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Abstract. We have proposed a generalization of Beta Function by using the distri-
bution function of a random variable X . The generalization is then used to propose

a new class of probability distributions which extended the result of Eugene et al.
(2002). Some standard properties of the proposed class have been studied.

1. Introduction

The generalization of probability distribution to cover wider applicability has at-
tracted a number of mathematicians and statisticians. These generalizations have
been done by using various methods which ultimately lead to a different generalized
form of the parent distribution under study. The Exponential and Weibull distri-
butions have been most widely generalized as they pocess nice properties and these
two distributions have found tremendous applications in reliability and survival
analysis. The exponentiated Exponential and exponentiated Weibull distributions
are two famous generalizations. Mudholkar et al. [5] has proposed a generalization
of Weibull distribution that has a lot of applications in survival analysis. Xie et al.
[10] has also proposed a modified Weibull distribution that has more applicability
in reliability engineering and survival analysis.

Eugene et al. [2] has proposed a new method of generalizing a probability dis-
tribution which is based upon the logit of beta random variable. The logit of beta
random variable has its representation as:

Ix (a, b) =
1

β (a, b)

∫ x

0

wa−1 (1 − w)b−1
dw, (1)

where β (a, b) is the classic beta function. Eugene et al. [2] has proposed the gen-
eralized class of probability distributions by replacing x in (1) by the distribution
function of any random variable and then (1) can be used as a distribution func-
tion of a new generalized class. The generalized class of distributions proposed by
Eugene et al. [2] is given as:

F (x) = IG(x) (a, b) =
1

β (a, b)

∫ G(x)

0

wa−1 (1 − w)b−1
dw (2)
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where G (x) is a distribution function of any random variable. An alternative
representation of (2) by using the Hypergemetric series function representation
form [3] is:

F (x) =
1

aβ (a, b)
G (x)2 F1 [a, 1 − b, a + 1, G (x)] . (3)

The density function corresponding to (2) is given as:

f (x) =
1

β (a, b)
g (x) [G (x)]a−1 [1 − G (x)]b−1

, (4)

where g (x) = d
dxG (x). Eugene et al. [2] has used the distribution function of a

Normal distribution as G (x) in (2) to develop the Beta-Normal distribution. The
Beta-Normal distribution of Eugene et al. [2] has found tremendous applications
in many areas of statistics. The generalized class of distributions proposed by
Eugene et al. [2] has attracted other people to develop some more probability
distributions with more wider applications. Nadarajah and Gupta [6] has obtained
beta-Frechet distribution with some of its common properties. The beta-Gumbel
distribution has been obtained by Nadarajah and Kotz [7] by using G (x) as a
distribution function of Gumbel distribution. The beta-Exponential distribution
alongside its key properties has been studied by Nadarajah and Kotz [8]. Lee et
al. [4] has obtained the beta-Weibull distribution by using G (x) as distribution
function of a Weibull distribution in (2). The beta-Exponential distribution of
Nadarajah and Kotz [8] is a special case of beta-Weibull distribution proposed by
Lee et al. [4]. Pescim et al. [9] has used the distribution function of generallized
half-normal distribution of [1] in (2) to obtain the beta-generalized half-normal
distribution. Pescim et al. [9] has also obtained the standard properties of the
proposed distribution.

The class of probability distributions proposed by Eugene et al. [2] can further
be extended by generalizing the logit of beta function. In the following we proposed
the generalization of beta function and its logit. We will then use the generalized
results to propose a more generalized class of distribution.

