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Abstract. In this paper, a new system of variational inclusions involving the gener-
alized H-η-accretive operator in Banach spaces is introduced and studied. By using

the technique of resolvent operator associated with the generalized H-η-accretive
operator due to Luo and Huang [17], a new iterative algorithm for solving the sys-

tem of variational inclusions in Banach spaces is constructed. Under some suitable
conditions, the existence of solution for the system of variational inclusions and the

convergence of iterative sequences generated by the algorithm are proved.

1. Introduction

It is well known that the variational inequality theory plays an important role
in many fields, such as mechanics and physics, optimization and control, linear and
nonlinear programming, economics and transportation equilibrium, and engineer-
ing sciences, etc. Because of its wide applications, variational inequality problems
have been generalized in various directions for the past years. Variational inclu-
sions, as the generalization of variational inequalities, have been widely studied in
recent years. One of the most interesting and important problems in the theory
of variational inclusions is the development of an efficient and implementable it-
erative algorithm. Various kinds of iterative algorithms have been studied to find
solutions for variational inclusions in finite or infinite dimensional spaces. Among
these methods, the resolvent operator techniques for solving variational inclusions
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have been widely used by many authors. For more details, we refer to [1-17, 19-26]
and the references therein.

Recently, Ding and Luo [2], Huang and Fang [12], Fang and Huang [4], Fang
and Huang [5, 6], Verma [19, 20], Verma [21], Zhang [24] and Sun et al. [22]
introduced the concepts of η-subdifferential operators, maximal η-monotone oper-
ators, H-monotone operators, (H, η)-monotone operators, A-monotone operators,
(A, η)-monotone operators, G-η-monotone operators and M -monotone operators
in Hilbert spaces, respectively. In 2001, Huang and Fang [11] were the first to
introduced generalized m-accretive operators which extend the notion of maximal
η-monotone operators to Banach spaces. Fang and Huang [7, 8], Fang et al. [9], Lan
et al. [14, 13] and Zou and Huang [25, 26] investigated many accretive operators
such as H-accretive operators, (H, η)-accretive operators, (A, η)-accretive operators
and H(·, ·)-accretive operators in Banach spaces, which generalized the notions of
H-monotone operators, (H, η)-monotone operators, (A, η)-monotone operators and
M -monotone operators in Hilbert spaces. They also defined the associated resol-
vent operators, and used the resolvent operator technique, they developed some
iterative algorithms to approximate the solutions of variational inclusions.

On the other hand, Xia and Huang [23], Ding and Feng [1], Feng and Ding [10],
Lou et al. [15], Ding and Wang [3] and Luo and Huang [16] introduced the notions
of general H-monotone operators, A-monotone operators, H-η-monotone operators
and B-monotone operators in Banach spaces, which generalized the corresponding
notions of the monotone type operators mentioned above. Very recently, Luo and
Huang [17] introduced and studied a new notion of generalized H-η-accretive op-
erator. As an application, they studied the existence of solutions for a new class of
variational inclusions in Banach spaces and the convergence of the sequence gener-
ated by the algorithm. They also gave some interesting examples to illustrate their
results.

Motivated and inspired by the research work mentioned above, in this paper, we
introduce and study a new system of variational inclusions involving the general-
ized H-η-accretive operator in Banach spaces. By using the technique of resolvent
operator associated with the generalized H-η-accretive operator due to Luo and
Huang [17], we construct a new iterative algorithm for solving the system of vari-
ational inclusions in Banach spaces. Under some suitable conditions, we prove the
existence of solution for the system of variational inclusions and the convergence of
iterative sequences generated by the algorithm. The results presented in this paper
improve and extend some known results in the literature.

