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Abstract. It is well known that the extended general quasi-variational inequalities

are equivalent to the fixed point problem. We use this alternative equivalent formu-
lation to study the existence of a solution of the extended general quasi-variational

inequalities under some suitable conditions. Several special cases are also discussed.

1. Introduction

Variational inequalities, which was introduced and considered in early 1960’s,
combines theoretical and algorithmic advances with new and novel domain of ap-
plications. In recent years, considerable interest has been shown in developing
various extensions and generalizations of variational inequalities using the novel
techniques, both for their own sake and for their applications. There are signifi-
cant developments of these problems related to nonconvex optimization, iterative
method and structural analysis. We would like to mention that if the choice convex
set depends upon the solution explicitly or implicitly, then the variational inequal-
ity is called the quasi variational inequality. Benssousan and Lions [2] has shown
that a class of impulse control problems can be formulated as quasi variational in-
equality problem. For recent work on the generalized variants of quasi variational
inequalities and their applications, see [1-32].

Motivated and inspired by the research work going on in this field, Noor [26,27]
considered and studied a new class of quasi-variational inequalities, which is called
the extended general quasi-variational inequality involving three operators. This
class is quite general and unifying one. It has been shown that the extended general
quasi-variational inequalities include several known and new classes of variational
inequalities as special cases. Using the projection method, Noor [26,27] has shown
that the extended general quasi-variational inequalities are equivalent to the fixed
point problem. We would like to emphasize that this technique is mainly due to

Received an accepted Jul. 2010.
2000 Mathematics Subject Classification: 49J40, 90C33.
Key words and phrases: Quasi-ariational inequalities, projection method, fixed point,

existence.



34 Muhammad Aslam Noor

Lions and Stamapcchia [6] for variational inequalities. This alternative equivalent
formulation has played a significant role in the developments of various projec-
tion type methods for solving the variational inequalities and related optimization
problems. We again use this equivalent formulation to study the existence of a
solution of the extended general quasi-variational inequalities and this is the main
of motivation of this paper. For recent applications, formulations and numerical
methods using the neural network technique, see Liu and Cao [7] and Liu and yang
[8]. One can easily show that the different systems of variational inequalities are
special cases of the extended general quasi-variational inequalities. Results proved
in this paper may stimulate and inspire the readers to discover new and innovative
applications of the extended general quasi-variational inequalities in various fields
of pure and applied sciences.

2. Premilinaries and Basic Results

Let H be a real Hilbert space whose inner product and norm are denoted by
〈·, ·〉 and ‖.‖ respectively. Let K(u) be a nonempty, closed and convex-valued set
in H.

For given three operators T, g, h : H → H, consider the problem of finding
u ∈ H, h(u) ∈ K(u) such that

〈Tu, g(v) − h(u)〉 ≥ 0, ∀v ∈ H : g(v) ∈ K(u). (2.1)

Inequality of type (2.1) is called the extended general quasi-variational inequality
involving three operators, introduced and studied by Noor [26, 27]. Using the tech-
nique and idea of Noor [20, 21, 28], one can easily show that the minimum of a
class of differentiable nonconvex functions on nonconvex-valued set K(u) in H can
be characterized by extended general quasi-variational inequality (2.1).

We would like to emphasize that extended general quasi variational inequality
(2.1) is equivalent to finding u ∈ H : h(u) ∈ K(u) such that

〈ρTu + h(u) − g(u), g(v) − h(u)〉 ≥ 0, ∀v ∈ H : g(v) ∈ K(u), (2.2)

where ρ > 0 is a constant. This equivalent formulation is also useful from the
applications point of view. We use this equivalent formulation to study the existence
of a solution of the extended general quasi-variational inequalities. Noor [26, 27]
has used this equivalent formulation to suggest and analyze some iterative methods
for solving the extended general quasi-variational inequalities (2.1)

We now list some special cases of the extended general quasi-variational inequal-
ities (2.1).
I. If K(u) ≡ K, the convex set, then problem (2.1) is equivalent to finding u ∈
H, h(u) ∈ K such that

〈Tu, g(v) − h(u)〉 ≥ 0, ∀v ∈ H : g(v) ∈ K, (2.3)

which is known as the extended general variational inequality, introduced and stud-
ied by Noor [19-23]. For the formulation, iterative methods and its applications in
engineering and other discipline, see [7, 8, 19-23, 28].
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II. If g = h, then problem (2.1) is equivalent to finding u ∈ H : g(u) ∈ K(u) such
that

