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Abstract. In this paper, a special kind of volatility option pricing model
derived by Detemple and Osakwe [3] is investigated under some suitable con-
ditions. The formulas of probabilities for each states are derived and the
methods are then designed to compute the valuation of the options. From
the numerical computations and implementations for volatility options, it is
shown that the results are convergent and stable.

1. Introduction

After global stock market crash, people found it necessary to study the
volatility of the financial market for stabilizing the stock market and pro-
tecting investors. In 1993, CBOT started to compile volatility index (VIX)
for a pre-judgment of the changes in the financial market. The VIX can help
investors get a better understanding about the risk arising from the fluctu-
ations of native financial asset. Even VIX options are gradually introduced
in the financial market and accepted by many investors. In the current mar-
ket, risk cannot be spread out through a combination of the financial assets.
Therefore, in order to avoid this risk effectively, the volatility option based
on the risk itself is studied by many people. Volatility option means that the
subject matter is the volatility of the underlying derivatives. The research
on volatility plays an important role in pricing of financial derivatives, risk
management and the development of trading strategies.

Detemple and Osakwe [3] derived four kinds of special pricing formula
volatility option model of general equilibrium stochastic volatility. Fritz
[4] and Carr [2] studied the pricing of options with stochastic volatility by
using the method of PDE. Employing the Monte Carlo method, Psychoyios
and Skiadopoulos [7] considered the pricing of the option with stochastic
volatility. Graziano and Torricelli [5] used the method of PDE to study
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the volatility of the option pricing problem and derive its implicit pricing
formula. Han and Lai [6] did the research on pricing options with stochastic
volatility by using the Quasi-Monte Carlo method. Wang and Daigler [9]
verified the effectiveness of the current models on solving the pricing of VIX
options.

On the other hand, Ritchken and Trevor [8] developed an efficient lat-
tice algorithm to price options under the discrete time GARCH process
and showed how options can be priced using their lattice under general-
ized GARCH processes. Therefore, it is important and interesting how to
price some volatility options by employing the lattice algorithm developed
by Ritchken and Trevor [8].

Motivated and inspired by the works mentioned above, in this paper,
by using the lattice algorithm developed by Ritchken and Trevor [8] and
the modification of Cakici [1] and Wu [10], we investigate a special kind of
volatility option pricing model derived by Detemple and Osakwe [3] under
some suitable conditions. The rest of this paper is organized as follows. In
Section 2, we derive volatility option for a discrete state and the probability
distribution of each state for approximating the discrete model. In Section
3, we simulate the model with some initial values and proper parameters
by MATLAB and illustrate the convergence properties of this model by the
computing results. Finally, we conclude this paper in Section 4.

2. Analysis of the volatility option process

Throughout this paper, we consider the fourth kind of model derived by
Detemple and Osakwe [3] the Mean-reverting log process (MRLP) as follows

dVt = Vt[(θ − λ ln(Vt))dt + σdZ∗
t ]. (2.1)

From Itô formula, we can get

dVt

Vt

= d ln(Vt) +
1

2
σ2dt. (2.2)

Letting α = θ − 0.5σ2, it follows from (2.1) and (2.2) that

d ln(Vt) = (α − λ ln(Vt))dt + σdZ∗
t . (2.3)

The parameters µ, α, λ are constants and Z∗
t represents standard geometric

Brownian motion. The underlying asset is Vt and σ denotes volatility of Vt.
Assume that σ2 = ht satisfies the GARCH process:

ht+1 = ht + β0∆t + ht [β1 + β2q − 1]∆t

+ htβ2

√
∆t

[

(εt+1 − c − µ
√

∆t)2 − q
]

, (2.4)

where εt+1 is a standard normal random variable conditional on time t infor-
mation and c is a nonnegative parameter that captures the negative correla-
tion between return and volatility innovations of equity markets. It should
be noted that β0, β1 and β2 are nonnegative constants to ensure positive
conditional volatility (see [8]).
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Letting yt = ln(Vt), from (2.3), we have

dyt = (α − λyt)dt +
√

htdZ
∗
t .

