
Nonlinear Analysis Forum 19, pp. 173–184, 2014

Available electronically at http://www.na-forum.org

THE EXISTENCE OF GENERALIZED NASH EQUILIBRIA

OF STRATEGIC GAMES WITH PARTIALLY

ORDERED PREFERENCES

Jinlu Li, Linsen Xie and Wenshan Yang

Reprinted from the

Nonlinear Analysis Forum

Vol. 19, August 2014



Nonlinear Analysis Forum 19, pp. 173–184, 2014
Available electronically at http://www.na-forum.org

THE EXISTENCE OF GENERALIZED NASH EQUILIBRIA

OF STRATEGIC GAMES WITH PARTIALLY

ORDERED PREFERENCES

Jinlu Li†, Linsen Xie‡ and Wenshan Yang§

† Department of Mathematics

Shawnee State University

Portsmouth Ohio 45662, USA

E-mail : jli@shawnee.edu

‡ Department of Mathematics

Lishui University

Lishui, Zhejiang 323000, China

§ Department of Mathematics

Zhejiang Normal University

Jinhua, Zhejiang 321000, China

Abstract. In this paper, we examine some strategic games with partially
ordered preferences in which the collections of the strategies for the players
are lattices and the preferences on the possible outcomes are ordered by some
lattice orders. Then by applying some fixed point theorems on chain-complete
lattices and by applying the order preserving property of mappings, we prove
some existence theorems for extended and generalized Nash equilibria of such
games.

1. Introduction

In traditional game theory, the ranges of the payoff functions of the play-
ers are real numbers. Both strategies and utilities of the players may be
equipped with topological structures. So the studies of the equilibrium
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problems of these games are in the real analysis category [1–4]. The the-
ory of vector variational inequalities and vector optimization problems has
opened up a new realm in nonlinear analysis, which extends the numerical
variational inequalities and scalar optimization problems to ordered varia-
tional inequalities and ordered optimization problems [5–7]. This new theory
naturally leads authors to examine Nash equilibrium problems, which are
considered as examples of optimization problems, for strategic games with
partially ordered, or lattice preferences [8-10], in which the payoff functions
of the players take values in some ordered sets. Similar to the study of the
existence of Nash equilibrium of games in real number sets, fixed point the-
orems play important roles in the proof of the existence of generalized and
extended Nash equilibria for strategic games with partially ordered (lattice)
preferences. For example, the following fixed point theorem is applied to
these problems on posets in [8, 9].

In [12], the following statement is proved: Let (P, <) be a poset. Assume
that a set-valued mapping F : P → 2P\{∅} is order-increasing, and that its
values are order compact in F (P ). If chains of F (P ) have supremums and
infimums and if ocl(F (P )) has a sup-center or an inf-center in P , then F

has minimal and maximal fixed points.
The positive aspect of this theorem is that the object sets are posets

that are more general than lattices. But the conditions for the considered
mappings to have a fixed point in this theorem are prolix and complicated.
In the application of this theorem to equilibrium theory, it causes that the
conditions for the existence of generalized or extended Nash equilibria for
some non-monetized non-cooperative games on posets are overelaborating
(see Refs. 8 and 9). To overcome this weakness, in this paper, we apply
some different fixed point theorems, such as, the extension of the Tarski
fixed point theorem, the Knaster-Tarski-Davis fixed point theorem, and the
Abian-Brown fixed point theorem, to prove some existence theorems for gen-
eralized and extended Nash equilibria with more concise and explicit condi-
tions on the considered payoff functions in some strategic games with par-
tially ordered (lattice) preferences on complete lattices or on chain-complete
lattices.

2. Preliminaries

For the reader’s convenience, in this section, we recall some properties
of posets and lattices and some fixed point theorems [11–14]. The fixed
point theorems recalled in this section will be used in next sections. Here
we closely follow the notations from [13, 14].

Let (P, <) be a poset. We say that (P, <) is chain-complete iff every chain
in P has a supremum in P . The poset (P, <) is called a complete lattice iff
both ∨S and ∧S exist in P , for any nonempty subset S of P .

