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Abstract. In this survey, we are concerned with various conditions char-
acterizing metric completeness. In Section 2, we give such characterizations
using the Cantor intersection theorem, Park’s ordering principle, a stationary
point theorem, the Ekeland variational principle, and the Caristi-Kirk fixed
point theorem. Section 3 devotes simplified proofs of characterizations us-
ing Dhompongsa-Yingtaweesittikul maps and Moţ-Petruşel maps by applying
a theorem of Park-Rhoades. Finally, in Section 4, we introduce historically
well-known characterizations of metric completeness in chronological order.
We add certain comments on them.

1. Introduction

In this paper, we survey several conditions for a metric space (X, d) to
be complete. Such characterizations of metric completeness are given by
results relevant to the Banach contraction principle, the Ekeland variational
principle, the Caristi-Kirk fixed point theorem, Park’s ordering principle,
and many other results.

Kuratowski [30K] first noticed that the Cantor intersection theorem char-
acterizes the metric completeness and his idea using Cantor sequences are
generalized by many authors (see [63BP, 76BB, 81S, 87P, 96L]). These kinds
of characterizations are also related to the concept of stationary points of a
multimap. For example, Jiang [00J] and Jachymski [11J] showed some new
stationary point theorems characterizing metric completeness. Their proofs
are also based on the Kuratowski characterization.

Moreover, some useful forms of ordering principles have appeared in non-
linear analysis. One form is the Ekeland variational principle [74E] and
another one is the Caristi-Kirk fixed point theorem [76C]. These have been
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generalized and applied by a number of authors (see [77DK, 83P, 93PK]).
In [76K], Kirk proved that the Caristi fixed point property implies the met-
ric completeness. Weston [77W] also proved the equivalence between the
Ekeland variational principle and metric completeness. We will show these
interrelations in Section 2.

Many authors also have characterized completeness of a metric space by
using some fixed point theorems on contractive type map. For example,
see [67H, 71R, 75S, 84P, 08S, 09DY]. In many of these papers, authors
generalize known fixed point theorems on contractive type maps to more
general ones. Since there are huge number of contractive type definitions,
such a characterization of metric completeness by an extended fixed point
theorem could be numerously appeared, so it should be reviewed through
some critical thinking.

In [86PR], Park and Rhodes showed some principles why these general
fixed point theorems can be used to characterize metric completeness. We
are going to present some examples how their principles work several over-
flows in proofs of these kinds of characterizations of completeness.

Recall that Hu [67H] showed that a metric space is complete if and only
if any Banach contraction on closed subsets has a fixed point. If we have a
new class of selfmaps extending the Banach contraction on closed subsets,
we may use this class of maps to show the metric completeness of the space.
In fact, the assumption that every map in this class has a fixed point implies
every Banach contraction on closed subsets has a fixed point, thus the space
is complete. This is an example of Theorem 1 of [86PR]. According to this
theorem, one can use any class of maps to characterize metric complete-
ness provided that every maps in this class has a certain property under
completeness and this class contains some previously known classes which
characterize metric completeness.

Recently, Dhompongsa and Yingtaweesittikul [09DY] proved a fixed point
theorem for a new class of multimaps which have a kind of contractive def-
inition and showed that this class can be used to characterize metric com-
pleteness. They showed a result of Mot and Petrusel [09MP], generalizing a
theorem of Kikkawa and Suzuki [08KS], also characterize metric complete-
ness. In Section 3, we will give simplified proofs on their results.

Finally, in Section 4, we will introduce other characterizations appeared
in the history. They are given in chronological order with certain additional
comments.

2. Interrelations of Characterizations

In this section, we present a short circular tour which shows the inter-
relationships of several conditions characterizing metric completeness. The
hypothesis of Theorem 1 will be the conclusion of Theorem 6. For a com-
fortable tour for the reader, we give each proof of Theorems 1-6.

Recall that a metric space (X, d) is said to be complete when every Cauchy
sequence in X converges to a point in X . A Cauchy sequence is a sequence
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{xn} in X such that for every positive real ε, there exists a natural number
N such that n, m > N implies d(xn, xm) < ε.

We begin with the following famous theorem of Cantor.

