
Nonlinear Analysis Forum 15, pp. 85–96, 2010
Available electronically at http://www.na-forum.org

STABILITY OF THE SOLUTION SET FOR VARIATIONAL
INEQUALITIES IN REFLEXIVE BANACH SPACES

Xue-ping Luo and Yun-zhi Zou

Reprinted from the
Nonlinear Analysis Forum

Vol. 15, August 2010





Nonlinear Analysis Forum 15, pp. 85–96, 2010
Available electronically at http://www.na-forum.org

STABILITY OF THE SOLUTION SET FOR VARIATIONAL
INEQUALITIES IN REFLEXIVE BANACH SPACES

Xue-ping Luo and Yun-zhi Zou†

Department of Mathematics

Sichuan University

Chengdu, Sichuan 610064, P.R. China

E-mail : †zouyz@scu.edu.cn

Abstract. This paper is devoted to the stability analysis for variational inequalities

in Banach spaces. Coercivity conditions are usually assumed in study of variational
inequalities to guarantee the existence of solutions. By using the equivalence be-

tween coercivity conditions and nonempty solution set of variational inequalities,
we obtain some stability results for generalized variational inequality with both the

mapping and the set that are perturbed in reflexive Banach spaces, provided that
the mappings are either pseudo-monotone in the sense of Karamardian or without

monotonicity assumption. By using a new method which is different from [18], we
discuss the stability for the dual variational inequality as the mappings are properly

quasi-monotone. The results presented in this paper generalize some known results
in this area.

1. Introduction

Throughout this paper, we assume that X is a reflexive Banach space with dual
X∗. We denote by 〈φ, x〉 the duality pair between φ ∈ X∗ and x ∈ X. Let K
be a nonempty closed convex subset of X and let F : K → 2X∗

be a set-valued
mapping. The generalized variational inequality problem, denoted by GVIP(F, K),
which is to find x ∈ K and x∗ ∈ F (x) such that

〈x∗, y − x〉 ≥ 0, for all y ∈ K. (1.1)

The GVIP(F, K) has been extensively studied in the literature (see, for exam-
ple, [7, 9, 10, 13, 18, 19, 27, 28, 29] and the references therein). It is known
GVIP(F, K) closely links to the following dual variational inequality problem, de-
noted by DVIP(F, K), which is to find x ∈ K such that

sup
y∗∈F (y)

〈y∗, x− y〉 ≤ 0, for all y ∈ K. (1.2)

The DVIP(F, K) has been originally discussed in [36] and further developed by
many researchers (see, for example, [11, 20, 22, 24] and the references therein).
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Let (Z1, d1) and (Z2, d2) be two metric spaces. Assume that the nonempty
closed convex set L ⊂ X is perturbed by a parameter u, which varies over (Z1, d1),
that is, L : Z1 → 2X is a set-valued mapping with nonempty closed convex values
and the set-valued mapping F : X → 2X∗

is perturbed by a parameter v, which
varies over (Z2, d2), that is, F : X × Z2 → 2X∗

. We define the parameterized
generalized variational inequality GVIP(F (·, v), L(u)), which is to find x ∈ L(u)
and x∗ ∈ F (x, v) such that

〈x∗, y − x〉 ≥ 0, for all y ∈ L(u). (1.3)

The corresponding parameterized dual variational inequality DVIP(F (·, v), L(u)),
which is to find x ∈ L(u) such that

sup
y∗∈F (y,v)

〈y∗, x − y〉 ≤ 0, for all y ∈ L(u). (1.4)

Coercivity conditions are used in the study of variational inequalities to guar-
antee the existence of solutions (see [9, 10, 13, 19, 26]). As we will see in Section
3, the coercivity condition is not only sufficient but also necessary for the solution
set of DVIP(F, K) is nonempty and bounded if F is properly quasimonotone on K.
Moreover, DVIP(F, K) and GVIP(F, K) have the same solution set when F is upper
hemicontinuous and pseudomonotone. We also show that a rather weak coercivity
condition is sufficient and necessary condition for the solution set of GVIP(F, K)
is nonempty if F is a set-valued mapping without monotonicity assumption.