The following statement is proved in [14]: Let (P, <) be a chain-complete
lattice. Then∨S exists in P for every non-empty subset S of (P, <).
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Given posets (X, <X) and (U, <U), we say that a mapping F : X →
2U\{∅} is order-increasing upward if x 4X y in X and z ∈ F (x), then there
is w ∈ F (y) such that z 4U w. F is order-increasing downward if x 4X y

in X and w ∈ F (y), then there is z ∈ F (x) such that z 4U w. F is said
to be order-increasing whenever F is both (order) increasing upward and
downward.

As a special case, a single-valued mapping F from a poset (X, <X) to
another poset (U, <U) is said to be order-increasing (or order-preserving)
whenever x <X y implies F (x) <U F (x). An order-increasing mapping
F : X → U is said to be strictly order-increasing whenever x �X y implies
F (x) �U F (x). A mapping F from (X, <X) to (U, <U) is said to be order-
decreasing (or order-reversing) whenever x <X y implies F (x) 4U F (x).

We recalled some fixed point theorem on posets below. The first one is
about set-valued mappings and the last two are about single-valued map-
pings. We need the following notation. Let (P, <) be a lattice and F : P →
2P\{∅} a set-valued map. For every x ∈ P , we denote

SF (x) := {z ∈ P : z 4 u for some u ∈ F (x)}.

Extension of Tarski’s Fixed Point Theorem in [11]. Let (P, <) be
a complete lattice and F : P → 2P\{∅} a set-valued map. If F satisfies the
following two conditions:

A1. F is order-increasing upward (isotone).
A2. (SF (x), <) is an inductively ordered set for each x ∈ P .

Then F has a fixed point, that is, there exists x∗ ∈ P such that x∗ ∈ F (x∗).

The Knaster-Tarski-Davis Fixed Point Theorem. Let (P, <) be a
lattice. Then every order-increasing self-map on P has a fixed point if, and
only if, (P, <) is a complete lattice.

The Abian-Brown Fixed Point Theorem. Let (P, <) be a chain-
complete poset and let F : P → P be an order-increasing mapping. If there
is an x∗ in P with F (x∗) < x∗, then F has a fixed point.

3. Extended Nash equilibrium of strategic games with partially
ordered (lattice) preferences

In this section, we recall the concepts of the strategic games with partially
ordered, or lattice preferences and the concept of generalized and extended
Nash equilibrium of strategic games with partially ordered preferences (non-
monetized noncooperative games), which are defined in [8–10]. Then we
apply the fixed point theorems recalled in last section to prove some existence
theorems for extended and generalized Nash equilibria for strategic games
with lattice ordered preferences.

Definition 3.1. Let n be a positive integer greater than 1. An n-
person strategic game with partially (lattice) ordered preferences (or a non-
monetized noncooperative game) is consisting of the following elements:
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1. the set of n players, which is denoted by N = {1, 2, · · · , n};
2. the collection of n strategy sets {S1, S2, · · · , Sn}, for the n players re-

spectively, such that (Si, <i) is a lattice, for every player i = 1, 2, · · · , n,
with notation S = S1 × S2 × · · · × Sn;

3. the outcome space (U ; <U) that is a lattice;
4. the n utilities functions (payoff functions) P1, P2, · · · , Pn, where Pi

is the utility function for player i that is a mapping from S1 × S2 ×
· · · × Sn to the lattice (U ; <U), for i = 1, 2, · · · , n. We denote
P = {P1, P2, · · · , Pn}.

This game is denoted by Γ = (N, S, P, U).

In a n-person strategic game with partially ordered (or lattice ordered)
preferences Γ = (N, S, P, U), when all the n players 1, 2, · · · , n simulta-
neously and independently choose their own strategies a1, a2, · · · , an, to
play, where xi ∈ Si, for i = 1, 2, · · · , n, then player i will receive his utility
(payoff) Pi(x1, x2, · · · , xn) ∈ U . For any x = (x1, x2, · · · , xn) ∈ S, and
for every given i = 1, 2, · · · , n, as usual, we denote

x−i := (x1, x2, · · · , xi−1, xi+1, · · · , xn) and

S−i := S1 × S2 × · · · × Si−1 × Si+1 × · · · × Sn.

