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Abstract. In this paper, we use the differential transform method (DTM), Adomian

decomposition method (ADM), and homotopy perturbation method (HPM) to find
the approximate solution of a special class of sixth-order boundary value problem.

We have shown that the differential transform method is more efficient and reliable
than the Adomian decomposition and homotopy perturbation methods. Comparison

is also given to illustrate the efficiency of these method.

1. Introduction

It is well known that a wide class of problems arising in astrophysics, mathemat-
ical and engineering sciences may be studied in a unified and general framework of
the sixth order boundary value problems, see [1-4] and the references therein. Due
to their important applications, several numerical and analytical methods have been
developed for finding the approximate and exact solutions of the sixth-order bound-
ary value problems, see [1-25]. In recent years, much attention has been given to
find the approximate solution in series form. In this direction, Adomian decompo-
sition method [8-11,19, 25], homotopy perturbation method [12-23,25], variational
iteration method [19] and differential transform method [5-9, 25] have been devel-
oped. The main features of these method is to find the solution in a series form. It
is worth mentioning that all these methods give us the almost same approximate.
This is natural since all the methods are based on finding the solution in series
form.

Inspired and motivated by the research going on in this direction, we consider a
special sixth-order boundary problem involving a parameter c. It is observed that
the solution of this special problem is independent of this parameter c. We use
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the differential transform method, Adomian decomposition method and homotopy
perturbation method to find the approximate solution of the special sixth-order
boundary value problem. It turned out that the solution obtained by the differen-
tial transform method is independent for all values of the parameter c. These finding
are in good agreement with the results obtained by Scott [24] for solving a special
fourth-order boundary value problem for very large values of c with orthonormal-
ization process. It has been shown in [24] that each time the solution started to
lose their linear independence, one has to perform orthonormalization. In fact, as c
got bigger it required more normalization. From the Adomian decomposition and
homotopy perturbation methods, it is clear that the approximate solution depends
upon the parameter c. Consequently, one can say that the Adomian decomposition
and hopmotopy perturbation are not reliable. It raises an interesting problem. Can
theses and similar methods modified and corrected by a similar process of dividing
up the interval into pieces as suggested by Scott [24]? This is an open problem and
needs further research.

To be more precise, we consider the following sixth-order boundary value prob-
lem:

u(6)(x) = (1 + c)u(4)(x) − cu(2)(x) + cx, (1.1)
with the boundary conditions

u(0) = u′(0) = 1, u′′(0) = 0, (1.2)

u(1) =
7
6

+ sinh(1), u′(1) =
1
2

+ cosh(1), u
′′
(1) = 1 + sinh(1).

The exact solution for this problem is

u(x) = 1 +
1
6
x3 + sinh(x). (1.3)

We would like to mention that the problem (1.1) can be written in the following
equivalent form:

{u(6)(x) − u(4)(x)} − c{u(4)(x) − u(2)(x) + x} = 0.

From this it follows that the solution of the fourth-order problem is also a solution
of the sixth-order problem. Consequently, we conclude that the solution of the
sixth-order problem (1.1) is independent of the parameter c. Recently, Momani and
Noor [25] have solved a special fourth- order boundary value problems [24]. The key
finding of their results is that the solution obtained by the differential transform
technique is independent of the parameter c for c < 1000000, while the approximate
solutions obtained using the Adomian decomposition and homotopy perturbation
method are continuously depend on the parameter c. The present paper may be
regarded as an extension of this latter paper [24] to a special class of sixth-order
boundary value problems.

The paper is organized as follows. We begin by introducing the basic theorems
of the one-dimensional differential transform method, then we apply the method
to solve the boundary value problem (1.1)-(1.2). In section 3 we extend the ap-
plication of the decomposition method to construct our analytical approximate
solutions to the special sixth-order boundary value problem (1.1) with boundary
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conditions (1.2). In section 4 we implement the homotopy perturbation method to
solve problem (1.1). Numerical results are given in the last section.