2. Preliminaries

Let X be a real Banach space with the dual space X∗, and the norm and the dual
pair between X and X∗ be denoted by ‖ · ‖ and 〈·, ·〉, respectively. Let 2X denotes
the family of all subsets of X. The normalized duality mapping J : X → 2X∗

is
defined by

J(x) = {f ∈ X∗ : 〈f, x〉 = ‖f‖ · ‖x‖, ‖f‖ = ‖x‖}, ∀x ∈ X.
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Definition 2.1. Let X and Y be Banach spaces with the dual spaces X∗ and
Y ∗, respectively. Let A : X → Y and η : X × X → Y ∗ be single-valued mappings.
A is said to be

(i) generalized η-accretive if

〈A(x) − A(y), η(x, y)〉 ≥ 0

for all x, y ∈ X;
(ii) generalized strictly η-accretive if

〈A(x) − A(y), η(x, y)〉 ≥ 0

for all x, y ∈ X, and equality holds if and only if x = y;
(iii) generalized γ-strongly η-accretive if there exists a constant γ > 0, such that

〈A(x) − A(y), η(x, y)〉 ≥ γ‖x − y‖2

for all x, y ∈ X;
(iv) generalized δ-relaxed η-accretive if there exists a constant δ > 0 such that

〈A(x) − A(y), η(x, y)〉 ≥ −δ‖x − y‖2

for all x, y ∈ X;
(v) s-Lipschitz continuous if there exists a constant s > 0, such that

‖A(x) − A(y)‖ ≤ s‖x − y‖
for all x, y ∈ X.

Definition 2.2. Let X and Y be Banach spaces with the dual spaces X∗ and
Y ∗, respectively. Let M : X → 2Y be a multi-valued mapping and η : X ×X → Y ∗

be a single-valued mapping. M is said to be
(i) generalized η-accretive if

〈u − v, η(x, y)〉 ≥ 0

for all x, y ∈ X, u ∈ Mx, v ∈ My;
(ii) generalized strictly η-accretive if

〈u − v, η(x, y)〉 ≥ 0

for all x, y ∈ X, u ∈ Mx, v ∈ My, and equality holds if and only if x = y;
(iii) generalized r-strongly η-accretive if there exists a constant r > 0 such that

〈u − v, η(x, y)〉 ≥ r‖x− y‖2

for all x, y ∈ X, u ∈ Mx, v ∈ My;
(iv) generalized m-relaxed η-accretive if there exists a constant m > 0, such

that
〈u − v, η(x, y)〉 ≥ −m‖x − y‖2

for all x, y ∈ X, u ∈ Mx, v ∈ My.

Definition 2.3. A single-valued mapping η : X×X → Y ∗ is said to be Lipschitz
continuous if there exists a constant τ > 0 such that

‖η(x, y)‖ ≤ τ‖x − y‖
for all x, y ∈ X.
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Lemma 2.1 ([18]). Let X be a real Banach space and J : X → 2X∗
be a

normalized duality mapping. Then

‖x + y‖2 ≤ ‖x‖2 + 2〈y, j(x + y)〉

for all x, y ∈ X and j(x + y) ∈ J(x + y).

Definition 2.4. Let X and Y be Banach spaces with the dual spaces X∗ and
Y ∗, respectively. Let H : X → Y , η : X ×X → Y ∗ be single-valued mappings, and
M : X → 2Y be a multi-valued mapping. The mapping M is said to be generalized
H-η-accretive if M is generalized m-relaxed η-accretive and (H + λM )(X) = Y

holds for every λ > 0.

Lemma 2.2 ([17]). Let X and Y be Banach spaces with the dual spaces X∗ and

Y ∗, respectively. Let η : X×X → Y ∗ be a single-valued mappings, H : X → Y be a

generalized r-strongly η-accretive mapping and M : X → 2Y be a generalized H-η-

accretive mapping. Then (H+λM )−1 is a single-valued mapping, where 0 < λ < r
m

is a constant.

Based on Lemma 2.2, we can define the following generalized resolvent operator
RH,η

M,λ.

Definition 2.5 ([17]). Let X and Y be reflexive Banach spaces with the dual
spaces X∗ and Y ∗, respectively. Let η : X × X → Y ∗ be a single-valued mapping,
H : X → Y be a generalized r-strongly η-accretive mapping and M : X → 2Y be
a generalized H-η-accretive mapping. The generalized resolvent operator RH,η

M,λ :
Y → X is defined by

RH,η
M,λ(x∗) = (H + λM )−1(x∗), ∀x∗ ∈ Y,

where λ > 0 is a constant.