Assuming that the barrier cone of K has nonempty interior, [35] presented a
comprehensive study of the stability of the solution set of GVIP(F, K) where F

is a maximal monotone set-valued mapping, and [4] discussed the stability of the
solution set of a so-called semicoercive variational inequality. Recently, He [27]
studied the stability of a variational inequality with either the mapping or the set
are perturbed in reflexive Banach spaces, as the mapping is pseudomonotone in the
sense of Karamardian. Very recently, by using the equivalent characterization for
the solution set of DVIP(F, K) to be nonempty and bounded, Fan and Zhong [18]
further studied the stability of variational inequality in reflexive Banach spaces,
when both the mapping and the set are perturbed.

Motivated and inspired by the research work mentioned above, in this paper, by
using some equivalent coercivity conditions for the solution set of GVIP(F, K) to be
nonempty, we study the stability for generalized variational inequality with both the
mapping and the set that are perturbed in reflexive Banach spaces, provided that
the mappings are either pseudomonotone in the sense of Karamardian or without
monotonicity assumption. We also give a new method which is different from one
in the proof of [18] to discuss the stability for dual variational inequality as the
mappings are properly quasimonotone.

This paper is organized in the following way. In Section 2, we recall some con-
cepts in convex analysis and present some basic results. In Section 3, we present sev-
eral equivalent characterizations for generalized/dual variational inequality to have
nonempty and bounded solution set. Stability of the solution set of GVIP(F, K)
and DVIP(F, K) with both the mapping F and the set K perturbed is discussed
in Section 4.
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2. Preliminaries

Let K be a nonempty closed convex subset of X and int(K) denote the interior
of K. For any n ∈ N , define Kn := {x ∈ K : ‖x‖ ≤ n}. Let Y be a topological
space and A : X → Y be a linear mapping, kerA := {x ∈ X : Ax = 0}. The barrier
cone of K, denoted by barr(K), is defined by

barr(K) := {x∗ ∈ X∗ : sup
x∈K

〈x∗, x〉 < ∞}.

The recession cone of K is the closed convex cone, denoted by K∞, is defined by

K∞ := {d ∈ X : ∃tn ↓ 0, ∃xn ∈ K, tnxn ⇀ d},
where ”⇀” stands for the weak convergence. It is known that, given x0 ∈ K,

K∞ := {d ∈ X : x0 + λd ∈ K, ∀λ > 0}.
The negative polar cone of K, denoted by K−, is defined by

K− := {x∗ ∈ X∗ : 〈x∗, x〉 ≤ 0, ∀x ∈ K}.

Definition 2.1. Let X and Y be two topological spaces. A set-valued mapping
F : X → 2Y is said to be

(i) upper semicontinuous at x0 ∈ X, if for any neighborhood N (F (x0)) of F (x0),
there exists a neighborhood N (x0) of x0 such that

F (x) ⊂ N (F (x0)), for all x ∈ N (x0).

(ii) lower semicontinuous at x0 ∈ X, if for any y0 ∈ F (x0) and any neighborhood
N (y0) of y0, there exists a neighborhood N (x0) of x0 such that

F (x) ∩N (y0) 6= ∅, for all x ∈ N (x0).

It is evident that F is lower semicontinuous at x0 ∈ X if and only if, for any
sequence xn → x0 and y0 ∈ F (x0), there exists a sequence yn ∈ F (xn) such that
yn → y0.

We say F is continuous at x0 if it is both upper semicontinuous and lower semi-
continuous at x0; and we say F is continuous on Y if it is both upper semicontinuous
and lower semicontinuous at every point on Y .

