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Abstract. In this paper, we present some results on coincidences and com-
mon fixed points for two pair of mappings on a Boolean vector space, where
only one pair satisfies the well known property (E.A). In addition, we show
that the common fixed point problem is well-posed.

1. Introduction and Preliminaries

Fixed point theory of Boolean functions has many potential applications
to error-correcting codes, to switching circuits and to the relationship be-
tween the consistency of a Boolean equation, cryptography, convergence of
some recursive parallel array processes in Boolean arrays and many others.
However, there are only a limited number of results available in literature
dealing with the fixed point theory for Boolean valued functions (see, for in-
stance, Ghilezan [3], Mishra et al. [7], Rudeanu [12] and Rao and Pant [10]).
In [13, 14], Subrahmanyam introduced the notion of Boolean and normed

Received: Feb. 2013, Revised and Accepted: Jul. 2013, Online Published: Aug. 2013.
2010 Mathematics Subject Classification: 47H10, 54H25, 54E50.
Key words and phrases: Weakly compatible mappings, property (E.A), coincidence

point, common fixed point, well-posedness, Boolean vector space.
§ Corresponding Author.



116 M. Abbas, S. N. Mishra and Rajendra Pant

Boolean vector spaces and studied the basis and topological completeness
of such spaces.

The purpose of this paper is to obtain some common fixed point results
for two pairs of mappings satisfying certain contractive conditions in the
frame work of a Boolean vector space. Further, we show that the common
fixed point problem is well-posed.

Definition 1.1 ([1]). Let X be a metric space and S, T : X → X . Then
the mappings S and T are said to satisfy the property (E.A) if there exits
a sequence {xn} in X such that

lim
n→∞

Sxn = lim
n→∞

Txn = t, for some t ∈ X .

The class of mappings satisfying the property (E.A) contains the class of
the well-known compatible mappings (see Jungck [4]) as well as the class of
non-compatible mappings. The property (E.A) is very useful in the study of
fixed points of nonexpansive mappings. In fact, the property (E.A) ensure
the existence of a coincidence point for a pair of nonexpansive type mappings
in a metric space [8].

For the sake of completeness we recall the certain definitions and examples
from [13].

Definition 1.2 ([13]). Let V = (V, +) be an additive abelian group and
B = (B, +, .,′ ) a Boolean algebra. The set V with two operations namely
‘addition’ and ‘scalar multiplication’ is said to be a Boolean vector space
over B (or simply, a B-vector space) if for all x, y ∈ V and a, b ∈ B,

(i) a(x + y) = ax + ay;
(ii) (ab)x = a(bx) = b(ax);
(iii) 1x = x; and
(iv) if ab = 0, then (a + b)x = ax + bx.

The elements of V and B will be denoted respectively, by x, y, z and
a, b, c (with or without indices); the zero of V and also the null-element of

B will both be denoted by 0, while the universal element (= 0
′

) of B will
be denoted by 1.

Example 1.3 ([13]). Let B be any Boolean algebra and V be the additive
group of the corresponding Boolean ring; then V is a B-vector space if we
define: For a ∈ B and x ∈ V , ax =the (Boolean) product of a and x in B.

Example 1.4 ([13]). Let R be any Ring with unity element 1 and let B
denotes the set of all the central idempotents of R; then it is known that
(B,∪,∩, ′) is a Boolean algebra, where, by definition, a ∪ b = a + b − ab,
a ∩ b = ab and a′ = 1 − a. If V is the additive group of the ring R, and for
a ∈ B and x ∈ V , ax = the product of a and x in R, then V is a Boolean
vector space over (B,∪,∩, ′).

Definition 1.5 ([13]). A Boolean vector space V over a Boolean algebra
B is said to be B-normed (or simply, normed) if and only if there exists a
mapping ‖.‖ (called, norm): V → B such that
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(i) ‖x‖ = 0 if and only if x = 0, and

(ii) ‖ax‖ = a‖x‖ for all a ∈ B and x ∈ V .

In view of [13, Corollary 3.2] we note the following.

Let V be a B-normed vector space and d : V × V → B. Then d(x, y) =

‖x− y‖ defines a Boolean metric on V , i.e.,

(i) d(x, y) = 0 if and only if x = y;

(ii) d(x, y) = d(y, x) and

(iii) d(x, z) < d(x, y) + d(y, z).

Definition 1.6 ([13]). Let B be a σ-complete (countably complete) Boolean

algebra. If {an} is a sequence of elements of B, we define :

lim inf an = ∪k≥1 ∩n≥k an; and lim sup an = ∩k≥1 ∪n≥k an;

and if

lim inf an = a = lim sup an,

then we say that {an} converges to a, and will be written as lim
n→∞

an = a. A

sequence {an} in B is a Cauchy sequence if and only if lim
n,m→∞

d∗(an, am) = 0,

where d∗ is the Boolean metric on B defined by d∗(a, b) = a
′
b + ab

′
.