Then x−i ∈ S−i and x can be simply written as x = (xi, x−i). Moreover, we
denote

Pi(Si, x−i) := {Pi(ti, x−i) : ti ∈ Si}.

Now we extend the concept of Nash equilibrium of strategic games with
partially ordered preferences to generalized and extended Nash equilibrium
of strategic games with partially ordered preferences.

Definition 3.2. In an n-person strategic game with partially ordered
preferences Γ = (N, S, P, U), a selection of strategies is called

1. a generalized Nash equilibrium of this game iff, for every i = 1, 2, · · · , n,
the following order inequality holds

Pi(xi, x̃−i) 4
U Pi(x̃i, x̃−i), for all xi ∈ Si.

2. an extended Nash equilibrium of this game iff, for every i = 1, 2, · · · , n,
the following order inequality holds

Pi(xi, x̃−i) 6�
U Pi(x̃i, x̃−i), for all xi ∈ Si.

It is clear that any generalized Nash equilibrium of an n-person strategic
game with partially ordered preferences is an extended Nash equilibrium of
this game; and the converse may not be true.

Lemma 3.1. Let (Si, <i) be a poset, for every i = 1, 2, · · · , n. Let S =
S1×S2×· · ·×Sn be the Cartesian product space of S1, S2, · · · , Sn and let
<S be the coordinate ordering on S induced by the partial orders <i. That
is, for any x, y ∈ S with x = (x1, x2, · · · , xn) and y = (y1, y2, · · · , yn),

x <
S y if and only if xi <i yi, for all i = 1, 2, · · · , n.
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Then <S is a partial order on S; and hence (S, <S) is a poset. Furthermore,
if every (Si, <i) is inductive, then (S, <S) is also inductive and if every
(Si, <i) is a (Dedekind complete or complete) lattice, then (S, <S) is also a
(Dedekind complete or complete) lattice.

Proof. The proof is straightforward and is omitted here.

The following theorem is the main result of this paper. It provides a
result for the existence of extended Nash equilibrium of strategic games
with partially ordered (lattice) preferences on lattices. The order interval
notation is used in the following theorems. Let (P, <) be a poset. For any
z, w ∈ P with z 4 w, we denote the following order interval

[z, w] = {x ∈ P : z 4 x 4 w}.

Theorem 3.1. Let Γ = (N, S, P, U) be an n-person strategic game
with partially ordered preferences. Suppose that, for every player i =
1, 2, · · · , n, his or her strategy set (Si, <i) is a Dedekind complete lat-
tice and, for any fixed x ∈ S, the payoff function Pi satisfy the following
conditions:

1. Pi(Si, x−i) is an inductive subset of (U, <U);
2. The inverse image {zi ∈ Si : Pi(zi, x−i) is a maximal element of

Pi(Si, x−i)} is a complete sublattice of (Si, <i);
3. For x <S y in S, if zi ∈ Si with Pi(zi, x−i) to be a maximal element of

Pi(Si, x−i), then there is wi ∈ Si with zi <S wi such that Pi(wi, y−i)
is a maximal element of Pi(Si, y−i).

If there are elements a = (a1, a2, · · · , an) and b = (b1, b2, · · · , bn) in S

with a <S b satisfying

{zi ∈ Si : Pi(zi, x−i) is a maximal element of Pi(Si, x−i)} ⊆ [ai, bi], (1)

for all x ∈ [a, b] and for i = 1, 2, · · · , n. Then this strategic game with
partially ordered preferences Γ has an extended Nash equilibrium.

Proof. For every i = 1, 2, · · · , n, since (Si, <i) is a Dedekind complete
lattice, then from Lemma 3.1, (Si, <

S) is also a Dedekind complete lattice
equipped with the product order <S. It also implies that, for the given
elements a and b in this theorem, ([ai, bi], <i) is a complete sublattice of
(Si, <i); and therefore, ([a, b], <S) is also a complete sublattice of (S, <S).

