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Abstract. In this paper, we extend the concepts of K-generalized invex and K-
nonsmooth invex functions from the finite dimensional spaces to Banach spaces.

By using these concepts, some Kuhn-Tucker type sufficient conditions for a class of
vector-valued nonsmooth programming problems are obtained, in which all functions

are assumed to be locally Lipschitz. A dual program problem is considered and some
weak duality results are also proved under some suitable conditions.

1. Introduction

It is well known that the convex function plays an important role in optimization
theory. A meaningful generalization of the convex function is the invex function,
which was first introduced by Hanson [1] in 1981. Kaul and Kaur [2] called the invex
function as the η-convex function. Lalitha [3], in 1995, used the invexity and gen-
eralized invexity assumptions in terms of Clarke’s generalized gradient to establish
optimality conditions and duality results for a nonsmooth multiobjective program-
ming problems. Recently, Khurana [4] extended it to cone-pseudoinvex and strong
cone-pseudoinvex and established weak, strong, converse and self-duality theorems
by using these functions. Very recently, Suneja, Khurana and Vani [5] introduces the
new concepts of K-nonsmooth quasi-invex and K-nonsmooth pesudo-invex func-
tions. By using these new concepts, they established the Fritz-John type and
Kuhn-Tucker type necessary optimality conditions and number of sufficient opti-
mality conditions for a class of nonsmooth vector optimization problems in finite
dimensional spaces. They also obtained weak and strongly duality results concerned
with the Mond Weir type dual program.

On the other hand, the concept of vector variational inequality was first intro-
duced by Giannessi [6] in 1980. Since then, the theory and applications for the
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vector variational inequalities, vector complementarity problems and vector opti-
mization problems have been studied by many authors (see, for example, [7], [8],
[9], [10], [11], [12], [13], [14] and the references therein). Recently, vector vari-
ational inequalities and their generalizations have been used as a tool to solve
vector optimization problems (see, [15], [16], [17], [12], [18], [19]). Chen and Craven
[16] obtained a sufficient condition for the existence of weakly efficient solutions
for differentiable vector optimization problems involving differentiable convex func-
tions by using vector variational inequalities for vector valued functions. Kazmi [17]
proved a sufficient condition for the existence of weakly efficient solutions for vector
optimization problems involving differentiable preinvex functions by using vector
variational-like inequalities. For the nonsmooth case, Lee et al. [12] established the
existence of the weakly efficient solution for nondifferentiable vector optimization
problems by using vector variational-like inequalities for set-valued mappings. Very
recently, Liu, Kim and Huang [20] studied the weakly efficient solution for a class of
nonconvex and nonsmooth vector optimization problems in Banach spaces. They
proved the equivalence between the nonconvex and nonsmooth vector optimization
problem and the vector variational-like inequality involving set-valued mappings.
They also obtained some existence results concerned with the weakly efficient solu-
tion for the nonconvex and nonsmooth vector optimization problems by using the
equivalence and Fan-KKM theorem under some suitable conditions. Some related
works, we refer to [21, 22, 23] and the references therein.

The aim of this paper is to introduce some concepts concerned with the gen-
eralization of cone invex functions named K-nonsmooth invex and functions in
Banach spaces, which include the generalized K-nonsmooth invex functions in Rn

introduced by Suneja, Khurana and Vani [5] as special cases. We consider a class
of vector-valued nonsmooth programming problems and obtain some Kuhn-Tucker
sufficient conditions for it. We also consider a dual program problem and prove
some weak duality results under some suitable conditions.

2. Preliminaries

Let X be a real Banach space. A nonempty subset P of X is called a pointed
closed convex cone if P is closed and the following conditions hold:

i) P + P ⊂ P, ii) λP ⊆ P ∀λ ≥ 0, iii) P ∩ (−P ) = {0}.

Let K ⊂ Rm and Q ⊂ Rp be closed convex cones with intK 6= ∅ and intQ 6= ∅.
The dual cone K∗ of K is defined as

K∗ = {k∗ ∈ Rm|k∗y = 〈k∗, y〉 ≥ 0, ∀ ∈ K}.

A real valued function φ : X → R is said to be locally Lipschitz at a point u ∈ S if
there exists a number l > 0 such that

|φ(x) − φ(y)| ≤ l‖x − y‖

for all x, y in a neighbourhood of u. We say that f is locally Lipschitz on X if it is
locally Lipschitz at each point of X.



K-nonsmooth invex functions and vector optimization problems in Banach spaces 169

Definition 2.1. ([24]) Let φ : X → R be locally Lipschitz function. Let φo(x; v)
denote the Clarke’s generalized directional derivative of φ at x in the direction of
v ∈ X which be defined as follows

φo(x; v) = lim sup
y→x t↓0

φ(y + tv) − φ(y)
t

.