Definition 1.7 ([13]). If {xn} is a sequence of elements of V , we say that

xn → x (x ∈ V ) if and only if lim
n→∞

‖xn − x‖ = 0; and a sequence {xn} in V

is Cauchy if and only if lim
n,m→∞

‖xn − xm‖ = 0.

The following definition are the consequence of Definitions 1.1 and 1.2.

Definition 1.8. Let V be a normed Boolean vector space and S, T :

V → V . Then the mappings S and T are said to satisfy the property (E.A)

if there exits a sequence {xn} in V such that

lim
n→∞

Sxn = lim
n→∞

Txn = t, for some t ∈ V .

The following definition is essentially due to Jungck and Rhoades [5] on

a metric space.

Definition 1.9. Let V be a normed Boolean vector space and S, T :

V → V . Then the mappings S and T are said to be weakly compatible if

Sx = Tx implies STx = TSx.
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2. Common Fixed Point Theorems

Let Φ denote the set of all functions φ : B → B satisfying:

1. φ is continuous;
2. φ (a) < a′.

Theorem 2.1. Let V be a normed Boolean vector space and f , g, S,

T : V → V be mappings with fV ⊆ TV and gV ⊆ SV such that

d(fx, gy) = φ(M(x, y)) (2.1)

for all x, y ∈ V , where

M(x, y) = max{d(Sx, Ty), d(fx, Sx), d(Ty, gy), d(fx, Ty), d(Sx, gy)}

and φ ∈ Φ.

Suppose that one of the pairs (f, S) or (g, T ) satisfies the property (E.A)
and one of the subspaces fV , gV , SV , TV is closed in V . Suppose for every

sequence {yn} in V , one of the following conditions holds:

(a) {gyn} is convergent in case (f, S) satisfies the property (E.A);
(b) {fyn} is convergent in case (g, T ) satisfies the property (E.A).

Then the pairs (f, S) and (g, T ) have a common point of coincidence in V .

Moreover, if the pairs (f, S) and (g, T ) are weakly compatible, then f , g, S
and T have a unique common fixed point.

Proof. Suppose that the pair (f, S) satisfies the property (E.A). Then
there exists a sequence {xn} in V satisfying lim

n→∞
fxn = lim

n→∞
Sxn = q for

some q ∈ V . As fV ⊆ TV, there exists a sequence {yn} in V such that
fxn = Tyn. As {gyn} is convergent so there exists a y in V such that
lim

n→∞
d(gyn, y) = 0. Replacing x by xn and y by yn in (2.1), we have

d(fxn, gyn) = φ(M(xn, yn))

= φ(max{d(Sxn, fxn), d(fxn, Sxn), d(fxn, gyn), d(fxn, fxn),

d(Sxn, gyn)})

which on taking limit as n → ∞ implies that

d(q, y) = φ(max{d(q, q), d(q, q), d(q, y), d(q, q), d(q, y)})

= φ(d(q, y)) < d(q, y)′

and so q = y. Hence, lim
n→∞

gyn = q.

If TV is a closed subspace of V , then there exist a p ∈ V such that q = Tp.

From (2.1), we have

d(fxn, gp) = φ(M(xn, p)) = φ(max{d(Sxn, T p), d(fxn, Sxn), d(Tp, gp),

d(fxn, T p), d(Sxn, gp)})

= φ(max{d(Sxn, q), d(fxn, Sxn), d(q, gp),

d(fxn, q), d(Sxn, gp)}).
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On taking limit as n → ∞, we obtain

d(q, gp) = φ(max{d(q, q), d(q, q), d(q, gp), d(q, q), d(q, gp)})

= φ(d(q, gp)) < d(q, gp)′,

and d(q, gp) = 0. Hence gp = q and p is a coincidence point of the pair
(g, T ). As gV ⊆ SV, there exists a point u in V such that q = Su. We claim
that Su = fu. From (2.1), we get

d(fu, Su) = d(fu, gp)

= φ(max{d(Su, Tp), d(fu, Su), d(Tp, gp), d(fu, Tp), d(Su, gp)})

= φ(max{d(Su, Su), d(fu, Su), d(Su, Su), d(fu, Su), d(Su, Su)})

= φ(d(fu, Su)) < d(fu, Su)′.

Hence fu = Su, so u is the coincidence point of the pair (f, S). Thus
fu = Su = Tp = gp = q. Now, weak compatibility of the pairs (f, S) and
(g, T ) give that fq = Sq and Tq = gq. From (2.1), we have

d(fq, q) = d(fq, gp) = φ(M(q, p))

= φ(max{d(Sq, Tp), d(fq, Sq), d(Tp, gp), d(fq, Tp), d(Sq, gp)})

= φ(max{d(fq, q), d(fq, fq), d(q, q), d(fq, q), d(fq, q)})

= φ(d(fq, q)) < d(fq, q)′.

