x∗)(x−x∗)<
U 0, for all x∈C. (15)

If x∗ ∈ C satisfies (15), then x∗ is called a solution to the problem
OV I(C, F, U).
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Let (X, <X) and (U, <U) be ordered topological vector spaces, where the
partial order <U on (U, <U) is induced by a nonempty closed convex cone
K in U. Let C be a nonempty convex subset of X and F : C → L(X, U)
a mapping. Then from Proposition 2.1, an element x∗ ∈C satisfies (14) if
and only if x∗ satisfies (15); and therefore, the vector variational inequal-
ity problem V V I(C, F, K) coincides with the ordered variational inequality
problem OV I(C, F, U).

On the other hand, let (X, <X) and (U, <U) be ordered topological vector
spaces. The positive cone of (U, <U) is denoted by U+ ={u∈U :u<U 0}=
[0). It is clearly to see that U+ is a closed convex cone in U. It implies that,
for any u∈U, u<U 0 if and only if u∈U+. So the ordered variational inequal-
ity problem V V I(C, F, U+) coincides with the vector variational inequality
problem OV I(C, F, U).

From the above argument, we obtain that in ordered topological vector
spaces, the vector variational inequality problem V V I(C, F, U+) is equiva-
lent to the ordered variational inequality problem OV I(C, F, U). Hence, in
this section, we focus on ordered variational inequality problems.

Let (X, <X) and (U, <U) be ordered topological vector spaces and let C
be a subset of X. Let g be a mapping from C to (U, <U). For convenience,
we introduce the following symbol:

Πg={z∈C :g(z)=∧t∈Cg(t)}, (16)

provided that ∧t∈C exists in U.

Definition 4.3. Let (X, <X) and (U, <U) be two ordered vector vector
spaces. Let C be a nonempty convex subset of X. A mapping F : C →
L(X, U) is said to be order-positive whenever, for any x, y ∈C, with x 4X

y, F (x)(z)<U 0 implies F (y)(z)<U 0, for any z∈C.

Theorem 4.4. Let (X, <X) be a separable ordered Hausdorff topological
vector space and let C be a chain-complete closed subset of X. Let (U, <U)
be an ordered vector space. Let F : C → L(X, U) be an order-positive
mapping. If F satisfies the following conditions:

V 1. ΠF (x) 6=∅, for every x∈C;
V 2. ΠF (x) is a τ -compact subset of P, for every x∈C;
V 3. There is an element in C with y4X u, for some u∈ΠF (y).
Then the problem OV I(C, F, U) has a solution.

Proof. Define a set-valued mapping T :C→2C \{∅} as follows:

T (x)=ΠF (x)={z∈C :F (x)(z)=∧t∈CF (x)(t)}, for all x∈C. (17)

From condition V 1, this mapping T from C to 2C \{∅} is well-defined.
Next we show that T is order-increasing upward. To this end, we show that,
for any x1, x2∈C, x1 4X x2 implies T (x1)⊂T (x2). For any given z∈T (x1),
we have F (x1)(z)4U F (x1)(t), for all t∈C. That is, F (x1)(t−z)<U 0, for all
t∈C. From the order-positive property of F , we get F (x2)(t−z) <U 0, for
all t∈C. It implies F (x2)(z)4U F (x2)(t), for all t∈ C. That is, F (x2)(z)=
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∧t∈CF (x)(t); and therefore, z∈T (x2). Hence, T is order-increasing upward,
and T satisfies condition A1 in Theorem 3.5. From condition V 2, T (x) is

a τ -compact subset of P, for every x∈C. So T satisfies condition A2(4) in
Theorem 3.5. For the element y given in condition V 3, from (17), it yields
that the element u∈T (y) satisfies y 4X u. So condition A3 in Theorem 3.5
holds for the mapping T. Then from Theorem 3.5, T has a fixed point on
C, say x∗, which satisfies x∗∈T (x∗); that is,

x∗∈ΠF (x∗).

From (16), we obtain F (x∗)(x∗)=∧t∈CF (x∗)(t). It implies

F (x∗)(x∗)4
U F (x∗)(x), for all x∈C.

Since F (x∗) ∈ L(X, U), from the order-linearity of the partial orders in
ordered vector spaces, it yields

F (x∗)(x−x∗)<
U 0, for all x∈C.

Hence x∗is a solution to the problem OV I(C, F, U).

Next we apply Theorem 4.4 to separable ordered reflexive Banach spaces.
Since it is an important example in vector variational inequality theory, we
call it a theorem.

Theorem 4.5. Let (X, <X) be a separable ordered reflexive Banach space
and let C be a bounded convex closed subset of X. Let (U, <U) be an ordered
vector space. Let F : C → L(X, U) be an order-positive mapping. If F
satisfies the following conditions:

V 1. Π 6=∅, for every x∈C;
V 2. ΠF (x) is a convex closed subset of C, for every x∈C;
V 3. There is an element y in C with y4X u, for some u∈ΠF (y).
Then the problem OV I(C, F, U) has a solution.

Proof. Let Xw be the Hausdorff topological vector space induced by the
reflexive Banach space X equipped with the weak topology. From Propo-
sition 2.7, (Xw; <X) is an ordered Hausdorff topological vector space. It
is clear to see that the separable property of <X on (X, <X) will remain
to hold on (Xw, <X) and the weak topology of reflexive Banach space is a
Hausdorff topology. We obtain that (Xw, <X) is a separable ordered Haus-
dorff topological vector space.

Since C is a bounded convex closed subset of the reflexive Banach space
X , then C is a compact convex closed subset of Xw. From Theorem 2.4,
(C, <X) is chain-complete. Note that the ordering relation <X is remain
the same on (Xw, <X). The condition that F : C → L(X, U) is an order-
positive mapping implies that F is also an order-positive mapping from C
to L(Xw, U). Then this theorem immediately follows from Theorem 4.4.
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