Definition 2.2. A set-valued mapping F : K → 2X∗
is said to be

(i) monotone on K if, for each pair of points x, y ∈ K and for all x∗ ∈ F (x) and
y∗ ∈ F (y), 〈y∗ − x∗, y − x〉 ≥ 0;

(ii) pseudomonotone on K if, for each pair of points x, y ∈ K and for all x∗ ∈ F (x)
and y∗ ∈ F (y), 〈x∗, y − x〉 ≥ 0 implies that 〈y∗, y − x〉 ≥ 0;

(iii) quasimonotone on K if, for each pair of points x, y ∈ K and for all x∗ ∈ F (x)
and y∗ ∈ F (y), 〈x∗, y − x〉 > 0 implies that 〈y∗, y − x〉 ≥ 0;

(iv) properly quasimonotone if, for every set of finite points x1, . . . , xn ∈ K and
every x in the convex hull of {x1, . . . , xn}, there exists i ∈ {1, . . . , n} such
that

sup
x∗∈F (xi)

〈x∗, x− xi〉 ≤ 0;

(v) upper hemicontinuous on K if the restriction of F to every line segment of K
is upper semicontinuous with respect to the weak topology in X∗.
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It is easy to see that pseudomonotone mappings are properly quasimonotone and
properly quasimonotone mappings are quasimonotone.

Lemma 2.1 ([27]). Let K be a nonempty closed convex set in X. If barr K has
nonempty interior, then there does not exist {xn} ⊂ K with each ‖xn‖ → ∞ such

that xn

‖xn‖ ⇀ 0. If additionally K is a cone, then there does not exist {dn} ⊂ K

with each ‖dn‖ = 1 such that dn ⇀ 0.

Lemma 2.2 ([13]). If F is pseudomonotone on K, then every solution of
GVIP(F, K) solves the problem DVIP(F, K). If F is upper hemicontinuous on K

with nonempty weakly compact convex values, then every solution of DVIP(F, K)
solves the problem GVIP(F, K).

Lemma 2.3 ([17]). Let K be a nonempty convex subset of a Hausdorff topo-

logical vector space E and G : K → 2E be a set-valued mapping satisfying the
following conditions:

(i) G is a KKM mapping: For every finite subset A of K co(A) ⊂
⋃

x∈A G(x);
(ii) G(x) is closed in E for every x ∈ K;

(iii) G(x0) is compact in E for some x0 ∈ K.

Then
⋂

x∈K G(x) 6= ∅.

3. Coercivity conditions and existence of solution sets

In this section, we present several characterizations for the solution set of GVIP(F, K)
and DVIP(F, K) to be nonempty and bounded.

Lemma 3.1 ([27]). Let K be a nonempty closed convex set in X. Consider the
following statements:

(i) The solution set of DVIP(F, K) is nonempty and bounded;
(ii) K∞ ∩ F (K)− = {0};
(iii) There exists a bounded set C ⊂ K such that for every x ∈ K \C, there exists

some y ∈ C satisfying supy∗∈F (y)〈y∗, x − y〉 > 0.

Then the following conclusions hold:

• (i)⇒(ii);
• (ii)⇒(iii) if barr K has nonempty interior;

• (iii)⇒(i) if F is properly quasimonotone on K.

Lemma 3.2 ([27]). Let K be a nonempty closed convex set in a reflexive Banach
space X. Suppose that F is upper hemicontinuous and pseudomonotone on K with

nonempty weakly compact convex values. Consider the following statements:

(i) The solution set of GVIP(F, K) is nonempty and bounded.
(ii) The solution set of DVIP(F, K) is nonempty and bounded.

(iii) There exists a bounded set C ⊂ K such that for every x ∈ K \C, there exists

some y ∈ C satisfying supy∗∈F (y)〈y∗, x − y〉 > 0.

Then

• (i)⇔(ii);
• (ii)⇔(iii) if barr K has nonempty interior.
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Theorem 3.1. Let K be a nonempty closed convex set in X. Consider the

following statements:

(i) There exists n ∈ N such that for every x ∈ K \Kn, there exists some y ∈ Kn

satisfying infx∗∈F (x)〈x∗, x− y〉 ≥ 0.