Making it concrete, one has

yt+1 = yt + (α − λyt)
∆t

n
+

√

ht∆t

n
εt+1, (2.5)

where εt+1 satisfies N (0, 1) and ht satisfies the GARCH process (2.4). There-
for, it follows from (2.4) and (2.5) that























yt+1 = yt + (α − λyt)
∆t
n +

√

ht∆t
n εt+1,

ht+1 = ht + β0∆t + ht[β1 + β2q − 1]∆t

+htβ2

√
∆t

[

(εt+1 − c − µ
√

∆t)2 − q
]

.

(2.6)

The key of the lattice algorithm is to use a discrete-time Markov chain
{(ya

t , ha
t )|t = 0, 1, · · · } for approximating the process. In fact, we use 2n + 1

discrete-time price conditions to approximate the initial price conditions
distribution. As yt is the logarithmic price ln(St), it follows from (2.6) that

ya
t+1 = ya

t + jηγn (2.7)

and

ha
t+1 = ha

t + β0∆t + ha
t [β1 + β2q − 1]∆t

+ ha
t β2

√
∆t

[

(εa
t+1 − c − µ

√
∆t)2 − q

]

(2.8)

with

(η − 1) <

√

ha
t

γ
≤ η (2.9)

and

εa
t+1 =

jηγn − (α − λyt)∆t
√

ha
t ∆t

,

where ha
0, ya

0 , c, n are given, γ =
√

ha
0 and γn = γ√

n
are known, η is an integer

that can be computed by equation (2.9). Therefore, we can use equations
(2.7) and (2.8) for computing the value of ya

t+1 and ha
t+1, respectively.

It is easy to see that the pair (ya
t+1, h

a
t+1) includes the information of ya

t+1
and ha

t+1 which are decided by the time variable t. At time t + 1, different
values of ha

t+1 can be put together if the corresponding values of ya
t+1 are

equaled. That is to say, at time t+1, a node includes a pair, and every pair of
(ya

t+1 , ha
t+1) has one value of ya

t+1 and at least one value of ha
t+1, then finding

the maximum and minimum of these values of ha
t+1. In order to capture the

path dependence we only keep track of only the maximum and minimum
variances that occur at each node. Let hmin

t (i) and hmax
t (i) represent the

minimum and maximum variance at node (t,i). Option prices at this node
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can be computed for K levels of variance ranging from the lowest to the
highest at equidistant intervals. In particular, let ha

t (i, k) represent the kth
level of the variance at node (t, i) for k = 1, 2, 3, · · · , K, where

ha
t (i, k) = hmin

t (i) + δt(i)(k − 1)

for k = 1, 2, · · · , K and

δt(i) =
hmax

t (i)− hmin
t (i)

K − 1
.

As the above process is established, we can compute the option prices on
this lattice by using the backward recursion procedures. At each terminal
node we first set up a vector of option prices of size K, with each element
in this vector corresponding to an option price, and the prices in the cells of
the vector corresponds to the variance from the minimum to the maximum.
At the node (t, i), we set Ca

t (i, k) corresponding to the kth option price

while the underlying asset price is Sa
t (i) = eya

t
(i) and the variance is ha

t (i, k).
Then the boundary condition for a call option with strike X which expires
in period T is

Ca
T (i, 1) = Ca

T (i, 2) = · · · = Ca
T (i, K) = max[0, Sa

T (i)− X ].

Moreover, the transition variance from the kth entry of node (t, i) to the
node (t + 1, i + jη) variance can be represented as

hnext(j) = ha
t (i, k) + β0∆t + ha

t (i, k)[β1 + β2q − 1]∆t

+ ha
t (i, k)β2

√
∆t

[

(εt+1 − c − µ
√

∆t)2 − q
]

with

εt+1 =
jηγn − (α − λyt)∆t

√

ha
t (i, k)∆t

.

Thus, we know that the interpolated option price is

cinterp(j) = q(j)Ca
t+1(i + jη, L)+ (1− q(j))Ca

t+1(i + jη, L + 1),

where

q(j) =
ha

t+1(i + jη, L+ 1)− hnext(j)

ha
t+1(i + jη, L+ 1)− ha

t+1(i + jη, L)

and L is a positive integer smaller than K defined as

ha
t+1(i + jη, L) < hnext(j) ≤ ha

t+1(i + jη, L + 1).

