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Abstract. In this paper, we establish sufficient conditions for the existence
of solutions for a class of boundary value problem for fractional differential
inclusions involving the Caputo fractional derivative and nonlinear integral
conditions. An example will be presented.

1. Introduction

This paper deals with the existence and uniqueness of solutions for the
boundary value problems (BVP for short), for fractional order differential
inclusions and nonlinear integral conditions of the form

cDαy(t) ∈ F (t, y(t),cDα−1y(t)), for a.e. t ∈ J = [0, b], 1 < α ≤ 2, (1)

y(0) = −y(b), y′(0) = −y′(b), (2)

where cDα is the Caputo fractional derivative, F : J × R × R → P(R) is a
set-valued map (P(R) is the family of all nonempty subsets of R).
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In some cases of real world problems, fractional-order models are found to
be more adequate than integer-order models as fractional derivatives provide
an excellent tool for the description of memory and hereditary properties of
various materials and processes. The mathematical modeling of systems and
processes in the fields of physics, chemistry, aerodynamics, electro dynamics
of complex medium, polymer rheology, and so forth, involves derivatives of
fractional order, see [17, 18, 23]. In consequence, the subject of fractional
differential equations is gaining much importance and attention; see [1, 2,
3, 4, 5, 6, 7, 9, 10, 11, 19] and the references therein.

Anti-periodic boundary value problems have recently received consider-
able attention as anti-periodic boundary conditions appear in numerous sit-
uations, for instance, see [5, 8, 13, 16, 21, 25, 26, 27].

Differential inclusions arise in the mathematical modeling of certain prob-
lems in economics, optimal control, and so forth, and are widely studied by
many authors, see [24] and the references therein. For some recent devel-
opment on differential inclusions, we refer the reader to [14, 22] and their
references.

2. Preliminaries

We now introduce notations, definitions, and preliminary facts that will
be used in the remainder of this paper.
Let T > 0 and J := [0, T ]. C(J,R) is the Banach space of all continuous
functions from J into R with the usual norm

‖y‖ = sup{|y(t)| : 0 ≤ t ≤ T}.

L1(J,R) denotes the Banach space of functions y : J −→ R that are
Lebesgue integrable with the norm

‖y‖L1 =

∫ T

0
|y(t)|dt.

AC1(J,R) denotes the space of differentiable functions whose first derivative
y′ is absolutely continuous.

2.1. Some properties of fractional calculus

Definition 2.1 ([18, 23]). Given an interval [a, b] of R. The fractional
(arbitrary) order integral of the function h ∈ L1([a, b],R) of order α ∈ R+

is defined by

Iα
a h(t) =

∫ t

a

(t− s)α−1

Γ(α)
h(s)ds,

where Γ is the gamma function. When a = 0, we write Iαh(t) = [h ∗ϕα](t),

where ϕα(t) =
tα−1

Γ(α)
for t > 0, and ϕα(t) = 0 for t ≤ 0, and ϕα → δ(t) as

α→ 0, where δ is the delta function.
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Definition 2.2 ([18]). For a given function h on the interval [a, b], the
Caputo fractional-order derivative of h, is defined by

(cDα
a+h)(t) =

1

Γ(n − α)

∫ t

a

(t− s)m−α−1h(m)(s)ds,

where m = [α] + 1.

More details on fractional derivatives and their properties can be found
in [18, 23].

Lemma 2.3 (Lemma 2.22 [18]). Let α > 0, then the differential equation
cDαh(t) = 0

has solutions

h(t) = c0+c1t+c2t
2+....+cm−1t

m−1, ci ∈ R, i = 0, 1, 2, ....,m−1, m = [α]+1.

Lemma 2.4 (Lemma 2.22 [18]). Let α > 0, then

Iα cDαh(t) = h(t) + c0 + c1t+ c2t
2 + ....+ cm−1t

m−1, (3)

for arbitrary ci ∈ R, i = 0, 1, 2, ....,m− 1, m = [α] + 1.