Theorem 1 (Cantor intersection theorem). In a complete metric space,
if a decreasing sequence of nonempty closed subsets has vanishing diameters,
then the intersection of the sequence is a singleton.

Proof. Let {Fn} be a decreasing sequence of nonempty closed subsets
of the complete metric space (X, d), and assume that the diameters of Fn

(which denoted by diamFn) converges to 0. Then the intersection
⋂∞

n=1 Fn

cannot have more than one point. So we have to show it is nonempty.
For each n, pick some xn ∈ Fn. Because d(xn, xm) ≤ diamFn for m ≥ n,

the sequence {xn} is Cauchy. Since X is complete, there is some p ∈ X with
xn → p. This point p is belong to all Fn since Fn is closed and xm ∈ Fn if
m ≥ n. �

The above standard proof is from the book of Aliprantis and Border
[06AB].

A decreasing sequence of nonempty closed subsets having vanishing di-
ameters is called a Cantor sequence of subsets. Park ([87P]) defined a linear
order using this sequence as follows: A Cantor order ≤ corresponding to a
Cantor sequence {Fi} can be defined by

x ≤ y iff x = y or there exists an i such that x /∈ Fi and y ∈ Fi.

Note that even if {Fi} is not a Cantor sequence, we can define a partial
order as above.

Theorem 2 (Park’s ordering principle [87P]). Suppose that, for a Cantor
sequence {Fi} of a metric space (X, d),

⋂∞
i=1 Fi is a singleton. Then any

Cantor order ≤ corresponding to {Fi} has a greatest element.

Proof. Let ≤ be a Cantor order corresponding to a Cantor sequence
{Fn}. Since the intersection

⋂∞
i=1 Fi is a singleton {p}, for any x ∈ X which

is not equal to p, we have x ∈
⋃∞

i=1 Fi
c. Then x /∈ Fi for some i and p ∈ Fi,

we have x < p. �

The preceding theorem and its proof are motivated by [83DHM] and are
followed by [96L, 00J] and [11J].

A multimap is a function from a set X to a power set 2Y . We denote this
kind of map by T : X ( Y instead of T : X → 2Y . A stationary point of a
multimap T : X ( X is a point p ∈ X such that Tp = {p}.

Theorem 3 (Stationary point theorem). Suppose that any Cantor order
≤ of X has a greatest element and that multimap T : X ( X with nonempty
closed values satisfies the following:

(i) Ty ⊂ Tx for each x ∈ X , y ∈ Tx and
(ii) there exists a sequence {xn} in X , such that xn+1 ∈ Txn for all n and

diam(Txn) → 0.
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Then T has a stationary point p.

Proof. Since we can make a Cantor order corresponding to the Can-
tor sequence {Txn}, X has the greatest element p. Since p is also in the
intersection

⋂∞
n=1 Txn and p ∈ Txn implies Tp ⊂ Txn for each n, thus

Tp = {p}. �

Theorem 4 (Ekeland variational principle). Let (X, d) be a metric space
and φ : X → R be a lower semi-continuous function bounded from below.
Suppose that a multimap T : X ( X satisfying the conditions of Theorem
3 has a stationary point. Then there exists x∗ ∈ X such that φ(x∗) <
φ(x) + d(x, x∗) for any x ∈ X\{x∗}.

Proof. For x ∈ X , set Tx := {y ∈ X : φ(y) + d(x, y) ≤ φ(x)}. Then
x ∈ Tx and Tx is closed. For y ∈ Tx and z ∈ Ty, we have the following:

φ(z) + d(x, z) ≤ φ(z) + d(y, z) + d(x, y) ≤ φ(y) + d(x, y) ≤ φ(x).

Thus z ∈ Tx which shows (i). To prove (ii), begin any x0 in X , choose a
sequence {xn} inductively by xn+1 ∈ Txn such that φ(xn+1) ≤ inf{φ(u) :
u ∈ Txn} + 1/n. Then for any z ∈ Txn, n ≥ 2, we get

d(xn, z) ≤ φ(xn) − φ(z) ≤ φ(xn) − inf{φ(u) : u ∈ Txn−1} ≤
1

n − 1
,

since Txn ⊂ Txn−1. This implies diamTxn ≤ 2/(n − 1). By Theorem 3,
there is an x∗ ∈ X such that Tx∗ = {x∗}. Hence if x 6= x∗, then x /∈ Tx∗

which means φ(x∗) < φ(x) + d(x, x∗). �

The above proof is slightly modified form of the one in [11J] by using
another conditions in [00J].