Next we compute the probability distribution of MRLP. From (2.6), com-
pute the expectation and variance of yt+1 as follows:

Eyt+1 = yt + (α − λyt)
∆t

n
,

V ar(yt+1) = ht

∆t

n
.



Pricing volatility options via the lattice algorithm 149

By using the definition of expectation and variance, we have

Eyt+1 = (yt + ηγn)pu + ytpm + (yt − ηγn)pd

= yt + ηγn(pu − pd)

and

V ar(yt+1) = pu[(yt + ηγn)− Eyt+1]
2 + pm[yt − Eyt+1]

2

+pd[(yt − ηγn)− Eyt+1]
2

= pu

[

ηγn − (α − λyt)
∆t

n

]2

+ pm

[

(α − λyt)
∆t

n

]2

+pd

[

ηγn + (α − λyt)
∆t

n

]2

.

It follows that

(α − λyt)
∆t

n
= ηγn(pu − pd) (2.10)

and

pu

[

ηγn − (α − λyt)
∆t

n

]2

+ pm

[

(α − λyt)
∆t

n

]2

+ pd

[

ηγn + (α − λyt)
∆t

n

]2

= ht
∆t

n
(2.11)

with

pu + pm + pd = 1 (2.12)

For solving the linear equations (2.10), (2.11) and (2.12), it is easy to get
the probability distribution formulas as follows:







































pu = 1
2

(

(α−λyt)∆t

nηγn

)2
+

(α−λyt)∆t

2nηγn
+ ht∆t

2nη2γ2
n

,

pm = 1 −
(

(α−λyt)∆t

nηγn

)2
− ht∆t

nη2γ2
n

,

pd = 1
2

(

(α−λyt)∆t

nηγn

)2
− (α−λyt)∆t

2nηγn
+ ht∆t

2nη2γ2
n

.

Thus, we can compute the expectation of these option prices over all the
2n + 1 successor nodes and get the unexercised option value C

a go
t (i, k) at

each terminal node as follows:

C
a go
t (i, k) =

n
∑

j=−n

P (j)cinterp(j)

with

P (j) =
∑

ju,jm,jd

n!

ju!jm!jd!
pju

u pjm

m p
jd

d
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for n = ju + jm + jd and j = ju − jd with ju, jm, jd ≥ 0.
Let C

a stop
t (i, k) denote the exercised value of the claim. For an American

call option with strike X , we get

C
a stop
t (i, k) = max[Sa

t (i)− X, 0].

At the kth entry of each node (t, i), the claim value is as follows:

Ca
t (i, k) = max[Ca stop

t (i, k), Ca go
t (i, k)].

Therefore, the final option price Ca
0 (0, 1) can be computed by the backward

recursion of this procedure.

3. Numerical computation

In this section, we compute the price of the stochastic volatility options
under some suitable parameters.

Assume that the parameters are as follows:

β0 = 6.575× 10−6, β1 = 0.9, β2 = 0.04, h0 = 0.0001096, c = 0, µ = 0,

S0 = 100, X = 100, α = −0.0000102, λ = 0.0000215, m = 1, n = 2.

Then the volatility options with different divided numbers K can be com-
puted and some results are showed in Table 1.

C days
divided number(K) 5 10 15 20 25 30

3 0.9033 1.2808 1.5597 1.7912 1.9932 2.1746
5 0.8980 1.2783 1.5608 1.7958 2.0010 2.1854
10 0.8953 1.2784 1.5643 1.8016 2.0088 2.1949
15 0.8961 1.2784 1.5624 1.7999 2.0074 2.1938
20 0.8966 1.2773 1.5636 1.8017 2.0097 2.1964
25 0.8972 1.2793 1.5650 1.8030 2.0111 2.1979
30 0.8975 1.2799 1.5634 1.8015 2.0096 2.1965
50 0.8984 1.2784 1.5639 1.8024 2.0109 2.1982

Table 1. Volatility options with different divided numbers (K)

When the volatility options are American call options, this table shows
the prices under different maturities. And we explore the sensitivity to the
volatility space parameter K in this table. From Table 1 we can see that
with different divided numbers the convergence of the algorithm performs
well and some results are showed in Figure 1.