Therefore fq = Sq = q. Similarly, it can be shown that gq = q. Therefore
gq = Tq = q. To prove the uniqueness of q, suppose that fp = gp = Sp =
Tp = p. From (2.1)

d(q, p) = d(fq, gp) = φ(M(q, p))

= φ(max{d(Sq, Tp), d(fq, Sq), d(Tp, gp), d(fq, Tp), d(Sq, gp)})

= φ(max{d(q, p), d(q, q), d(q, q), d(q, p), d(q, p)})

= φ(d(q, p)) < d(q, p)′,

from which it follows that q = p. Similar conclusion holds when we assume
that fV or gV or SV is a closed subspace of V .

When f = g in Theorem 2.1, we obtain the following result.

Corollary 2.2. Let V be a normed Boolean vector space and f , S, T :
V → V be mappings with fV ⊆ TV and fV ⊆ SV such that

d(fx, fy) = φ(m(x, y)) (2.2)

for all x, y ∈ V , where

m(x, y) = max{d(Sx, Ty), d(fx, Sx), d(Ty, fy), d(fx, Ty), d(Sx, fy)}

and φ ∈ Φ.

Suppose that one of the pairs (f, S) and (f, T ) satisfies the property (E.A)
and one of the subspaces fV , SV , TV is closed in V . If for every sequence

{yn} in V, {fyn} is convergent in case (f, S) or (f, T ) satisfies the property
(E.A), then the pairs (f, S) and (f, T ) have a common point of coincidence
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in V . Moreover, if the pairs (f, S) and (f, T ) are weakly compatible, then

f, S and T have a unique common fixed point.

We remark that Theorem 2.1 and Corollary 2.2 extend a result of Mishra
et al. [7, Theorem 2.2] for four and three mappings respectively.

3. Well-Posedness

The notion of well-posedness of a fixed point problem has evoked much
interest of several mathematicians (see for instance, [2], [6], [9], [11]).

Definition 3.1. Let V be a normed Boolean vector space and f : V → V
be a mapping. The fixed point problem of f is said to be well-posed if:

(a) f has a unique fixed point z in V ;
(b) for any sequence {xn} of points in V such that lim

n→∞
d(fxn, xn) = 0,

we have lim
n→∞

d(xn, z) = 0.

Definition 3.2. Let V be a normed Boolean vector space and Σ be a
set of mappings on V . Common fixed point problem CF (Σ) is said to be
well-posed if:

(a) z ∈ V is a unique common fixed point of all mappings in Σ;
(b) for any sequence {xn} of points in V such that lim

n→∞
d(fxn, xn) = 0

for each f ∈ Σ, we have lim
n→∞

d(xn, z) = 0.

Theorem 3.3. Let V be a normed Boolean vector space and f, g, S, T :
V → V be mappings with fV ⊆ TV and gV ⊆ SV such that

d(fx, gy) = φ(M(x, y)) (3.1)

for all x, y ∈ V , where

M(x, y) = max{d(Sx, Ty), d(fx, Sx), d(Ty, gy), d(fx, Ty), d(Sx, gy)}

and φ ∈ Φ.

Suppose that one of the pairs (f, S) and (g, T ) satisfies the property (E.A)
and one of the subspace fV, gV, SV, TV is closed in V . Suppose for every
sequence {yn} in V, one of the following conditions hold:

(a) {gyn} is convergent in case (f, S) satisfies the property (E.A);
(b) {fyn} is convergent in case (g, T ) satisfies the property (E.A).

If the pairs (f, S) and (g, T ) are weakly compatible, then CF ({f, g, S, T})
is well-posed.

Proof. From Theorem 2.1, the mappings f, g, S, T : V → V have a
unique common fixed point (say) z in V. Let {xn} be a sequence in V such
that

lim
n→∞

d(fxn, xn) = lim
n→∞

d(gxn, xn) = lim
n→∞

d(Sxn, xn) = lim
n→∞

d(Txn, xn) = 0.

Now by using (3.1), we have
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d(z, xn) < d(fz, gxn) + d(gxn, xn)

= φ(M(z, xn)) + d(gxn, xn)

= φ(max{d(Sz, Txn), d(fz, Sz), d(Txn, gxn), d(fz, Txn),

d(Sz, gxn)} + d(gxn, xn)

= φ(max{d(z, Txn), d(Txn, gxn), d(z, Txn), d(z, gxn)} + d(gxn, xn)

< [max{d(z, Txn), d(Txn, gxn), d(z, Txn), d(z, gxn)]
′ + d(gxn, xn).

On taking limit as n → ∞, we have

lim
n→∞

d(xn, z) = 0.

Hence the result follows.
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