The following can be viewed as a modification of the Ekeland variational
principle.

Theorem 5 (Caristi-Kirk fixed point theorem). Let (X, d) be a metric
space and φ : X → R be a lower semi-continuous function bounded from
below. Suppose that a multimap T : X ( X satisfying the conditions of
Theorem 3 has a stationary point. Let f : X → X a mapping satisfying
d(x, fx) ≤ φ(x) − φ(fx) for all x ∈ X . Then f has a fixed point.

Proof. By Theorem 4, there exists some x∗ ∈ X satisfying φ(x∗) <
φ(x)+d(x, x∗) for all x 6= x∗. If fx∗ 6= x∗, then φ(x∗)−φ(fx∗) < d(x∗, fx∗)
which contradict the above condition. Therefore, fx∗ = x∗. �

This simple proof of the Caristi fixed point theorem originated from Brezis
and Browder [76BB]. Moreover, Kirk [76K] showed that this fixed point
property characterizes the metric completeness.

Theorem 6 (Kirk’s characterization of completeness). Let (X, d) be a
metric space. If every function f : X → X satisfying d(x, fx) ≤ φ(x)−φ(fx)
for all x ∈ X with a lower semi-continuous function φ : X → R+ has a fixed
point. Then X is complete.
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Proof. Suppose X is not complete. We will make a fixed point free
function f : X → X and a lower semi-continuous function φ : X → R

+ such
that d(x, fx) ≤ φ(x)−φ(fx) for all x ∈ X . Let {xn} be a Cauchy sequence in
X which has no limit. Define φ : X → R by φ(z) := limm→∞ 2d(z, xm), z ∈
X . This φ is well-defined and lower semi-continuous positive valued function
because {d(z, xm)} is a Cauchy sequence in complete space R and d(z, xm)
never converges to 0.

Given x ∈ X , let n be the smallest positive integer such that 0 <
d(x, xn) ≤ φ(x) − φ(xn). This is possible, since φ(xn) → 0 and φ(x) is
near 2d(x, xn). Now we can define fx := xn. If fy = y for some y ∈ X ,
then y = xn for some n with 0 < d(y, xn) leads a contradiction. Therefore
f is a fixed point free function. �

Note that each conclusion of Theorems 1-5 is the hypothesis of the next
theorem, by Theorems 6 and 1, these conclusions characterize metric com-
pleteness.

3. Characterizations related to the Banach contraction principle

In this section, we show that the results in [09DY] can be considered as
examples of the following Theorem of [86PR].

Theorem 7. Let B be a class of selfmaps on closed subsets of a metric
space X such that if any g ∈ B has a fixed point then X is complete. Let
A be a class of selfmaps on closed subsets of X containing B such that
completeness of X implies the existence of a fixed point for any map in A.
Then X is complete if and only if any map in A has a fixed point.

To apply this theorem to the results in Section 2, we are going to use the
following definitions.

Definition 8. Let (X, d) be a metric space.

(1) A Banach contraction is a map f : X → X such that for some r ∈
[0, 1), d(fx, fy) ≤ rd(x, y) holds for every x, y ∈ X .

(2) A Kannan map is a map f : X → X such that for some α ∈ [0, 1/2),
d(fx, fy) ≤ αd(x, fx) + αd(y, fy) holds for every x, y ∈ X .

(3) A Dhompongsa-Yingtaweesittikul type map (DY-type map, in abbre-
viation) [09DY] is a set-valued map T : X ( X with closed values such
that for each r ∈ [0, 1), θ(r)d(x, Tx) ≤ d(x, y) implies

H(Tx, Ty) ≤ r max{d(x, y), d(x, Tx), d(y, Ty)},

for every x, y ∈ X and x 7→ d(x, Tx) is lower semicontinuous. Here, θ is
a certain nonincreasing function from [0, 1) onto (1/2, 1] and H(A, B) is
hausdorff metric of two closed set A, B.
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(4) A Mot-Petrusel type map (simply, MP-type map)[09MP] is a set-

valued map T : X ( X with closed values such that for each nonnegative
numbers a, b, c ∈ [0, 1), 1−b−c

1+a
d(x, Tx) ≤ d(x, y) implies

H(Tx, Ty) ≤ ad(x, y) + bd(x, Tx) + cd(y, Ty),

for every x, y ∈ X .