Lemma 2.3 ([17]). Let X and Y be reflexive Banach spaces with the dual spaces

X∗ and Y ∗, respectively. Let η : X×X → Y ∗ be a τ -Lipschitz continuous mapping,

H : X → Y be a generalized r-strongly η-accretive mapping and M : X → 2Y

be a generalized H-η-accretive mapping. Then the generalized resolvent operator

RH,η
M,λ : Y → X is Lipschitz continuous with constant τ

r−mλ for 0 < λ < r
m , i.e.,

‖RH,η
M,λ(x∗) − RH,η

M,λ(y∗)‖ ≤ τ

r − mλ
‖x∗ − y∗‖

for all x∗, y∗ ∈ Y .

3. A new system of variational inclusions

In this sections, we shall introduce a new system of variational inclusions involv-
ing Generalized H-η-accretive Operators in Banach spaces.

Let X1, X2, Y1 and Y2 be reflexive Banach spaces with dual spaces X∗
1 , X∗

2 , Y ∗
1

and Y ∗
2 , respectively. Let F : X1×X2 → Y1, G : X1×X2 → Y2, η1 : X1×X2 → Y ∗

1 ,
η2 : X1 × X2 → Y ∗

2 be single-valued mappings. Let Hi : Xi → Yi (i = 1, 2) be
two generalized ri-strongly ηi-accretive mappings. Let Mi : Xi → 2Yi (i = 1, 2) be
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two generalized Hi-ηi-accretive mappings. We consider the following new system
of variational inclusions: Find (x, y) ∈ X1 × X2 such that

{
0 ∈ F (x, y) + M1(x),
0 ∈ G(x, y) + M2(y).

(3.1)

It is easy to see that problem (3.1) includes many kinds of system of variational
inclusions, variational inequalities and complementarity problems as special cases.

Theorem 3.1. Let X1, X2, Y1 and Y2 be reflexive Banach spaces with dual
spaces X∗

1 , X∗
2 , Y ∗

1 and Y ∗
2 , respectively. Let F : X1 ×X2 → Y1, G : X1 ×X2 → Y2,

η1 : X1×X2 → Y ∗
1 , η2 : X1×X2 → Y ∗

2 be single-valued mappings. Let Hi : Xi → Yi

(i = 1, 2) be two generalized ri-strongly ηi-accretive mappings. Let Mi : Xi → 2Yi

(i = 1, 2) be two generalized Hi-ηi-accretive mappings. Then (x, y) ∈ X1 × X2 is a

solution of problem (3.1) if and only if
{

x = RH1,η1
M1,λ [H1(x) − λF (x, y)],

y = RH2,η2
M2,ρ [H2(y) − ρG(x, y)],

where

RH1,η1
M1,λ = (H1 + λM1)−1, RH2,η2

M2,ρ = (H2 + ρM2)−1

and λ > 0, ρ > 0 are constants.

Proof. The conclusion can be drawn directly from the definition of the gener-
alized resolvent operator RH,η

M,λ. This completes the proof.

Based on Theorem 3.1, we can construct an iterative algorithm for solving prob-
lem (3.1) as follows:

Algorithm 3.1. For any given (x0, y0) ∈ X1 × X2, we can define iterative
sequences {xn}, {yn} by

xn+1 = RH1,η1
M1,λ [H1(xn) − λF (xn, yn)] (3.2)

and

yn+1 = RH2,η2
M2,ρ [H2(yn) − ρG(xn, yn)], (3.3)

for all n = 0, 1, 2, · · · , and λ > 0, ρ > 0 are constants.