Define the space

C̃(J,R) = {y ∈ C(J,R) :c Dα−1y ∈ C(J,R)}

with the norm
‖y‖C̃ = max{‖y‖∞, ‖

cDα−1y‖∞}.

Lemma 2.5. (C̃, ‖ · ‖C̃) is a Banach space.

Proof. Let {yn}
∞
n=0 be a Cauchy sequence in the space (C̃, ‖ · ‖C̃). Then,

∀ε > 0, ∃N > 0 such that ‖yn − ym‖C̃ < ε for any n,m > N.

Thus {yn(t)}∞n=0 is a Cauchy sequence in R. Then {yn(t)}∞n=0 converges to

some y(t) in R and we can verify easily that y ∈ C̃. Moreover, {cDα−1yn}
∞
n=0

converges uniformly to some z ∈ C̃.

2.2. Set-valued maps

Let X and Y be Banach spaces. A set-valued map G : X → P(Y ) is
said to be compact if G(X) = ¯⋃

{G(y); y ∈ X} is compact. G has convex
(closed, compact) values if G(y) is convex(closed, compact) for every y ∈ X.
G is bounded on bounded subsets of X if G(B) is bounded in Y for every
bounded subset B of X . A set-valued map G is upper semicontinuous (usc
for short) at z0 ∈ X if for every open set O containing Gz0, there exists a
neighborhood V of z0 such that G(V ) ⊂ O. G is usc on X if it is usc at every
point of X if G is nonempty and compact-valued then G is usc if and only if
G has a closed graph. The set of all bounded closed convex and nonempty
subsets of X is denoted by Pb,cl,c(X). A set-valued map G : J → Pcl(X) is
measurable if for each y ∈ X, the function t 7→ dist(y, G(t)) is measurable
on J. If X ⊂ Y, G has a fixed point if there exists y ∈ X such that y ∈ Gy.
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Also, ‖G(y)‖P = sup{|x|; x ∈ G(y)}. A set-valued map G : J → Pcl(R) is
said to be measurable if for every y ∈ R, the function

t 7−→ d(y, G(t)) = inf{|y − z| : z ∈ G(t)}

is measurable. For more details on set-valued maps, see the books of Deim-
ling [15] and Smirnov [24].

Definition 2.6. A set-valued map F : J × R × R → Pcl(R) is said to be
L1-Carathéodory if

(i) t 7−→ F (t, y,cDα−1y) is measurable for each x ∈ R;
(ii) x 7−→ F (t, y,cDα−1y) is upper semicontinuous for almost all t ∈ J;
(iii) for each q > 0, there exists ϕq ∈ L1(J,R+) such that

‖F (t, x,cDα−1x)‖P = sup{|v| : v ∈ F (t, x,cDα−1x)} ≤ ϕq(t),

for all |x|, |cDα−1x| ≤ q, and for a.e. t ∈ J.

The set-valued map F is said of Carathéodory if it satisfies (i) and (ii).

For each y ∈ C̃(J,R), define the set of selections of F by

S1
F,y = {v ∈ L1(J,R) : v(t) ∈ F (t, y(t),cDα−1y(t)) a.e. t ∈ J},

denotes the set of selections of F that belong to L1(J,R).

Remark 2.7. Note that for an L1-Carathéodory set-valued map F :
J × R × R → Pcl(R) the set S1

F,y is not empty (see [20]).

Definition 2.8. A function y ∈ AC1(J,R) is said a solution to BVP
(1)-(2) if y satisfies (1) and (2).

