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Abstract. In this note, we show that the technique introduced in [1] to solve
nonlinear equations can be reduced to the modified iteration method mainly
due to Shin et al. [4].

1. Introduction

During the last many years, the numerical techniques for solving nonlin-
ear equations has been successfully applied (see for example [1]-[2] and the
references there in).

We know that one of the fundamental algorithm for solving nonlinear
equations is so-called fixed point iteration method.

In order to use fixed point iteration method, we need the following infor-
mation:

1. We need to know that there is a solution to the equation.
2. We need to know approximately where the solution is (i.e. an approx-

imation to the solution).
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It is well known that the fixed point iteration method has the first order
convergence.

Using the technique of [1], a modified iteration method which is mainly
due to Shin et al. [4] is established to solve nonlinear equations.

We need the following results.
In the fixed point iteration method for solving the nonlinear equation

f(x) = 0, the equation is usually rewritten as

x = g(x), (1.1)

where
(i) there exists [a, b] such that g(x) ∈ [a, b] for all x ∈ [a, b],
(ii) there exists [a, b] such that |g′(x)| ≤ L < 1 for all x ∈ (a, b).
Considering the following iteration scheme:

xn+1 = g(xn), n = 0, 1, 2, ... (1.2)

and start with a suitable initial approximation x0, we build up a sequence
of approximations, say {xn}, for the solution of the nonlinear equation, say
α. The scheme will converge to the root α, provided that

(i) the initial approximation x0 is chosen in the interval [a, b],
(ii) g has a continuous derivative on (a, b),
(iii) |g′(x)| < 1 for all x ∈ [a, b],
(iv) a ≤ g(x) ≤ b for all x ∈ [a, b] (see [3]).
The order of convergence for the sequence of approximations derived from

an iteration method is defined in the literature, as

Definition 1.1. Let {xn} converge to α. If there exist an integer constant
p, and real positive constant C such that

lim
n→∞

∣

∣

∣

∣

xn+1 − α

(xn − α)p

∣

∣

∣

∣

= C,

then p is called the order and C the constant of convergence.

To determine the order of convergence of the sequence {xn}, let us con-
sider the Taylor expansion of g(xn)

g(xn) = g(x) +
g′(x)

1!
(xn − x) +

g′′(x)

2!
(xn − x)2 + · · ·

+
g(k)(x)

k!
(xn − x)k + · · ·

(1.3)

Using (1.1) and (1.2) in (1.3) we have

xn+1 − x = g′(x)(xn − x) +
g′′(x)

2!
(xn − x)2 + · · ·

+
g(k)(x)

k!
(xn − x)k + · · · ,

and we can state the following result [1]:
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Theorem 1.2. Suppose g ∈ Cp[a, b]. If g(k)(x) = 0, for k = 1, 2, ..., p− 1

and g(p)(x) 6= 0, then the sequence {xn} is of order p.

2. Modified iteration method

Consider the nonlinear equation

f(x) = 0, x ∈ R (2.1)

We assume that α is simple zero of f(x) and x0 is an initial guess suffi-
ciently close to α. The equation (2.1) is usually rewritten as

x = g(x). (2.2)

Following the approach of [1], there exist λi; i = 1, 2, ..., k such that

x =
λ1x + λ2x

2 + · · ·+ λkx
k + g(x)

1 + λ1 + λ2x + · · ·+ λkxk−1
= gλ(x), (2.3)

where λi, i = 1, 2, ..., k are to be determined from the following system of
linear equations:

k
∑

i=t

(i− 1)(i− 2) · · · (i− t + 1)xi−tλi = −g(t)(x), t = 1, 2, ..., k. (2.4)

Now let us discuss some special cases of the iteration method (2.3)-(2.4):
(a) For k = 1, we have

x = gλ(x) =
λ1x + g(x)

1 + λ1
, (2.5)

where λ1 = −g′(x), and (2.5) yields

x =
−g′(x)x + g(x)

1 − g′(x)
. (2.6)

(b) For k = 3, one can obtain

x = gλ(x) =
λ1x + λ2x

2 + λ3x
3 + g(x)

1 + λ1 + λ2x + λ3x
2

, (2.7)

where

λ1 = −g′(x) + xg′′(x)−
x2g′′′(x)

2
, λ2 = −g′′(x) + xg′′′(x), λ3 = −

g′′′(x)

2
,

and (2.7) gives us (2.6) again.

Remark 2.1. In this way for any k, it can be easily seen that x = gλ(x) =
−g′(x)x+g(x)

1−g′(x) . Thus the iteration method (2.3)-(2.4) is simply reduced to (2.6).

This formulation allows us to suggest the following iteration method for
solving nonlinear equation (2.1) which is mainly due to Shin et al. [4].
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Algorithm 2.2. For a given x0, calculate the approximation solution
xn+1, by the iteration scheme

xn+1 =
−g′(xn)xn + g(xn)

1− g′(xn)
, g′(xn) 6= 1.

3. Convergence analysis

Now we discuss the convergence analysis of Algorithm 2.2 through some
examples [1] to illustrate the efficiency of the developed method. We com-
pare the fixed point method with Algorithm 2.2.

Example 3.1. Consider the equation x3 +4x2 −10 = 0. We have g(x) =√
10−x3

2 and g′(x) = −3
4

x2

√
10−x3

. Take x0 = 1.5, then the comparison of the

two methods is shown in Table 1 correct upto four decimal places.

Fixed Point Method Algorithm 2.2
x1 = 1.2870 x1 = 1.3713
x2 = 1.4025 x2 = 1.3652

...
x13 = 1.3652

Table 1

Example 3.2. Consider the equation x−tan x = 0. We have g(x) = tanx

and g′(x) = sec2 x. Take x0 = 4.5, then the comparison of the two methods
is shown in Table 2 correct upto four decimal places.

Fixed Point Method Algorithm 2.2
x1 = 4.6373 x1 = 4.4936
x2 = 13.292 x2 = 4.4934

...

Table 2

Example 3.3. Consider the equation x − 3−x = 0. We have g(x) = 3−x

and g′(x) = −3−x ln 3. Take x0 = 0.6, then the comparison of the two
methods is shown in Table 3 correct upto five decimal places.

Fixed Point Method Algorithm 2.2
x1 = 0.51728 x1 = 0.5472
x2 = 0.56649 x2 = 0.54781

...
x18 = 0.54781

Table 3
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4. Conclusions

We show that the technique introduced in [1] to solve nonlinear equations
can be reduced to the modified iteration method mainly due to Shin et al.
[4]. By using some examples the efficiency of the method is also discussed.
The method is performing very well in comparison to the fixed point method
and the method discussed in [1]. It is worth to mention that our method is
so simple to apply in comparison to the method discussed in [1]. However
we suggest that one can take x0 = a+b

2 .
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