(ii) There exists n ∈ N such that for every x ∈ K \ Kn, there exists some y ∈ K

with ‖y‖ < ‖x‖ satisfying infx∗∈F (x)〈x∗, x − y〉 ≥ 0.

(iii) The solution set of GVIP(F, K) is nonempty.

Then we have the following conclusions:

• (i)⇒(ii);
• (ii)⇒(iii) if F is weak-‖ · ‖ upper semi-continuous mapping with nonempty

compact convex values.

Proof. (i)⇒(ii). Let n ∈ N be such that (i) holds. Then x ∈ K \ Kn+1,
x 6∈ Kn. By (i), there is y ∈ Kn such that infx∗∈F (xn)〈x∗, xn − y〉 ≥ 0. Obviously,
‖y‖ ≤ n < n + 1 < ‖x‖. Thus (ii) is verified with n replaced by n + 1.

(ii)⇒(iii). Let m > n. Since Km is a bounded closed convex set. As X is
reflexive, Km is weakly compact set. Let G : Km → 2Km be a set-valued mapping
defined by

G(y) := {x ∈ Km : supx∗∈F (x)〈x∗, y − x〉 ≥ 0}, ∀y ∈ Km.

We claim that G(y) is a weakly closed subset of Km. Indeed, let {xn} ⊂ G(y) with
xn ⇀ x0,

supx∗
n∈F (xn)〈x∗

n, y − xn〉 ≥ 0, ∀y ∈ Km.

Since F is weak-‖ · ‖ upper semicontinuous mapping, we have

∀y ∈ Km, ∃x∗
0 ∈ F (x0), 〈x∗

0, y − x0〉 ≥ 0

and so x0 ∈ G(y). This shows that G(y) is weakly compact subset in Km for every
y ∈ Km.

Now we prove that G is a KKM mapping. If not, then there exist {y1, y2, ..., yn} ⊂
Km and x0 = Σn

i=1λiyi with Σn
i=1λi = 1 and λi ≥ 0, such that x0 6∈ ∪n

i=1G(yi),
that is, 〈x∗, yi − x0〉 < 0, for all x∗ ∈ F (x0). Hence

0 = 〈x∗, Σn
i=1λiyi − x0〉 = Σn

i=1λi〈x∗, yi − x0〉 < 0,

which is a contradiction. By Lemma 2.3,
⋂

y∈Km
G(y) 6= ∅ which coincides with

the solution set of GVIP(F, Km). Thus, there exists xm ∈ Km such that

sup
x∗∈F (xm )

〈x∗, y − xm〉 ≥ 0, ∀y ∈ Km.

(i) If ‖xm‖ = m, then ‖xm‖ > n. By the assumption, there is y0 ∈ K with
‖y0‖ < ‖xm‖ such that

sup
x∗∈F (xm)

〈x∗, y0 − xm〉 ≤ 0.

For any y ∈ K, since ‖y0‖ < ‖xm‖ ≤ m, there is t ∈ (0, 1) such that zt :=
y0 + t(y − y0) ∈ Km. It follow that

0 ≤ sup
x∗∈F (xm )

〈x∗, zt − xm〉
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≤ t sup
x∗∈F (xm )

〈x∗, y − xm〉 + (1 − t) sup
x∗∈F (xm)

〈x∗, y0 − xm〉

≤ t sup
x∗∈F (xm )

〈x∗, y − xm〉

and so supx∗∈F (xm)〈x∗, y − xm〉 ≥ 0. Since y ∈ K is arbitrary, the conclusion is
verified.

(ii) If ‖xm‖ < m, then for any y ∈ K, there is t ∈ (0, 1) such that zt :=
xm + t(y − xm) ∈ Km. It follows that

0 ≤ sup
x∗∈F (xm)

〈x∗, zt − xm〉 = t sup
x∗∈F (xm)

〈x∗, y − xm〉.