Let h : J → R be continuous, and consider the linear fractional order
differential equation

cDαy(t) = h(t), t ∈ J, 1 < α ≤ 2. (4)

We shall refer to (4), (2) as (LP).
We need the following auxiliary lemma:

Lemma 2.9. The linear boundary value problem (LP) has a unique so-

lution given by

y(t) =
1

Γ(α)

∫ t

0
(t− s)α−1h(s)ds−

1

2Γ(α)

∫ b

0
(b− s)α−1h(s)ds

+
(b− 2t)

4Γ(α− 1)

∫ b

0
(b− s)α−2h(s)ds, (5)

which, in terms of the Green’s function G(t, s), can be expressed as

y(t) =

∫ b

0
G(t, s)h(s)ds,
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where

G(t, s) =

{

2(t−s)α−1−(b−s)α−1

2Γ(α) +
(b−2t)(b−s)α−2

4Γ(α−1) , 0 ≤ s ≤ t ≤ b,

− (b−s)α−1

2Γ(α)
+ (b−2t)(b−s)α−2

4Γ(α−1)
, 0 ≤ t ≤ s < b.

(6)

Proof. Assume y satisfies (4). Then Lemma 2.4 implies that

y(t) = c0 + c1t+
1

Γ(α)

∫ t

0
(t− s)α−1h(s)ds.

From (2), a simple calculation gives

c0 =
b

4Γ(α− 1)

∫ b

0
(b− s)α−2h(s)ds−

1

2Γ(α)

∫ b

0
(b− s)α−1h(s)ds,

and

c1 =
−1

2Γ(α− 1)

∫ b

0
(b− s)α−2h(s)ds.

Hence we get equation (5). Conversely, it is clear that if y satisfies equation
(5), then equations (4), (2) hold.

Remark 2.10. Notice that the Green’s function G is not bounded on
J × J, however the function t 7→

∫ b

0 G(t, s)ds is continuous on J. Let

G∗ = sup
t∈J

∫ b

0
|G(t, s)|ds.

Lemma 2.11 (Bohnenblust-Karlin) ([12]). Let X be a Banach space and

K ∈ Pb,cl,c(X) and suppose that the operator G : K → Pb,cl,c(K) is upper
semicontinuous and the set G(K) is relatively compact in X . Then G has a

fixed point in K.

3. Main Result

Theorem 3.1. Assume the following hypotheses hold:

(H1) F : J×R×R → P(R) is Carathéodory with compact convex values,
(H2) there exists p ∈ C(J,R+) and ψ : [0,∞) → (0,∞) which is continu-

ous and nondecreasing such that

‖F (t, u,cDα−1u)‖P ≤ p(t)ψ(‖u‖C̃) for t ∈ J and each u ∈ R;

(H3) There exists a constant r > 0 such that

r ≥ |y0|+ p∗ψ(r)G∗,

where

p∗ = sup{p(s), s ∈ J}.

Then BVP (1)–(2) has at least one solution on J with |y(t)| ≤ r for each

t ∈ J.
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Proof. Consider the operator N : C̃(J,R) −→ 2C̃(J,R) defined by

(Ny) =

{

h ∈ C̃(J,R) : h(t) =

∫ b

0

G(t, s)v(s)ds

}

where v ∈ S1
F,y, and G(t, s) is the Green’s function given by (6). Clearly,

from Lemma 2.11, the fixed points of N are solutions to (1)–(2). We shall
show that N satisfies the assumptions of Bohnenblust-Karlins fixed point
theorem. The proof will be given in several steps.

Let

K = {y ∈ C̃(J,R), ‖y‖C̃ ≤ r},

where r is the constant given by (H3). It is clear that K is a closed, convex

subset of C̃(J,R).
Step1: N (y) is convex for each y ∈ K.

Indeed, if h1, h2 belong to N (y), then there exist v1, v2 ∈ S1
F,y such that

for each t ∈ J we have

hi(t) =

∫ b

0
G(t, s)vi(s)ds, i = 1, 2.

Let 0 ≤ d ≤ 1. Then, for each t ∈ J, we have

(dh1 + (1− d)h2)(t) =

∫ b

0
G(t, s)(dv1(s) + (1 − d)v2(s)ds.

Since S1
F,y is convex (because F has convex values), we have

dh1 + (1 − d)h2 ∈ N (y).