Since a metric space is Hausdorff, every single-valued function f : X → X
can be considered as a set-valued map with closed values and the Hausdorff

metric H(fx, fy) can be regarded as d(fx, fy).

Theorem 9. Let (X, d) be a metric space. Then the following are equiv-

alent.

(a) X is complete.

(b) for each closed subset C of X , every Banach contraction f : C → C

has a fixed point.

(c) every Kannan map f : X → X has a fixed point.

(d) every DY-type map T : X ( X has a fixed point.

(e) every MP-type map T : X ( X has a fixed point.

Proof. (a) =⇒ (d): Dhompongsa and Yingtaweesittikul showed this in
Theorem 4.1 of [09DY].

(a) =⇒ (e): Mot and Petrusel showed this in [09MP].

(d) =⇒ (b): Since d(fx, fy) ≤ rd(x, y) ≤ r max{d(x, y), d(x, fx), d(y, fy)}
and x 7→ d(x, fx) is continuous, a Banach contraction on C is a DY-type
map, if we apply (d) on each subspace (C, d), then f : C → C has a fixed

point.

(e) =⇒ (c): Since every Kannan mapping is a case of MP-type map such
that a = 0, b = c = α ∈ [0, 1/2), it has a fixed point.

(b) =⇒ (a): Hu showed that the fixed point property of Banach contrac-

tions on each closed set can be characterize metric completeness [67H].

(c) =⇒ (a): Reich [71R] and Subrahmanyam [75S] obtained this charac-
terization of metric completeness using Kannan’s results in [68K]. See also

Shioji, Suzuki and Takahashi’s work [98SST]. �

Remark 1. The definition of DY-map can be more generalized as in
[84P, Theorem (viii)] when the corresponding map is a single map. Park
had considered more detailed interrelations between characterizations of the

metric completeness in his article.
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4. More Characterizations

In this final section, we will collect most of other characterizations of
metric completeness.

We first notice the following theorem of Bessaga [59B] which characterize
the complete metrizability of a set X .

Theorem 10. Suppose U is a map of an abstract set X into itself such
that each Un has a unique fixed point. Let K be any number with 0 <
K < 1. Then there exists a complete metric ρ for X such that ρ(Ux, Uy) ≤
Kρ(x, y) for all x, y ∈ X .

Bessaga also showed the preceding theorem is also equivalent to the Axiom
of Choice. From Theorem 10, a metric space which has a fixed point for
a contraction U may have another complete metric such that U is still a
contraction. On the contrary, Hu found the following characterization of
completeness of the metric space (X, d) by using contractions on closed set:

[1967 Hu] Let S be any nonempty (countably infinite) closed subset of X
and f : S → S be any contraction. Then f has a fixed point.

As the above, we will list each characterizations by [year author] form
and the conclusion “the metric space (X, d) is complete” shall be omitted.
From [1967 Hu] for example, readers can be found the corresponding refer-
ence [67H] easily.

The above kind of characterization tried to avoid Connel’s counterex-
ample [59C]. Reich used this kind of argument for Kannan maps, while
Subrahmanyam used another kind of argument.

[1971 Reich] For every closed subspace Y of X , any Kannan map T : Y →
Y has a fixed point.

[1975 Subrahmanyam] For every Kannan map T of X such that T (X) is
countable has a fixed point.

On the other hand, Some authors studied another type of fixed point
theorems and found that the completeness is crucial. Kirk firstly obtained
the following characterization:

[1976 Kirk] Any map G : X → X satisfying d(x, Gx) ≤ φ(x)−φ(Gx), x ∈
X for a continuous φ : X → R

+ has a fixed point.