Since y ∈ K is arbitrary, xm solves GVIP(F, K). This completes the proof.

Theorem 3.2. Let K be a nonempty closed convex set in X and suppose that

int(barr K) 6= ∅. Let F : K → 2X∗
be a set-valued mapping with nonempty weakly∗

compact convex values and ker(F (K)) = {0}. If the solution set of GVIP(F, K) is

nonempty and bounded, then there exists n ∈ N such that, for every x ∈ K \ Kn,

there is some y ∈ Kn satisfying

inf
x∗∈F (x)

〈x∗, x − y〉 > 0.

Proof. Assume that the conclusion does not hold. Then for each n ∈ N , there
exists {xn} ⊂ K with ‖xn‖ > n, such that

∀y ∈ Kn, ∃x∗
n ∈ F (xn), 〈x∗

n, xn − y〉 ≤ 0.

As X is reflexive, without loss of generality, we can assume that xn

‖xn‖ ⇀ d. Since
int(barr K) 6= ∅, d 6= 0 by Lemma 2.1. Thus, for all ‖y‖ ≤ n, one has

0 ≥ 〈x∗
n, xn − y〉
‖xn‖

.

Since F has nonempty w∗-compact values, there exists {x∗
nk
} ⊂ {x∗

n}, such that
x∗

nk
weakly∗ converges x∗

0 ∈ F (xn). Hence,

〈x∗
nk

, xnk − y〉
‖xnk‖

≤ 0.

Letting k → ∞, we obtain 〈x∗
0, d〉 ≤ 0. Since xn does not solve GVIP(F, K), there

exists y0 ∈ K, such that 〈x∗
n, xn − y0〉 > 0 and so

〈x∗
nk

, xnk − y0〉
‖xnk‖

> 0.

Letting k → ∞, we obtain 〈x∗
0, d〉 ≥ 0. It follows that 〈x∗

0, d〉 = 0. Hence, 0 6= d ∈
ker(x∗

0), which is a contradiction with ker(F (K)) = {0}. This completes the proof.
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4. Stability of the solution set

4.1. With monotonicity assumption

Theorem 4.1. Let (Z1, d1) and (Z2, d2) be two metric spaces, u0 ∈ Z1 and
v0 ∈ Z2 be given points. Let L : Z1 → 2X be a continuous set-valued mapping with
nonempty weakly compact convex values. Suppose that there exists a neighborhood
U × V of (u0, v0) and M = ∪u∈UL(u) such that F : M × V → 2X∗

is a lower semi-
continuous mapping with nonempty values. If there exists a continuous mapping
K : Z1 → 2X with nonempty bounded closed convex values such that K(u0) ⊂
L(u0) and for every x0 ∈ L(u0) \ K(u0), there exists some y0 ∈ K(u0) satisfying

sup
y∗
0∈F (y0,v0)

〈y∗0 , x0 − y0〉 > 0,

then there exists a neighborhood U ′ × V ′ of (u0, v0) with U ′ × V ′ ⊂ U × V such
that, for every (u, v) ∈ U ′ × V ′, K(u) ⊂ L(u) and for every x ∈ L(u) \K(u), there
exists some y ∈ K(u) satisfying

sup
y∗∈F (y,v)

〈y∗, x− y〉 > 0.