For every fixed i = 1, 2, · · · , n, we define a set-valued mapping Ti :
[a, b] → 2[ai, bi]\{∅} by

Ti(x) = {zi ∈ Si : Pi(zi, x−i) is a maximal element of Pi(Si, x−i)}, (2a)

for all x = (x1, x2, · · · , xn) ∈ [a, b]. From the hypothesis 1 of this theorem,
for every fixed element x ∈ [a, b] ⊆ S, Pi(Si, x−i) is an inductive subset of
U . Then applying Zorn’s Lemma, the range Pi(Si, x−i) has a maximal ele-
ment; and then from the condition (1) of this theorem, Ti(x) is a nonempty
subset of [ai, bi]. Hence the map Ti : [a, b] → 2[ai, bi]\{∅} is well-defined.
Furthermore, from the condition (1) of this theorem and (2a), for every
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x = (x1, x2, · · · , xn) ∈ [a, b], Ti(x) is a nonempty complete sublattice of
[ai, bi] ⊆ (Si, <i). Hence, for every x ∈ [a, b], (2a) can be rewritten as

Ti(x) = {zi ∈ [ai, bi] : Pi(zi, x−i) is a maximal element of Pi(Si, x−i)}.
(2b)

Define the product mapping T : [a, b] → 2[a,b]\{∅} of the set-valued mappings
T1, T2, · · · , and Tn by

T (x) = T1(x)× T2(x)× · · · × Tn(x), for all x ∈ [a, b]. (3)

At first, we prove that the mapping T satisfies condition A1 in the
Extension of Tarski’s Fixed Point Theorem, that is, T is isotone (or T

is order-increasing upward). For any given x 4S y in [a, b] and for any
z = (z1, z2, · · · , zn)T (x), for every i = 1, 2, · · · , n, we have zi ∈ Ti(x).
From condition (1), it implies that, zi ∈ [ai, bi] with Pi(zi, x−i) to be a
maximal element of Pi(Si, x−i). Then from hypothesis 3 of this theorem,
there is wi ∈ Si with zi 4i wi such that Pi(wi, y−i) is a maximal element
of Pi(Si, y−i). Since y ∈ [a, b], from condition (1) of this theorem, wi is in
[ai, bi], that is,

zi ∈ Ti(x) and wi ∈ Ti(y) satisfying zi 4i wi, for every i = 1, 2, · · · , n.

(4)
Take w = (w1, w2, · · · , wn). From (3) and (4), we obtain that z 4S w

and w ∈ T (y). Hence, T is isotone. Secondly, we prove that the mapping
T satisfies condition A2 in the Extension of Tarski’s Fixed Point Theorem.
To this ends, take an arbitrary x in [a, b], we have

ST (x) = {t ∈ [a, b] : t 4
S z for some z ∈ T (x)}.

For any arbitrary chain {tλ = (tλ1 , tλ2 , · · · , tλn) : λ ∈ Ω} ⊆ STx with index
set Ω, for every i = 1, 2, · · · , n, the set {tλi : λ ∈ Ω} is a chain in the set

STi(x) = {ti ∈ [ai, bi] : ti 4i zi for some zi ∈ Ti(x)}.

It implies that for any λ ∈ Ω, there is zλ
i ∈ Ti(x) with tλi 4i zλ

i . We
have showed that the set Ti(x) is a complete sublattice of [ai, bi]; and hence
∨{zλ

i : λ ∈ Ω} exists and is in Ti(x). It is clear that

∨{tλi : λ ∈ Ω} 4i ∨{z
λ
i : λ ∈ Ω}.

Notice Ti(x) ⊆ {ti ∈ [ai, bi] : ti 4i zi for some zi ∈ Ti(x)}; and therefore,
∨{zλ

i : λ ∈ Ω} is an upper bound of the chain ∨{tλi : λ ∈ Ω} in the set STi(x).
For any λ ∈ Ω, we take zλ = (zλ

1 , zλ
2 , · · · , zλ

n). It implies that ∨{zλ : λ ∈ Ω}
is an upper bound of the chain {tλ = (tλ1 , tλ2 , · · · , tλn) : λ ∈ Ω} in the set
ST (x), which implies that ST (x) is an inductive subset of [a, b].