It then follows from Clarke [24] that, for any v ∈ X,

φo(x; v) = max{ 〈ξ, v〉|ξ ∈ ∂φ(x)}, (2.1)

where ∂φ(x) denotes the Clarke’s generalized gradient of φ at x, which is defined
as

∂φ(x) = {ξ ∈ X∗|φo(x; v) ≥ 〈ξ, v〉 ∀v ∈ X}.
Let f : X → Rm be a vector valued function given by f = (f1, f2, · · · , fm) where
each fi is a real valued function on X. Then f is said to be locally Lipschitz on X

if each fi is locally Lipschitz on X.
The Clarke’s generalized directional derivative of a locally Lipschitz function

f : X → Rm at x in the direction v is given by

fo(x, v) = {fo
1 (x, v), fo

2 (x, v), · · · , fo
m(x, v)}.

The Clarke’s generalized gradient of f : X → Rm at x is the set

∂f(x) = ∂f1(x) × ∂f2(x) × · · · × ∂fm(x).

where ∂fi(x) is the Clarke’s generalized gradient of fi : X → R at x for i =
1, 2, · · · , m.

For each A = (v1, v2, · · · , vm) ∈ ∂f(x), vi ∈ X∗ for i = 1, 2, · · · , m and for each
u ∈ X,

Au = (〈v1, u〉, 〈v2, u〉, · · · , 〈vm, u〉) ∈ Rm.

We need the following properties of the Clarke’s generalized gradient.

Lemma 2.1. ([24]) If fi(i = 1, 2, · · · , m) is a finite family of functions on X

each of which is locally Lipschitz then
∑m

i=1 fi is also locally Lipschtz and

∂

(
m∑

i=1

fi

)
(x) ⊆

m∑

i=1

∂fi(x) ∀x ∈ X.

Definition 2.2. A function f : X → Rm is said to be K-generalized invex at
the point u ∈ X if there exists η : X × X → X such that for each x ∈ X and
A ∈ ∂f(u),

f(x) − f(u) − Aη(x, u) ∈ K.

Definition 2.3. A function f : X → Rm is said to be K-nonsmooth invex at
the point u ∈ X, if there exists η : X × X → X such that for every x ∈ X,

f(x) − f(u) − fo(u; η(x, u)) ∈ K,

where

fo(u; η(x, u)) = {fo
1 (u; η(x, u)), fo

2 (u; η(x, u)), · · · , fo
m(u; η(x, u))}.
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Remark 2.1. If X = Rn, then the Definitions 2.2 and 2.3 are reduced to the
definitions 2.3 and 2.4 for K-generalized invex and K-nonsmooth invex functions
considered by [5] (see also [25]).

Theorem 2.1. If f is K-generalized invex at u with respect to η : X ×X → X,

then f is K-nonsmooth invex at u with respect to the same η.

Proof. If f is K-generalized invex at u, then there exists η : X ×X× → X such
that for every x ∈ X and A ∈ ∂f(u),

f(x) − f(u) − Aη(x, u) ∈ K.

For each i ∈ {1, 2, · · · , m}, choose v̄i ∈ ∂fi(u) such that

〈v̄i, η〉 = max{〈vi, η〉|vi ∈ ∂fi(u)} = fo
i (u, η).

Then Ā = (v̄1, v̄2, · · · , v̄m) ∈ ∂f(u) and

f(x) − f(u) ∈ Āη(x, u) ∈ K,

which is equivalent to
f(x) − f(u) − fo(u, η) ∈ K.

Thus, f is K-nonsmooth invex at u with respect to the same η. This completes the
proof.

Remark 2.2. Theorem 2.1 is a generalization of Lemma 2.2 of [5].

Lemma 2.2. ([26]) Let P ⊂ X be a convex cone with intP 6= ∅ and let P ∗ be

the dual cone of P . Then

(i) If p∗ ∈ P ∗\{0} and p ∈ intP , then 〈p∗, p〉 > 0;

(ii) If p∗ ∈ intP ∗ and p ∈ P\{0}, then 〈p∗, p〉 > 0.

3. Optimality Conditions

We are concerned with the following constrained vector optimization problem:

(V P ) K − minimize f(x)

subject to −g(x) ∈ Q,

x ∈ X,

where f : X → Rm and g : X → Rp are two vector-valued functions, K and Q are
nonempty closed cones with nonempty interiors in Rm and Rp, respectively.

We denote that Xo = {x ∈ X| − g(x) ∈ Q} is the set of all feasible solutions of
(V P ). For each λ∗ ∈ K∗ and µ∗ ∈ Q∗, we assume that λ∗f = λ∗◦f are µ∗g = µ∗◦g

are locally Lipschitz.
We say that (VP) has a weakly efficient solution xo ∈ Xo if there exists no x ∈ X

such that
f(xo) − f(x) ∈ intK.

Now, we give certain optimality conditions for a efficient solution to be a weak
minimum of (VP).
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Theorem 3.1. (Sufficient conditions) Let f be K-nonsmooth invex and g
be Q-nonsmooth invex at xo ∈ Xo with respect to the same η : X × X → X and
suppose that exists (λ∗, µ∗) ∈ K∗ × Q∗ with λ∗ 6= 0, such that

0 ∈ ∂(λ∗f + µ∗g)(xo) (3.1)

and

µ∗g(xo) = 0. (3.2)

Then xo is a weakly efficient solution of (VP).