〈Tu, g(v) − g(u)〉 ≥ 0, ∀v ∈ H : g(v) ∈ K(u), (2.4)

which is known as general quasi variational inequality and appears to be a new
one. If g = h and K(u) ≡ K, then problem (2.3) is called the general variational
inequality involving two operator, which was introduced and studied by Noor [12]
in 1988. It turned out that odd order and nonsymmetric obstacle, free, moving,
unilateral and equilibrium problems arising in various branches of pure and applied
sciences can be studied via general variational inequality [7, 8, 11-28].
III. For g ≡ I, the identity operator, the extended general quasi-variational in-
equality (2.1) collapses to: find u ∈ H : h(u) ∈ K(u) such that

〈Tu, v − h(u)〉 ≥ 0, ∀v ∈ K(u), (2.5)

which is also called the general quasi variational inequality, see Noor et al. [30].
IV. For h = I, the identity operator, then problem (2.1) is equivalent to finding
u ∈ K(u) such that

〈Tu, g(v) − u〉 ≥ 0, ∀v ∈ H : g(v) ∈ K(u), (2.6)

which is also called the general quasi variational inequalities, introduced and studied
by Noor and Noor [29].
V. For g = h = I, the identity operator, the extended general variational inequal-
ity (1) is equivalent to finding u ∈ K(u) such that

〈Tu, v − u〉 ≥ 0, ∀v ∈ K(u), (2.7)

which is known as the classical quasi variational inequality and was introduced by
Benssousan and Lions [2].
VI. If K∗(u) = {u ∈ H; 〈u, v〉 ≥ 0, ∀v ∈ K(u)} is a polar(dual) cone of a closed
convex-valued cone K(u) in H, then problem (1) is equivalent to finding u ∈ H

such that

g(u) ∈ K(u), Tu ∈ K∗(u), 〈g(u), Tu〉 = 0, (2.8)

which is known as the general quasi complementarity problem, see[3, 6, 11, 17].
If g = I, the identity operator, then problem (2.8) is called the generalized quasi
complementarity problem. For g(u) = u − m(u), where m is a point-to-point
mapping, then problem (2.8) is called the quasi(implicit) complementarity problem,
see [16, 17, 31] and the references therein.

From the above discussion, it is clear that the extended general quasi-variational
inequalities (2.1) is most general and includes several new and previously known
classes of variational inequalities as special cases. These variational inequalities have
important applications in mathematical programming and engineering sciences. For
the recent applications, numerical methods, sensitivity analysis, dynamical systems
and formulation of quasi variational inequalities and related fields, see [1-32] and
the references therein.

We also need the following concepts and results.
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Lemma 2.1. Let K(u) be a closed and convex-valued set in H. Then, for a

given z ∈ H, u ∈ K(u) satisfies the inequality

〈u − z, v − u〉 ≥ 0, ∀v ∈ K(u),

if and only if

u = PK(u)z,

where PK(u) is the projection of H onto the closed convex-valued set K(u) in H.

Definition 2.1. An operator T : H → H is said to be:
(i) strongly monotone, if there exists a constant α > 0 such that

〈Tu − Tv, u − v〉 ≥ α‖u − v‖2, ∀u, v ∈ H.

(ii) Lipschitz continuous, if there exists a constant β > 0 such that

‖Tu − Tv‖ ≤ β‖u − v‖, ∀u, v ∈ H.

If T verifies (i) and (ii), then, it follows that α ≤ β.

We would like to point out that the implicit projection operator PK(u) is not
nonexpansive. We shall assume that the implicit projection operator PK(u) satisfies
the Lipschitz type continuity, which plays an important and fundamental role in the
existence theory and in developing numerical methods for solving extended general
quasi-variational inequalities.

Assumption 2.1. For all u, v, w ∈ H, the implicit projection operator PK(u)

satisfies the condition

‖PK(u)w − PK(v)w|‖ ≤ ν‖u− v||, (2.9)

where ν > 0 is a positive constant.

In many important applications [1-6] the convex-valued set K(u) can be written
as

K(u) = m(u) + K, (2.10)

where m(u) is a point-point mapping and K is a convex set. In this case, we have

PK(u)w = Pm(u)+K(w) = m(u) + PK[w − m(u)], ∀u, v ∈ H. (2.11)

We note that if K(u) is defined by (2.13) and m(u) is a Lipschitz continuous map-
ping with constant γ > 0, then, using (2.14), we have

‖PK(u)w − PK(v)w‖ = ‖m(u) − m(v) + PK [w − m(u)] − PK [w − m(v)‖
≤ 2‖m(u) − m(v)‖ ≤ 2γ‖u − v‖, ∀u, v, w ∈ H.

which shows that Assumption 2.1 holds with ν = 2γ.
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3. Main results

In this section, we consider the existence of a solution of the extended general
quasi-variational inequality (2.1). For this purpose, we recall the following result,
which is due to Noor [26, 27].