Thus the mapping T : [a, b] → 2[a,b]\{∅} satisfies all conditions of the
Extension of Tarski’s Fixed Point Theorem and ([a, b], <S) is a complete
lattice (It is a complete sublattice of (S, <S). Hence T has a fixed point
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x̃ = (x̃1, x̃2, · · · , x̃n), which satisfies x̃ ∈ T (x̃). It implies x̃i ∈ Ti(x̃); that
is,

Pi(x̃i, x̃−i) is a maximal element of Pi(Si, x̃−i),

for every fixed i = 1, 2, · · · , n.

It is equivalent to

Pi(ti, x̃−i) 6�
U Pi(x̃i, x̃−i), for all ti ∈ Si and for every i = 1, 2, · · · , n.

This shows that x̃ = (x̃1, x̃2, · · · , x̃n) is an extended Nash equilibrium of
this game.

As a consequence of Theorem 3.1, we have

Corollary 3.1. Let Γ = (N, S, P, U) be an n-person strategic game with
partially ordered (lattice) preferences. Suppose that, for every player i =
1, 2, · · · , n, his or her strategy set (Si, <i) is a complete lattice and, for
any fixed x ∈ S, the payoff function Pi satisfy the hypotheses 1, 2, and 3
of Theorem 3.1. Then this strategic game with partially ordered (lattice)
preferences? has an extended Nash equilibrium.

Proof. Since, for every i = 1, 2, · · · , n, (Si, <i) is a complete lattice,
so is (S, <S). Then we take a = ∧S and b = ∨S to satisfy condition (1) in
Theorem 3.1.

4. Generalized Nash equilibrium of strategic games with
partially ordered (lattice) preferences

Notice that a generalized Nash equilibrium can be considered as a special
case of extended Nash equilibrium. So the conditions for the existence of a
general Nash equilibrium should be stronger than that for extended Nash
equilibrium. The following result is an immediate consequence of Theorem
3.1. Since it provides the existence of generalized Nash equilibrium, we list
it as a theorem.

Theorem 4.1. Let Γ = (N, S, P, U) be an n-person strategic game
with partially ordered (lattice) preferences. Suppose that, for every player
i = 1, 2, · · · , n, his or her strategy set (Si, <i) is a Dedekind complete
lattice and, for any fixed x ∈ S, the payoff function Pi satisfy the following
conditions:

1. Pi(Si, x−i) is a complete sublattice of (U, <U);
2. The inverse image {zi ∈ Si : Pi(zi, x−i) = ∨Pi(Si, x−i)} is a complete

sublattice of (Si, <i)};
3. For x 4S y in S, if zi ∈ Si with Pi(zi, x−i) = ∨Pi(Si, x−i), then there

is wi ∈ Si with zi 4S wi such that Pi(wi, y−i) = ∨Pi(Si, y−i).
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If there are elements a = (a1, a2, · · · , an) and b = (b1, b2, · · · , bn) in S

with a 4S b satisfying

{zi ∈ Si : Pi(zi, x−i) = ∨Pi(Si, x−i)} ⊆ [ai, bi], (5)

for all x ∈ [a, b] and for i = 1, 2, · · · , n. Then this strategic game with
partially ordered (lattice) preferences Γ has a generalized Nash equilibrium.

Proof. Since every complete sublattice of the lattice (U, <U) is inductive
with its unique maximal element, which is the greatest element of this com-
plete sublattice. Under the condition (5) in this theorem, the definition (2a)
and (2b) in the proof of Theorem 3.1 can be written as

Ti(x) = {zi ∈ [ai, bi] : Pi(zi, x−i) = ∨Pi(Si, x−i)},

for all x ∈ [a, b] and for i = 1, 2, · · · , n. Then following the proof Theorem
3.1, T has a fixed point x̃ = (x̃1, x̃2, · · · , x̃n), which satisfies

Pi(x̃i, x̃−i) = ∨Pi(Si, x̃−i), for every fixed i = 1, 2, · · · , n.

It is equivalent to that, for every i = 1, 2, · · · , n, we have

Pi(ti, x̃−i) 4
U Pi(x̃i, x̃−i), for all ti ∈ Si.

This shows that x̃ = (x̃1, x̃2, · · · , x̃n) is a generalized Nash equilibrium of
this game.