2. A generalized class of beta distributions

Consider the beta function defined as:

β (a, b) =
∫ 1

0

wa−1 (1 − w)b−1
dw. (5)

If we make the transformation w = H (t) and dw = h (t) dt, where H (t) is distribu-
tion function of some random variable and h (t) = d

dt
H (t), then (5) can be written

as:

β1 (a, b) =
∫ ∞

−∞
[H (t)]a−1 [1 − H (t)]b−1

h (t) dt (6)

and we will use (6) to obtain a further generalization of the class of distributions
proposed by Eugene et al. [2]. We can readily see that β (a, b) = β1 (a, b) for all a

and b. Based upon definition (6), the logit can be defined as:

IGx =
1

β (a, b)

∫ x

−∞
[H (t)]a−1 [1 − H (t)]b−1

h (t) dt. (7)
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Now using (7) and following the method of Eugene et al. [2], we define the distri-
bution function of a more generalized calss as:

F1 (x) = IGG(x) =
1

β (a, b)

∫ G(x)

−∞
[H (t)]a−1 [1 − H (t)]b−1 h (t) dt, (8)

where G (x) is distribution function of any random variable. We can note that if
in (8) H (t) = w then we ends up with (2). The density function corresponding to
(8) is:

f1 (x) =
1

β (a, b)
g (x) h {G (x)} [H {G (x)}]a−1 [1 − H {G (x)}]b−1

, (9)

where g (x) = d
dxG (x) as before. Again we can see that (4) is a special case of (9).

We can also see from (9) that if a = b = 1 and H (x) = x, then f1 (x) = g (x) as it
should be. Further from (9) we can see that for a = b = 1 the density function of
new generalized class of distributions is given as:

f1 (x) = g (x) h {G (x)} . (10)

The class of distributions defined in (9) can be used to generate several probability
distributions for various choices of H (x) and G (x).

In the following section we give an example for the purpose of illustration.

Exmaple 1. A generalization of the class of distributions by Eugene et al. [2]
is given in (8) and (9). We now present an example for illustration. We derived a
more general class of probability distributions by using H (x) = 1− exp (−αx) and
G (x) = 1 − exp (−λx) in (9). We will call this distribution the beta-exponential-
exponential distribution. Using H (x) and G (x) in (9) the density function of
beta-exponential-exponential distribution is given as:

f1 (x) =
1

β (a, b)
α exp {−α (1 − exp (−λx))}λ exp (−λx)

[1 − exp {−α (1 − exp (−λx))}]a−1 [exp {−α (1 − exp (−λx))}]b−1

=
1

β (a, b)
αλ exp (−λx) exp {−αb (1 − exp (−λx))}

[1 − exp {−α (1 − exp (−λx))}]a−1

=
αλ

β (a, b)
exp (−λx)

∞∑

j=0

(−1)j

(
a − 1

j

)

exp [−α (b + j) {1 − exp (−λx)}] . (11)

The density (11) can be used to obtain several distributions for various choices of
a and b. The kth moment of beta-exponential-exponential distribution is:

E
(
Xk

)
=

∫ ∞

0

xkf1 (x) dx

=
αλ

β (a, b)

∫ ∞

0

xk exp (−λx)
∞∑

j=0

(−1)j

(
a − 1

j

)

exp [−α (b + j) {1 − exp (−λx)}] dx.
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Using [3] and after some simplification, the kth moment is given as:

E
(
Xk

)
=

αk!
λkβ (a, b)

∞∑

j=0

(−1)j

(
a − 1

j

)
exp {−α (b + j)}

k+1Fk+1 [{1, 1, ...,1} , {2, 2, ...,2} ; α (b + j)] , (12)

where kFk [{1, 1, ...,1} , {2, 2, ...,2} ; w] is the Hypergeometric function with k nu-
merator and k denomenator parameters. The mean can be readily obtained from
(12) as:

E (X) =
α

λβ (a, b)

∞∑

j=0

(−1)j

(
a − 1

j

)
exp {−α (b + j)}

2F2 [(1, 1) , (2, 2) ; α (b + j)] . (13)

The distribution function of beta-exponential-exponential distribution is:

F1 (x) =
∫ x

0

f1 (t) dt

=
∫ x

0

αλ

β (a, b)
exp (−λt)

∞∑

j=0

(−1)j

(
a − 1

j

)

exp [−α (b + j) {1 − exp (−λt)}] dt

= β (a, b)− 1
b

exp [−αb {1 − exp (−λx)}]×

2F1 [1 − a, b; b + 1; exp {−α (1 − exp (−λx))}] . (14)

The survivourship function and the hazard function can be readily obtained from
(11) and (14).
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