Proof. Suppose that the conclusion does not hold, then there exists a sequence
{(un, vn)} ⊂ Z1 × Z2 with (un, vn) → (u0, v0), such that K(un) ⊂ L(un) and
there exists a sequence {xn} ⊂ L(un) \ K(un) such that, for each n, ‖xn‖ > n
and supy∗∈F (y,vn)〈y∗, xn − y〉 ≤ 0 for every y ∈ K(un) with ‖y‖ ≤ n. For any
y1 ∈ K(u0) and any y∗1 ∈ F (y1, v0), since K is lower semicontinuous and un → u0,
there exists yn ∈ K(un) with ‖yn‖ ≤ n such that yn → y1. Since F is lower semi-
continuous and (yn, vn) → (y1, v0), there exists y∗n ∈ F (yn, vn) such that y∗n → y∗1 .
It follows that

〈y∗n, xn − yn〉 ≤ 0. (4.1)

Since xn ⊂ L(un) \ K(un) and L(un) is a weakly compact convex subset of X,
there exists {xnk} ⊂ {xn} such that xnk ⇀ x1. From the upper semicontinuity
of L, there exists znk ∈ L(u0) such that limk→∞ ‖xnk − znk‖ = 0. This together
with the weak convergence of xnk to x1 yields that znk ⇀ x1. Thus, we obtain
x1 ∈ L(u0) as L(u0) is weakly compact.

Now we claim that x1 6∈ K(u0). Indeed, since xnk 6∈ K(un) and K is upper semi-
continuous, for any wnk ∈ K(u0), there exists some ε0 > 0 such that ‖xnk −wnk‖ ≥
ε0. Thus, wnk 6⇀ x1 and so we have the claim. By (4.1),

〈y∗nk
, xnk − ynk〉 ≤ 0.

Letting k → ∞, we have

〈y∗1 , x1 − y1〉 ≤ 0,

which contradicts our assumption. This completes the proof.

Remark 4.1. In Lemma 3.1, condition (ii) is equivalent to condition (iii) if
int(barr L(u0)) 6= ∅ and F is properly quasimonotone. Assuming that int(barr L(u0)) 6=
∅ and F is properly quasimonotone, then we immediately obtain that Theorem 4.1
from Theorem 3.1 in [18]. Here, we derive the above conclusion only need to assume
that L has weakly compact convex values.
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From Theorem 4.1, we obtain that the following stability result of the solution
set for the properly quasimonotone dual variational inequality.

Theorem 4.2. Let (Z1, d1) and (Z2, d2) be metric spaces, u0 ∈ Z1 and v0 ∈ Z2

be given points. Let L : Z1 → 2X be a continuous set-valued mapping with

nonempty weakly compact convex values and int(barr L(u0)) 6= ∅. Suppose that

there exists a neighborhood U × V of (u0, v0) and M = ∪u∈UL(u) such that F :
M × V → 2X∗

is a lower semicontinuous mapping with nonempty values. Suppose

that

(i) For each v ∈ V , the mapping x 7→ F (x, v) is properly quasimonotone on M ;

(ii) The solution set of DVIP(F (·, v0), L(u0)) is nonempty and bounded.

Then there exists a neighborhood U ′ × V ′ of (u0, v0) with U ′ × V ′ ⊂ U × V such

that, for every (u, v) ∈ U ′×V ′, the solution set of DVIP(F (·, v), L(u)) is nonempty

and bounded.

Proof. From Lemma 3.1 and int(barr L(u0)) 6= ∅, condition (iii) implies that
there exists a continuous mapping K : Z1 → 2X with nonempty bounded closed
convex values and K(u0) ⊂ L(u0) such that, for every x0 ∈ L(u0) \ K(u0), there
exists some y0 ∈ K(u0) satisfying

sup
y∗
0∈F (y0,v0)

〈y∗0 , x0 − y0〉 > 0.

Then, from Theorem 4.1, there exists a neighborhood U ′ × V ′ of (u0, v0) with
U ′ × V ′ ⊂ U × V such that, for every (u, v) ∈ U ′ × V ′, there is K(u) ⊂ L(u) such
that, for every x ∈ L(u) \ K(u), there exists some y ∈ K(u) satisfying

sup
y∗∈F (y,v)

〈y∗, x− y〉 > 0.

Since F is properly quasimonotone, it follows from Lemma 3.1 that the solution set
of DVIP(F (·, v), L(u)) is nonempty and bounded for every (u, v) ∈ U ′ × V ′. This
completes the proof.