Similarly to Corollary 3.1, we have

Corollary 4.1. Let Γ = (N, S, P, U) be an n-person strategic game with
partially ordered (lattice) preferences. Suppose that, for every player i =
1, 2, · · · , n, his or her strategy set (Si, <i) is a complete lattice and, for
any fixed x ∈ S, the payoff function Pi satisfy the hypotheses 1, 2, and 3
of Theorem 4.1. Then this strategic game with partially ordered (lattice)
preferences Γ has a generalized Nash equilibrium.

Next we directly apply the Knaster-Tarski-Davis Fixed Point Theorem to
prove an existence theorem for generalized Nash equilibrium.

Theorem 4.2. Let Γ = (N, S, P, U) be an n-person strategic game
with partially ordered preferences. Suppose that, for every player i =
1, 2, · · · , n, his or her strategy set (Si, <i) is a complete lattice and,
for any fixed x ∈ S, the payoff function Pi satisfy the following conditions:

1. Pi(Si, x−i) is a complete subset of (U, <U);
2. The inverse image {zi ∈ Si : Pi(zi, x−i) = ∨Pi(Si, x−i)} is a complete

subset of (Si, <i)};
3. For x 4S y in S, if zi ∈ Si with Pi(zi, x−i) = ∨Pi(Si, x−i), then there

is wi ∈ Si with zi 4S wi such that Pi(wi, y−i) = ∨Pi(Si, y−i).

Then this strategic game with partially ordered preferences Γ has a gener-
alized Nash equilibrium.
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Proof. As defined in the proof of Theorem 3.1, for every i = 1, 2, · · · , n,
we let

Ti(x) = {zi ∈ Si : Pi(zi, x−i) = ∨Pi(Si, x−i)}, for any fixed x ∈ S.

From the hypothesis 1 in this theorem, Ti is well-defined. Then we define
Fi : S :→ Si by

Fi(x) = ∨Ti(x) = ∨{zi ∈ Si : Pi(zi, x−i) = ∨Pi(Si, x−i)}.

From the hypothesis 2 in this theorem, Fi is well-defined. The hypothesis
3 in this theorem implies that for any x 4S y in S,

∨{zi ∈ Si : Pi(zi, x−i) = ∨Pi(Si, x−i)} 4i ∨{zi ∈ Si : Pi(zi, y−i) = ∨Pi(Si, y−i)}.

Hence Fi is order-increasing upward. Define F : S :→ S by

F (x) = F1(x) × F2(x)× · · · × Fn(x), for all x ∈ S.

Then F is <S -increasing upward (<S -preserving). Since S is a complete
lattice, from the Knaster-Tarski-Davis Fixed Point Theorem, F has a fixed
point. That is, there is x̃ = (x̃1, x̃2, · · · , x̃n) ∈ S such that F (x̃) = x̃; and
therefore, it satisfies

x̃−i = ∨{zi ∈ Si : Pi(zi, x̃−i) = ∨Pi(Si, x̃−i)} for every fixed i = 1, 2, · · · , n.

Since ∨{zi ∈ Si : Pi(zi, x̃−i) = ∨Pi(Si, x̃−i)} is a <i-complete subset of
(Si, <i), so

x̃−i ∈ ∨{zi ∈ Si : Pi(zi, x̃−i) = ∨Pi(Si, x̃−i)}.

It implies

Pi(x̃i, x̃−i) = ∨Pi(Si, x̃−i), for every fixed i = 1, 2, · · · , n.

It is equivalent to

Pi(ti, x̃−i) 4
U Pi(x̃i, x̃−i), for all ti ∈ Si, and for every i = 1, 2, · · · , n.

This shows that x̃ = (x̃1, x̃2, · · · , x̃n) is a generalized Nash equilibrium of
this game.

Similarly to the proof of Theorem 4.2, we can prove the following theorem
by using the Abian-Brown Fixed Point Theorem, where the completeness
hypothesis 2 on (Si, <i) in Theorem 4.2 is substituted by a weaker condition:
chain-complete lattice.