4. Existence and Convergence

Definition 4.1. A single-valued mapping F : X1 × X2 → Y1 is said to be
(i) ξ1-Lipschitz continuous in the first argument if there exists ξ1 > 0 such

that

‖F (x1, ·) − F (x2, ·)‖ ≤ ξ1‖x1 − x2‖
for all x1, x2 ∈ X1;

(ii) ξ2-Lipschitz continuous in the second argument, if there exists ξ2 > 0 such
that

‖F (·, y1) − F (·, y2)‖ ≤ ξ2‖y1 − y2‖
for all y1, y2 ∈ X2.
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Definition 4.2. A single-valued mapping G : X1 × X2 → Y2 is said to be
(i) µ1-Lipschitz continuous in the first argument, if there exists µ1 > 0 such

that

‖G(x1, ·)− G(x2, ·)‖ ≤ µ1‖x1 − x2‖
for all x1, x2 ∈ X1;

(ii) µ2-Lipschitz continuous in the second argument, if there exists µ2 > 0 such
that

‖G(·, y1) − G(·, y2)‖ ≤ µ2‖y1 − y2‖
for all y1, y2 ∈ X2.

Now we give some sufficient conditions which guarantee the existence of solution
for problem (3.1) and the convergence of iterative sequences generated by Algorithm
3.1.

Theorem 4.1. Let X1, X2, Y1 and Y2 be reflexive Banach spaces with dual
spaces X∗

1 , X∗
2 , Y ∗

1 and Y ∗
2 , respectively. Let F , G, η1 and η2 be single-valued

mappings. Let F : X1 × X2 → Y1 be ξ1-Lipschitz continuous in the first argument
and ξ2-Lipschitz continuous in the second argument, and G : X1 × X2 → Y2 be
µ1-Lipschitz continuous in the first argument and µ2-Lipschitz continuous in the
second argument. Let ηi : X1 × X2 → Y ∗

i (i = 1, 2) be two τi-Lipschitz continuous
mappings. Let Hi : Xi → Yi (i = 1, 2) be two generalized ri-strongly ηi-accretive
mappings and be δi-Lipschitz continuous. Let Mi : Xi → 2Yi (i = 1, 2) be two
generalized Hi-ηi-accretive mappings. If





0 <
τ2
1 (δ2

1 + λξ2
1)

(r1 − m1λ)2(1 − 2λ)
+

τ2
2 ρξ2

4

(r2 − m2ρ)2(1 − 2ρ)
< 1,

0 <
τ2
1λξ2

2

(r1 − m1λ)2(1 − 2λ)
+

τ2(δ2
2 + ρξ2

3)
(r2 − m2ρ)2(1 − 2ρ)

< 1,

(4.1)

then the iterative sequences {xn} and {yn} generated by Algorithm 3.1 converges
strongly to x and y, respectively, and (x, y) is a solution of problem (3.1).

Proof. By (3.2), we have

‖xn+1 − xn‖

= ‖RH1,η1
M1,λ [H1(xn) − λF (xn, yn)] − RH1,η1

M1,λ [H1(xn−1) − λF (xn−1, yn−1)]‖

≤ τ1

r1 − m1λ
‖H1(xn) − λF (xn, yn) − H1(xn−1) + λF (xn−1, yn−1)‖. (4.2)

By Lemma 2.1, we have

‖H1(xn) − λF (xn, yn) − H1(xn−1) + λF (xn−1, yn−1)‖2

≤ ‖H1(xn) − H1(xn−1)‖2 − 2λ〈F (xn, yn) − F (xn−1, yn−1), j(H1(xn)

− λF (xn, yn) − H1(xn−1) + λF (xn−1, yn−1))〉
≤ ‖H1(xn) − H1(xn−1)‖2

− 2λ〈F (xn, yn) − F (xn−1, yn), j(H1(xn) − λF (xn, yn) − H1(xn−1)

+ λF (xn−1, yn−1))〉 − 2λ〈F (xn−1, yn) − F (xn−1, yn−1), j(H1(xn)
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− λF (xn, yn) − H1(xn−1) + λF (xn−1, yn−1))〉
≤ ‖H1(xn) − H1(xn−1)‖2 + 2λ(‖F (xn, yn) − F (xn−1, yn)‖

+ ‖F (xn−1, yn) − F (xn−1, yn−1)‖)
× ‖H1(xn) − λF (xn, yn) − H1(xn−1) + λF (xn−1, yn−1)‖