Remark 4.2. In Theorem 4.2, we give a new method to discuss the stability
result of the solution set for the dual variational inequality, which is different from
one used in the proof of Theorem 3.2 in [18].

From Theorem 4.2 and Lemma 3.2, we can easily establish the following stability
result of the solution set for the pseudomonotone generalized variational inequality.

Theorem 4.3. Let (Z1, d1) and (Z2, d2) be two metric spaces, u0 ∈ Z1 and

v0 ∈ Z2 be given points. Let L : Z1 → 2X be a continuous set-valued mapping

with nonempty weakly compact convex values and int(barr L(u0)) 6= ∅. Suppose

that there exists a neighborhood U × V of (u0, v0) and M = ∪u∈UL(u) such that

F : M × V → 2X∗
is a lower semicontinuous mapping with nonempty weakly

compact convex values. Suppose that

(i) For each v ∈ V , the mapping x 7→ F (x, v) is upper hemicontinuous and

pseudomonotone on M ;

(ii) The solution set of GVIP(F (·, v0), L(u0)) is nonempty and bounded.
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Then there exists a neighborhood U ′ × V ′ of (u0, v0) with U ′ × V ′ ⊂ U × V such

that, for every (u, v) ∈ U ′×V ′, the solution set of GVIP(F (·, v), L(u)) is nonempty

and bounded.

Proof. Since F is upper hemicontinuous with nonempty weakly compact convex
values and pseudomonotone on M , from Lemma 3.2, we know that the solution
set of DVIP(F (·, v), L(u)) coincides with that of GVIP(F (·, v), L(u)). Note that
pseudomonotone mappings are properly quasimonotone, the result follows directly
from Theorem 4.2.

4.2. Without monotonicity assumption

The following Theorem 4.4 will be useful for proving our results.

Theorem 4.4. Let (Z1, d1) and (Z2, d2) be two metric spaces, u0 ∈ Z1 and

v0 ∈ Z2 be given points. Let L : Z1 → 2X be a continuous set-valued mapping with

nonempty weakly compact convex values. Suppose that there exists a neighborhood

U × V of (u0, v0) and M = ∪u∈UL(u) such that F : M × V → 2X∗
is a continuous

mapping with nonempty weakly∗ compact values. If there exists a continuous

mapping K : Z1 → 2X with nonempty bounded closed convex values and K(u0) ⊂
L(u0) such that, for every x0 ∈ L(u0) \ K(u0), there exists some y0 ∈ K(u0)
satisfying

inf
x∗
0∈F (x0,v0)

〈x∗
0, x0 − y0〉 > 0,

then there exists a neighborhood U ′ × V ′ of (u0, v0) with U ′ × V ′ ⊂ U × V such

that, for every (u, v) ∈ U ′ × V ′, K(u) ⊂ L(u) and for every x ∈ L(u) \K(u), there

exists some y ∈ K(u) satisfying

inf
x∗∈F (x,v)

〈x∗, x− y〉 > 0.

Proof. Suppose that the conclusion does not hold. Then there exists a sequence
{(un, vn)} ⊂ Z1 × Z2 with (un, vn) → (u0, v0), such that K(un) ⊂ L(un) and
there exists a sequence {xn} ⊂ L(un) \ K(un) such that for each n, ‖xn‖ > n

and infx∗
n∈F (xn ,vn)〈x∗

n, xn − y〉 ≤ 0 for every y ∈ K(un) with ‖y‖ ≤ n. For any
y1 ∈ K(u0), since K is lower semicontinuous and un → u0, thus, there exists
yn ∈ K(un) with ‖yn‖ ≤ n such that yn → y1. It follows that

〈x∗
n, xn − yn〉 ≤ 0. (4.2)

Since xn ⊂ L(un) \ K(un) and L(un) is a weakly compact convex subset of X,
there exists {xnk} ⊂ {xn} such that xnk ⇀ x1. From the upper semicontinuity
of L, there exists znk ∈ L(u0) such that limk→∞ ‖xnk − znk‖ = 0. This together
with the weak convergence of xnk to x1 yields that znk ⇀ x1. Thus, we know that
x1 ∈ L(u0) as L(u0) is weakly compact.