Theorem 4.3. Let Γ = (N, S, P, U) be an n-person strategic game
with partially ordered preferences. Suppose that, for every player i =
1, 2, · · · , n, his or her strategy set (Si, <i) is a chain-complete lattice and,
for any fixed x ∈ S, the payoff function Pi satisfy the following conditions:

1. Pi(Si, x−i) is a <U -complete subset of (U, <U);
2. The inverse image {zi ∈ Si : Pi(zi, x−i) = ∨Pi(Si, x−i)} is a chain-

complete sublattice of (Si, <i)};
3. For x 4S y in S, if zi ∈ Si with Pi(zi, x−i) = ∨Pi(Si, x−i), then there

is wi ∈ Si with zi 4S wi such that Pi(wi, y−i) = ∨Pi(Si, y−i);
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4. There is a v in S with ∨{zi ∈ Si : Pi(zi, v−i) = ∨Pi(Si, v−i)} <S vi

Then this strategic game with partially ordered preferences Γ has a gener-
alized Nash equilibrium.

Proof. Define mappings Fi and F as defined in the proof of theorem 4.2.
Similarly to the proof of Theorem 4.2, we can show that F is order-increasing
upward. Take the element v given in assumption 4 in this theorem, it implies
F (v) <S v. Then by applying Abian-Brown Fixed Point Theorem, F has a
fixed point. Rest of the proof is exactly the same with the proof of Theorem
4.2.

5. Concluding remarks

Equilibrium problems in traditional game theory are in the field of scalar
optimization problems, in which the considered mappings take values of
real numbers. The range of the utilities in a strategic game with partially
ordered (lattice) preferences is a set of objects, U , equipped with a rational
preference relation < (a total ordering or a linear ordering relation), and it
can be represented by a real valued utility function u satisfying

x < y if and only if u(x) > u(x), for all x, y ∈ U.

Then this real-valued function u builds a bridge to convert the rational
preference relation < (which is a linear order) to the ordinary order of real
numbers. And hence, the utility optimization problem for such games is a
scalar optimization problem.

In case, if the preference relation on an alternative set U for a game is
just a partial orders on U , which may not be a totally ordering, then, under
such a preference relation, two elements in the alternative set U may not
be comparable to tell which one is better than other one; and therefore, the
preference relation cannot be represented by a real utility function. Hence
the equilibrium problems with non-real valued utilities are not scalar op-
timization problems. To further demonstrate this aspect, we consider the
following examples.

Apple-Pear Example. Suppose that in a box there are 100 apples and
100 pears. Let U be the collection of all possible selections (subsets) of fruits
from this box. Suppose that the taste of apples and the taste of pears for
a decision maker are not comparable. Denote an arbitrary element in U
by (x, y), where x, y are the numbers of apples and pears in this outcome,
respectively. Then the non-comparable tastes preference relation < on U is
defined by

(x1, y1) < (x2, y2) if and only if x1 > x2 and y1 > y2,

for all (x1, y1), (x2, y2) ∈ U.

This preference relation < on U is not rational (complete). It is a partial
order on U . Therefore, it is worth to investigating some games with the range
of utilities equipped with a partially rational preference relation ordering.
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Vector Variational Inequalities. For any positive integer k, let (Rk; <k

) denote the k-dimensional Hilbert lattice where R
k is the k-dimensional

Euclidean space equipped with the coordinate partial order <k, which is
defined as: x <k y iff xj ≥ yj , for j = 1, 2, · · · , k, for x = (x1, x1, · · · , xk),

y = (y1, y1, · · · , yk) ∈ R
k. Now let (Rn; <n), (Rm; <m) be two finite dimen-

sional Hilbert lattices and C a nonempty closed convex subset of (Rn; <n).
For a given mapping f : C → L(Rn, R

m), the ordered (vector) variational
inequality problem associated with C and f is to find an x∗ ∈ C such that

f(x∗)(x− x∗) <
m 0, for all x ∈ C.

To deal with the ordered variational inequality problems, ordered equilib-
rium problems, and order-optimization problems, we cannot use the stan-
dard arguments. The standard techniques in traditional fixed point theory
under some assumption cannot solve these problems. We have to develop
new fixed point theorems in ordered sets that may not be equipped with
topologies ([5, 6], [8–10]). Therefore, it is worth to investigate some fixed
point theorems on lattices, on posets, or on preordered sets, such that sim-
pler and easier applicable existence theorems for Nash equilibria of strategic
games with partially ordered (lattice) preferences can be obtained.
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