≤ ‖H1(xn) − H1(xn−1)‖2 + λ(‖F (xn, yn) − F (xn−1, yn)‖2

+ ‖F (xn−1, yn) − F (xn−1, yn−1)‖2)

+ 2λ‖H1(xn) − λF (xn, yn) − H1(xn−1) + λF (xn−1, yn−1)‖2. (4.3)

Since F : X1 × X2 → Y1 is ξ1-Lipschitz continuous in the first argument and
ξ2-Lipschitz continuous in the second argument, H1 is δ1-Lipschitz continuous, it
follows from (4.3) that

‖H1(xn) − λF (xn, yn) − H1(xn−1) + λF (xn−1, yn−1)‖2

≤ δ2
1‖xn − xn−1‖2 + λ(ξ2

1‖xn − xn−1‖2 + ξ2
2‖yn − yn−1‖2)

+ 2λ‖H1(xn) − λF (xn, yn) − H1(xn−1) + λF (xn−1, yn−1)‖2

and so

‖H1(xn) − λF (xn, yn) − H1(xn−1) + λF (xn−1, yn−1)‖2

≤ 1
1 − 2λ

[(δ2
1 + λξ2

1)‖xn − xn−1‖2 + λξ2
2‖yn − yn−1‖2]. (4.4)

It follows form (4.2) and (4.4) that

‖xn+1 − xn‖2

≤ τ2
1

(r1 − m1λ)2
‖H1(xn) − λF (xn, yn) − H1(xn−1) + λF (xn−1, yn−1)‖2

≤ τ2
1

(r1 − m1λ)2(1 − 2λ)
[(δ2

1 + λξ2
1)‖xn − xn−1‖2 + λξ2

2‖yn − yn−1‖2].

In a similar way, by (3.3), we have

‖yn+1 − yn‖2 ≤
τ2
2

(r2 − m2ρ)2(1 − 2ρ)
[(δ2

2 + ρξ2
3)‖yn − yn−1‖2 + ρξ2

4‖xn − xn−1‖2].

Thus, we can get

‖xn+1 − xn‖2 + ‖yn+1 − yn‖2

≤ [
τ2
1 (δ2

1 + λξ2
1)

(r1 − m1λ)2(1 − 2λ)
+

τ2
2ρξ2

4

(r2 − m2ρ)2(1 − 2ρ)
]‖xn − xn−1‖2

+ [
τ2
1 λξ2

2

(r1 − m1λ)2(1 − 2λ)
+

τ2
2 (δ2

2 + ρξ2
3)

(r2 − m2ρ)2(1 − 2ρ)
]‖yn − yn−1‖2.

Let

θ = max{[ τ2
1 (δ2

1 + λξ2
1)

(r1 − m1λ)2(1 − 2λ)
+

τ2
2ρξ2

4

(r2 − m2ρ)2(1 − 2ρ)
],

[
τ2
1λξ2

2

(r1 − m1λ)2(1 − 2λ)
+

τ2
2 (δ2

2 + ρξ2
3)

(r2 − m2ρ)2(1 − 2ρ)
].
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Then (4.1) shows that 0 < θ < 1. Thus

‖xn+1 − xn‖2 + ‖yn+1 − yn‖2 ≤ θ(‖xn − xn−1‖2 + ‖yn − yn−1‖2).

Now it is easy to see that {xn} and {yn} are both Cauchy sequences and so there
exist x ∈ X1 and y ∈ X2 such that xn → x and yn → y as n → ∞.

Moreover, by the continuity of H1, H2, F, G, RH1,η1
M1,λ

, RH2,η2
M2,ρ and Algorithm 3.1,

we have {
x = RH1,η1

M1,λ [H1(x) − λF (x, y)],
y = RH2,η2

M2,ρ [H2(y) − ρG(x, y)].
(4.5)

It follows from (4.5) and Theorem 3.1 that (x, y) is a solution of problem (3.1).
This completes the proof.

Remark 4.1. Theorem 4.1 improves and extends some known results in the
literature.
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