From Figure 1 we can see when the value of K is greater than 10, the
results change little, as the parameter K increases, so the results would
approximate the theoretical values.

In Table 2 we assume that the parameters are as follows:

β0 = 6.575× 10−6, β1 = 0.9, β2 = 0.04, h0 = 0.0001096, c = 0, µ = 0,
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Figure 1. Volatility options with different divided numbers (K)

S0 = 100, X = 100, α = −0.0000102, λ = 0.0000215, K = 10.

The table compares the prices of American calls to European prices, as the
parameter n increases. Each day is broken up into two trading periods
(m = 2) when the contracts’ maturities are shorter than 10 days and one
trading period (m = 1) is used for longer term contracts for less complexity
of computation. From Table 2 we can see that the result of this method
is convergent. As the value of n increases, the convergence precision gets
better. Also we can see that as the days of maturity increases, the early
exercise premium is rising.

In Table 3 we assume that the parameters are as follows:

β0 = 6.575× 10−6, β1 = 0.9, β2 = 0.04, h0 = 0.0001096, c = 0, µ = 0,

S0 = 100, α = −0.0000102, λ = 0.0000215, m = 1, n = 2, K = 10.

This table compares option prices for a range of strike prices and maturi-
ties. It can be shown from Table 3 when the strike price X is given, the
option price becomes higher as the date of expiry increases under this model.
However, the changing sensitivity of the option price is different with dif-
ferent strike prices, when strike price X is closer to the initial price S0, the
changing sensitivity of the option price is greater.

4. Conclusions

In this paper, we analyze this kind of the volatility option and derive
the formulas of probabilities for each states. Then we show how the lat-
tice algorithm performs in the study of the pricing of the volatility option.
Throughout this paper, we can know the fact that the method performs well
on convergence and stability. Based on the results presented in this paper,
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date of
expiry

m n
American

Price
European

Price
Early Exercise

Premium%

5 2

1 0.8954 0.8938 0.1790
2 0.9021 0.9011 0.1110
3 0.9076 0.9065 0.1213
4 0.9092 0.9081 0.1211
5 0.9093 0.9083 0.1101

10 2

1 1.2687 1.2662 0.1974
2 1.2728 1.2701 0.2126
3 1.2724 1.2694 0.2363
4 1.2647 1.2616 0.2457
5 1.2560 1.2529 0.2474

15 1

1 1.5714 1.5659 0.3512
2 1.5643 1.5598 0.2885
3 1.5644 1.5605 0.2500
4 1.5624 1.5583 0.2631
5 1.5609 1.5564 0.2891

20 1

1 1.8082 1.8006 0.4221
2 1.8016 1.7955 0.3400
3 1.7988 1.7929 0.3291
4 1.7948 1.7883 0.3635
5 1.7879 1.7809 0.3931

25 1

1 2.0178 2.0084 0.4680
2 2.0088 2.0009 0.3948
3 2.0032 1.9951 0.4060
4 1.9949 1.9858 0.4583
5 1.9806 1.9712 0.4769

Table 2. Convergence of option prices with different trino-
mial steps (n)

C days
Strike(X) 5 10 15 20 30 50

95 5.0023 5.0552 5.1452 5.2489 5.4635 5.8731
97.5 2.6485 2.8844 3.0964 3.2877 3.6229 4.1727
100 0.8953 1.2784 1.5643 1.8016 2.1949 2.8090

102.5 0.1783 0.4329 0.6597 0.8627 1.2172 1.7964
105 0.0170 0.1038 0.2250 0.3551 0.6133 1.0882

Table 3. volatility options with different strike prices (X)

further study in pricing the stochastic volatility option in the future can be
explored. As there are many applications of volatility options in hedging
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and risk managements, the study of pricing volatility option is not only of
great significance in the academic study, but also of practical significance in
the financial markets analysis.
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