In fact, Kirk claimed and proved the contraposition. This characterization
is using the Caristi fixed point theorem. The following two characterizations
are related to Ekeland’s formulation.

[1977 Weston] Every uniformly continuous function h : X → R has a
d-point x0, that is, a point x0 of X such that for every other point x,
h(x0) − h(x) < d(x0, x).

[1981 Sullivan] Every continuous F : X → R ∪ {∞}, F 6= ∞, bounded
below and every ε > 0 there is a point v ∈ X satisfying
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(i) F (v) ≤ infX F + ε and

(ii) for all w 6= v, F (w) + εd(v, w) > F (v).

From time to time, many characterizations using some ordering had ap-
peared using the following until 2010.

[1983 Dancs, Hegedüs, and Medvegyev] Suppose that a multimap
Φ : X ( X satisfies the following:

(i) Φ(x) is a closed set for all x ∈ X ;

(ii) x ∈ Φ(x) for all x ∈ X ;

(iii) x2 ∈ Φ(x1) implies Φ(x2) ∈ Φ(x1) for all x1, x2 ∈ X ; and

(iv) for all sequence {xn} in X such that xn ∈ Φ(xn−1), the distance
d(xn, xn+1) → 0 as n → ∞.

Then Φ has a fixed point.

In 1984, Park unified this order-oriented characterization with other char-
acterizations of metric completeness.

[1984 Park] The followings characterize the metric completeness.

(a) For every sequence {xn} of positive numbers converging to 0 and every
sequence {Fn} of nonempty closed subsets of X such that Fn+1 ⊂ Fn for all
n, and each Fn is a union of finite number of subsets of diameter less than
αn, we have

⋂∞
n=1 Fn 6= ∅.

(b) For every selfmap f of X with a lower semicontinuous function V :
X → (−∞,∞) which is bounded from below and such that, for each x in
X with x 6= fx, there exists y in X − {x} satisfying d(x, y) ≤ V (x)− V (y)
has a fixed point.

(c) For every selfmap f of X such that their exists a u ∈ X and an

α ∈ [0, 1) satisfying d(fx, f2x) ≤ αd(x, fx) for each x in {fnu} and f is

continuous on {fnu}, f has a fixed point in {fnu}.

(d) For every selfmap f of X such that their exists a u ∈ X and an α ∈

[0, 1) satisfying d(fx, fy) ≤ α max{d(x, y), d(x, fx), d(y, fy),
d(x,fy)+d(y,fx)

2 }

for all x, y in {fnu}, f has a (unique) fixed point in {fnu}.

The characterization (d) is the condition (viii) of a Theorem of [84P].

In [86PR], Park and Rhodes commented that the following theorem is a
general principle for many generalizations of previous characterizations.

Theorem 11. Let B be a class of maps defined on X such that every
map in B satisfies a certain condition Q, then X is complete. Let A be a
class of maps defined on X containing B such that completeness of X implies
that every map in A satisfies a condition P , where P implies Q. Then X is
complete if and only if every map in A satisfies the condition P .
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This theorem encompasses many extended characterizations of metric
completeness. Some characterizations related to order completeness have
different forms.

[1987 Park] For any Cantor sequence {Fi} of X , any sequence {xi} such
that xi ∈ Fi has a unique upper bound p ∈ X with respect to its Cantor
order.

Motivated by the notion of Cantor order, Liu called the following order
≤ on X by the Park order and gave many characterizations.

For a sequence {Fn} of nonempty closed subsets of X :
x ≤ y iff x = y or there exists n ∈ N s.t. x /∈ Fn and y ∈ Fn

An order ≤ is closed if it satisfies A(x) = A(x) for all x ∈ X where
A(x) = {y ∈ X : x ≤ y}. A sequence {xn} in X is said to be ≤-monotone
if and only if xn ≤ xm for all n, m ∈ N with n ≤ m. A metric space (X, d)
is said to be ≤-complete if and only if every ≤-monotone Cauchy sequence
in X is convergent.

[1996 Liu] Let ≤ be a closed Park order on X . The followings characterize
metric completeness.

(a) Each ≤-monotone sequence {xn} in X is convergent.

(b) (X, d) is ≤-complete.