Step 2: N (K) is bounded.

This is clear since N (K) ⊂ K and K is bounded.

Step 3: N (K) is equicontinuous.

Let ξ1, ξ2 ∈ J, ξ1 < ξ2, y ∈ K and h ∈ N (y), then

|(Ny)(ξ2) − (Ny)(ξ1)| ≤

∫ b

0
|G(ξ2, s)−G(ξ1, s)|v(s)|ds

≤ p∗ψ(r)

∫ b

0
|G(ξ2, s)−G(ξ1, s)|ds.

As ξ1 → ξ2, the right-hand side of the above inequality tends to zero. As
a consequence of Steps 1 to 3 together with the Arzelá-Ascoli theorem, we
can conclude that N : K −→ P(K) is compact.

Step 4: N has a closed graph.
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Let yn → y∗, hn ∈ N (yn) and hn → h∗. We need to show that h∗ ∈
N (y∗).
hn ∈ N (yn) means that there exists vn ∈ S1

F,yn

such that, for each t ∈ J,

hn(t) =

∫ b

0
G(t, s)vn(s)ds

We must show that there exists v∗ ∈ S1
F,y∗

such that, for each t ∈ J,

h∗(t) =

∫ b

0

G(t, s)v∗(s)ds.

We consider the continuous linear operator

Γ : L1(J,R) → C(J,R),

defined by

(Γv)(t) =

∫ b

0
G(t, s)v(s)ds.

Since hn(t) ∈ Γ(S1
F,yn

), |hn(t) − h∗(t)| → 0 as n → ∞ and Γ ◦ S1
F has a

closed graph, then
h∗ ∈ Γ(S1

F,y).

So
h∗ ∈ N (y∗).

Therefore, we deduce from Bohnenblust-Karlin fixed point theorem that N
has a fixed point yn in K which is a solution of BVP (1)–(2) with ‖y‖C̃ ≤ r
for each t ∈ J.

4. An example

Consider the boundary value problem
cDαy(t) ∈ F (t, y(t),cDα−1y(t)), for t ∈ J = [0, 1], 1 < α ≤ 2, (7)

y(0) = −y(1), y′(0) = −y′(1), (8)

where cDα is the Caputo fractional derivative. Set

F (t, y,cDα−1y) = {v ∈ R : f1(t, y,
cDα−1y) ≤ v ≤ f2(t, y,

cDα−1y)},

where f1, f2 : J×R×R → R are measurable in t. We assume that for each t ∈
J, f1(t, ·, ·) is lower semi-continuous (i.e, the set {(u, v) ∈ R×R : f1(t, u, v) >
µ} is open for each µ ∈ R), and assume that for each t ∈ J, f2(t, ·, ·) is upper
semi-continuous (i.e the set {(u, v) ∈ R×R : f2(t, u, v)< µ} is open for each
µ ∈ R). Assume that there exists p ∈ C(J,R+) and δ ∈ (0, 1) such that

max(|f1(t, y,
cDα−1y)|, |f2(t, y,

cDα−1y)|) ≤ p(t)|y|δ, t ∈ J, and all y ∈ R.

It is clear that F is compact and convex valued, and it is upper semi-
continuous (see [15]). Also conditions (H1) and (H2) are satisfied with

ψ(u) = uδ, for each u ∈ [0,∞).
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Also since

lim
c→∞

c

1 + p∗ψ(c)G∗
= lim

c→∞

c

ψ(c)
= lim

c→∞

c

cδ
= ∞,

then there exists r > 0 such that

r

1 + p∗nψ(r)G∗
≥ 1.

Hence (H3) is satisfied. Then by Theorem 3.1, BVP (7)-(8) has a bounded

solution on [0,∞).
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