Proof. From (3.1) and Lemma 2.1, we have

0 ∈ ∂(λ∗f + µ∗g)(xo) ⊂ ∂(λ∗f)(xo) + ∂(µ∗g)(xo).

It follows that there exist A = (A1, A2, · · · , Am) ∈ ∂f(xo) and B = (B1, B2, · · · , Bm)
∈ ∂g(xo) such that

λ∗
i Ai + µ∗

i Bi = 0, i = 1, 2, · · · , m. (3.3)

Since f is K-nonsmooth invex and g is Q-nonsmooth invex at xo ∈ Xo with respect
to the same η : X × X → X, for any x ∈ X, we can get

f(x) − f(xo) − fo(xo; η(x, xo) ∈ K

and
g(x) − g(xo) − go(xo; η(x, xo) ∈ Q.

It follows from (2.1) that, for any x ∈ X,

λ∗f(x) − λ∗f(xo) − λ∗Aη(x, xo) ≥ 0 (3.4)

and

µ∗g(x) − µ∗g(xo) − µ∗Bη(x, xo) ≥ 0. (3.5)

Now by (3.2), (3.3), (3.4) and (3.5), we have

λ∗f(x) − λ∗f(xo) + µ∗g(x) ≥ 0, ∀x ∈ X.

In addition, from −g(x) ∈ Q, we know that −µ∗g(x) ≥ 0 and so

λ∗f(x) − λ∗f(xo) ≥ 0, ∀x ∈ X,

i.e.,

λ∗(f(xo) − f(x)) ≤ 0, ∀x ∈ X. (3.6)

Now we show that xo is a weakly efficient solution of (VP). Suppose it is not true.
Then

f(xo) − f(x) ∈ intK, ∀x ∈ X

and it follows from Lemma 2.2 that

λ∗(f(xo) − f(x)) > 0,

which contradicts (3.6). This completes the proof.

Remark 3.1. The conditions (3.1) and (3.2) are called the generalized Kuhn-
Tucker conditions for (VP).

From Theorems 2.1 and 3.1, we have the following result.
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Theorem 3.2. Let f be K-generalized invex and g be Q-generalized invex at

xo ∈ Xo with respect to the same η : X × X → X and suppose that exists

(λ∗, µ∗) ∈ K∗×Q∗ with λ∗ 6= 0 such that (3.1) and (3.2) hold. Then xo is a weakly

efficient solution of (VP).

Remark 3.2. Theorems 3.1 and 3.2 generalize the Theorem 3.3 of [5].

4. Duality

We introduce the following dual program:

(V D) Maximize f(w)

subject to 0 ∈ ∂(λ∗f)(w) + ∂(µ∗g)(w)

µ∗g(w) ≥ 0

w ∈ Xo, 0 6= λ∗ ∈ K∗, µ∗ ∈ Q∗.

In this section, we provide weak and strong duality relations between the prob-
lems (VP) and (VD).

Theorem 4.1. (Weak Duality) Let x be feasible for (VP) and (w, λ∗, µ∗) be

feasible for (VD). Let f be K-nonsmooth invex and g be Q-nonsmooth invex at w

with respect to the same η. Then

f(w) − f(x) /∈ intK. (4.1)

Proof. Contrary to the conclusion, suppose that there are feasible solutions x

and (w, λ∗, µ∗) for problems (VP) and (VD), respectively, such that f(w) − f(x) ∈
intK. Since λ∗ 6= 0, Lemma 2.2 implies that

λ∗(f(x) − f(w)) < 0. (4.2)

By the K-nonsmooth invexity assumption on f at w,

f(x) − f(w) − fo(w; η) ∈ K.

Thus,
λ∗f(x) − λ∗f(w) − λ∗fo(w; η) ≥ 0

and it follows from (4.2) that

λ∗fo(w; η) < 0. (4.3)

Similarly, we have
µ∗g(x) − µ∗g(w) ≥ µ∗go(w, η)

for the same η in (4.3). From the feasibility conditions of the problems (VP) and
(VD), it follows that

µ∗g(w) ≥ 0 and µ∗g(x) ≤ 0

which on account of above inequality imply that

µ∗go(w; η) ≤ 0. (4.4)

Now by (4.3) and (4.4),

λ∗fo(w; η) + µ∗go(w; η) < 0. (4.5)
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On the other hand, since

0 ∈ ∂(λ∗f)(w) + ∂(µ∗g)(w),

by the property of the Clarke’s generalized gradient, we have

λ∗fo(w; η) + µ∗go(w; η) ≥ 0,

which contradicts (4.5). Therefore (4.1) is true. This completes the proof.

From Theorems 2.1 and 4.1, we have the following result.

Theorem 4.2. Let x be feasible for (VP) and (w, λ∗, µ∗) be feasible for (VD).

Let f be K-generalized invex and g be Q-generalized invex at w with respect to

the same η. Then

f(w) − f(x) /∈ intK.

Remark 4.1. Theorems 4.1 and 4.2 generalize the Theorem 4.1 of [5].
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