(c) If f is a selfmap on X satisfying x ≤ fx for all x ∈ X , then the
sequence {fnx} is convergent for each x ∈ X .

(d) If f is a map X into 2X such that for each x in X − fx, there exists
y ∈ X − {x} with x ≤ y, then f has a fixed point.

(e) If F is a family of selfmaps on X such that x ≤ fx for each x ∈ X
and each f ∈ F , then F has a common fixed point.

This kind of characterization is followed by Jiang with more asymptotic
form to the Theorem 11. He used the following definitions of three classes
of maps AB(X), AC(X), AD(X) satisfying two of the following conditions:

(A) fy ⊂ fx for each x ∈ X, y ∈ fx.

(B) There exists a sequence {xn} in X s.t. xn+1 ∈ fxn for all n and
diam(fxn) → 0 as n → ∞.

(C) There exists a sequence {xn} in X s.t. xn+1 ∈ fxn for all n and the
infimum of diameter of sets covering finitely fxn converges to 0.

(D) limn→∞ d(xn, xn+1) = 0 for each sequence {xn} in X with xn+1 ∈
fxn.

Since AD(X) ⊂ AB(X) ⊂ AC(X) and a stationary point is a fixed point,
the following characterization is most general in his paper:

[2000 Jiang] Every f in AC(X) has a stationary point.

In 2011, Jachymski presented this characterization differently.
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[2011 Jachymski] For any set-valued map F : X ( X with nonempty
closed values such that

(i) F (Fx) ⊆ Fx for every x ∈ X and

(ii) for any x ∈ X and ε > 0, there exist y ∈ Fx with diamFy < ε

has a stationary point.

From 1990 to this millennium, Takahashi and Suzuki studied an weak
form of distance and improved some characterizations related to the Kannan
map and the Banach contraction. Now this kind of study is comparable and
combined with the partial metric space theory.

The definition of their w-distance on a metric space (X, d) is a function
p : X × X → [0,∞) satisfying the following:

(i) p(x, z) ≤ p(x, y) + p(y, z) for any x, y, z ∈ X ;

(ii) for any x ∈ X , p(x, ·) : X → [0,∞) is lower semicontinuous; and

(iii) for any ε > 0, there exists δ > 0 such that p(z, x) ≤ δ and p(z, y) ≤ δ
implies d(x, y) ≤ ε.

A map T : X → X is said to be weakly contractive if there is a w-distance
p on X and r ∈ [0, 1) such that p(Tx, Ty) ≤ rd(x, y) for every x, y ∈ X .

They obtained the following characterization of metric completeness.

[1996 Suzuki and Takahashi]
(a) Every weakly contractive mapping from X into itself has a fixed point.

For a convex subset D of a normed linear space, the completeness of D is
characterized by

(a)′ Every contractive mapping from D into itself has a fixed point.

Thus X is a Banach space (that is, a complete normed space) if and only
if every contractive map from X into itself has a fixed point.

They also obtained an improved characterization by considering a weak
form of Kannan maps using w-distance instead of Kannan maps.

[1998 Shioji, Suzuki and Takahashi] Every Kannan map T from X into
itself has a fixed point.

Recall that Reich [71R] and Subrahmanyam [75S] used an additional con-
dition on this characterization.

In 2008, Suzuki [08S] generalized the Banach contraction principle which
characterize metric completeness using some complicated definitions of maps.
This work was followed by Kikkawa and Suzuki [08KS], Mot and Petrusel
[09MP], and Dhompongsa and Yintaweesittikul [09DY].

On the other hand, several authors began to study on the so-called partial
metric spaces which also have weak distances. They generalized many results
on metric spaces including characterizations of completeness. For example,
see [10R, 12AR].
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Remark 2. We have listed many characterizations on metric complete-
ness in various way. These characterizations seem to be hardly applicable
to show a metric space is complete since they are more complicated than
the original definition of completeness. But the present authors think that
they can be used in the completion of new spaces.

For example, let us consider a space with the discrete metric. Note that
it trivially has the fixed point property for contractive maps. One may find
a more nontrivial and natural metric which satisfies one of the preceding
characterizations to make the wanted space to be complete.

Note that the following references are given in chronological order for
reader’s convenience.
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