Lemma 3.1. The function u ∈ H : h(u) ∈ K(u) is a solution of the extended

general quasi variational inequality (2.2) if and only if u ∈ H : h(u) ∈ K(u) satisfies

the relation

h(u) = PK(u)[g(u) − ρTu], (3.1)

where PK(u) is the projection operator and ρ > 0 is a constant.

Lemma 3.1 implies that the extended general quasi variational inequality (2.1)
is equivalent to the implicit fixed point problem (3.1). This alternative equivalent
formulation is very useful from the numerical and theoretical points of view. We
use this equivalent formulation to study the existence of a solution of (2.1), which
is the main motivation of our next result.

We can write (3.1) in the following form:

F (u) = u − h(u) + PK(u)[g(u) − ρTu]. (3.2)

Theorem 3.1. Let the operators T , g, h : H −→ H be both strongly monotone

with constants α > 0, σ > 0, µ > 0 and Lipschitz continuous with constants β > 0,

δ > 0, η > 0 respectively. If Assumption 2.1 holds and

|ρ − α

β2
| <

√
α2 − β2k(2 − k)

β2
, α > β

√
k(2 − k), k < 1, (3.3)

where

k =
√

1 − 2σ + δ2 +
√

1 − 2µ + η2 + ν, (3.4)

then there exists a solution of the extended general quasi-variational inequality

(2.1).

Proof. In order to prove the existence of a solution of (2.1), it is enough to
show that the mapping F (u), defined by (3.2), is a contraction mapping. For
u1 6= u2 ∈ H, and using Assumption 2.1, we have

‖F (u1) − F (u2)‖ = ‖u1 − u2 − (h(u1) − h(u2))‖
+ ‖PK(u1)[g(u1) − ρT (u1)] − PK(u2)[g(u2) − ρT (u2)]‖

≤ ‖u1 − u2 − (h(u1) − h(u2))‖
+ ‖PK(u1)[g(u1) − ρT (u1)] − PK(u2)[g(u1) − ρT (u1)]‖
+ ‖PK(u2)[g(u1) − ρT (u1)] − PK(u2)[g(u2) − ρT (u2)]‖

= ν‖u1 − u2‖ + ‖u1 − u2 − (h(u1) − h(u2))‖
+ ‖u1 − u2 − ρ(T (u1) − T (u2))‖
+ ‖u1 − u2 − (g(u1) − g(u2))‖. (3.5)
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Since the operator T is strongly monotone with constant α > 0 and Lipschitz
continuous with constant β > 0, it follows that

‖u1 − u2 − ρ(Tu1 − Tu2)‖2 ≤ ‖u1 − u2‖2 − 2ρ〈Tu1 − Tu2, u1 − u2〉
+ ρ2‖Tu1 − Tu2‖2

≤ (1 − 2ρα + ρ2β2)‖u1 − u2‖2. (3.6)

In a similar way, we have

‖un − u − (g(u1) − g(u2))‖2 ≤ (1 − 2σ + δ2)‖u1 − u2‖2, (3.7)

‖un − u − (h(u1) − h(u2))‖2 ≤ (1 − 2µ + η2)‖u1 − u2‖2, (3.8)

using the strongly monotonicity and Lipschitz continuity of the operators g and h.
From (3.4), (3.6), (3.7), (3.8) and (3.9), we have

‖F (u1) − F (u2)‖ ≤ {
√

1 − 2σ + δ2 +
√

1 − 2µ2 + η2

+
√

1 − 2αρ + β2ρ2}‖u1 − u2‖
= (k + t(ρ))‖un − u‖ = θ‖un − u‖,

where

t(ρ) =
√

1 − 2αρ + ρ2β2, θ = k + t(ρ).

From (3.3), we see that θ < 1. Thus it follows that the mapping F (u), defined
by (3.3), is a contraction mapping and consequently it has a fixed point, which
belongs to K(u) satisfying the extended general quasi-variational inequality (2.1),
the required result.

Conclusion. In this paper, we have studied the existence of a solution of the
extended general quasi-variational inequalities involving three different operators
using the fixed point theory in conjunction with projection operators. Several
special cases are are also discussed. It has been shown that this class of quasi-
variational inequalities has important and significant applications in various fields
of pure and applied sciences. This filed offers great opportunities for further re-
search. It is expected that the interplay among all these areas will certainly lead
to some innovative, novel and significant applications in engineering, mathematical
and physical sciences.
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