We claim that x1 6∈ K(u0). Indeed, since xnk 6∈ K(un) and K is upper semi-
continuous, for all wnk ∈ K(u0), there exists some ε0 > 0 such that ‖xnk −wnk‖ ≥
ε0. Thus, wnk 6⇀ x1 and so we have the claim.
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Since x∗
n ∈ F (xn, vn) and F (xn, vn) is a weakly∗ compact convex subset of X∗,

there exists {x∗
nk
} ⊂ {x∗

n} such that x∗
nk

∈ F (xnk, vnk) and x∗
nk

weakly∗ converges
to x∗

1. From the upper semicontinuity of F , there exists p∗nk
∈ F (x1, v0) such that

lim
k→∞

‖x∗
nk

− p∗nk
‖ = 0.

This together with the weak∗ convergence of x∗
nk

to x∗
1 yields that p∗nk

weakly∗

converges to x∗
1. Thus, we obtain x∗

1 ∈ F (x1, v0) as F (x1, v0) is weakly∗ compact
convex subset of X∗. By (4.2), we have

〈x∗
nk

, xnk − ynk〉 ≤ 0.

Letting k → ∞, we obtain that

〈x∗
1, x1 − y1〉 ≤ 0,

which contradicts our assumption. This completes the proof.

Theorem 4.5. Let (Z1, d1) and (Z2, d2) be two metric spaces, u0 ∈ Z1 and
v0 ∈ Z2 be given points. Let L : Z1 → 2X be a continuous set-valued mapping
with nonempty weakly compact convex values and int(barr L(u0)) 6= ∅. Suppose
that there exists a neighborhood U × V of (u0, v0) and M = ∪u∈UL(u) such that
F : M×V → 2X∗

is a continuous mapping with nonempty weakly∗ compact convex
values and ker(F (M, V )) = {0}. Suppose that

(i) For each v ∈ V , the mapping x 7→ F (x, v) is weak-‖ · ‖ upper semicontinuous
on M ;

(ii) The solution set of GVIP(F (·, v0), L(u0)) is nonempty and bounded.

Then there exists a neighborhood U ′ × V ′ of (u0, v0) with U ′ × V ′ ⊂ U × V such
that, for every (u, v) ∈ U ′×V ′, the solution set of GVIP(F (·, v), L(u)) is nonempty.

Proof. From Theorem 3.2, it implies that there exists a continuous mapping
K : Z1 → 2X with nonempty bounded closed convex values and K(u0) ⊂ L(u0),
where K(x) := {y ∈ L(x) : ‖y‖ ≤ n} such that, for every x0 ∈ L(u0) \K(u0), there
exists some y0 ∈ K(u0) satisfying

inf
x∗
0∈F (x0,v0)

〈x∗
0, x0 − y0〉 > 0.

Thus, from Theorem 4.4, there exists a neighborhood U ′ × V ′ of (u0, v0) with
U ′ × V ′ ⊂ U × V such that, for every (u, v) ∈ U ′ × V ′, K(u) ⊂ L(u) and for every
x ∈ L(u) \K(u), there exists some y ∈ K(u) satisfying

inf
x∗∈F (x,v)

〈x∗, x− y〉 > 0.

It follows from Theorem 3.1 and F is weak-‖ · ‖ upper semicontinuous on M that
the solution set of GVIP(F (·, v), L(u)) is nonempty for every (u, v) ∈ U ′×V ′. This
completes the proof.

Remark 4.3. Contrast with Theorem 4.3, we establish the stability result of the
solution set for the generalized variational inequality without pseudomonotonicity
assumption.
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