2. Differential transform method

The differential transform method was first applied in the engineering domain by
[5]. In general, the differential transform method is applied to the solution of electric
circuit problems. The differential transform method is a numerical method based
on the Taylor series expansion which constructs an analytical solution in the form
of a polynomial. The traditional high order Taylor series method requires symbolic
computation. However, the differential transform method enables us obtain a series
solution by means of an iterative procedure, which is the main advantage of this
technique. The method is well addressed in [5, 6, 7, 8, 9, 24].

In this section we shall give the basic theorems of the one-dimensional differential
transform method. For more details, see the mentioned references.

The differential transform of the kth derivative of the function f(x) is defined
as follows:

F (k) =
1
k!

[
dkf(x)

dxk

]

x=x0

(2.1)

and the differential inverse transform of F (k) is defined as follows:

f(x) =
∞∑

k=0

F (k)(x− x0)k. (2.2)

In real applications, the function f(x) is expressed by a finite series and Eq. (2.2)
can be written as

f(x) =
n∑

k=0

F (k)(x− x0)k. (2.3)

The following theorems that can be deduced from Eqs. (2.1) and (2.2) are given
below [7]:

Theorem 2.1. If f(x) = g(x) ± h(x), then F (k) = G(k) ± H(k).

Theorem 2.2. If f(x) = cg(x), then F (k) = cG(k), where c is a constant.

Theorem 2.3. If f(x) = dng(x)
dxn , then F (k) = (k+n)!

k!
G(k + n).

Theorem 2.4. If f(x) = g(x)h(x), then F (k) =
∑k

k1=0 G(k1)H(k − k1).

Theorem 2.5. If f(x) = xn, then F (k) = δ(k−n), where δ(k−n) =

{
1, k = n

0, k 6= n.

Theorem 2.6. If f(x) = g1(x)g2(x) . . . gn−1(x)gn(x), then

F (k) =
k∑

kn−1=0

kn−1∑

kn−2=0

. . .

k3∑

k2=0

k2∑

k1=0

G1(k1)G2(k2−k1) . . .Gn−1(kn−1−kn−2)Gn(k−kn−1).
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Applying the above differential transform theorems to Eq.(1.1), we obtain the
following recurrence relation:

Y (k + 6) =
1

(k + 1)(k + 2)(k + 3)(k + 4)(k + 5)(k + 6)

[
cδ(k − 1)

+ (1 + c)(k + 1)(k + 2)(k + 3)(k + 4)Y (k + 4)

− c(k + 1)(k + 2)Y (k + 2)
]
.

(2.4)

By using the basic definitions of the differential transform and Eqs. (1.2), the
following transformed boundary conditions at x0 = 0 can be obtained:

Y (0) = 1, Y (1) = 1, Y (2) = 0,

n∑

k=0

Y (k) =
7
6

+ sinh(1),

n∑

k=0

kY (k) =
1
2

+ cosh(1),
n∑

k=0

k(k − 1)Y (k) = 1 + sinh(1). (2.5)

Utilizing the recurrence relation in Eq.(2.4) and transformed boundary condi-
tions in Eq.(2.5), the following solution, up to n-terms, is obtained:

y(x) =
n∑

k=0

Y (k)xk. (2.6)

For example, If c = 1, the 9-terms solution is given by

y(x) = 1 + x + a1x
3 + a2x

4 + a3x
5 + (−0.00277778 + 0.0666667 a2) x6

+ (−0.000992063 + 0.047619 a3) x7 + (−0.0000992063+ 0.00238095 a2) x8

+ (−0.0000275573− 0.000330688 a1 + 0.00132275 a3) x9,

where the constants a1 = y(3)(0)/3! = Y (3), a2 = y(4)(0)/4! = Y (4) and a3 =
y(5)(0)/5! = Y (5) are evaluated numerically as

a1 = 0.339408, a2 = −0.017067, a3 = 0.0235611. (2.7)

It is worth mention that the series solution obtained by the differential transfor-
mation technique is independent of the parameter c for small and large values of
c. This also confirms that the solution of the problem (1.1) is independent of the
parameter c. It will be an interesting problem to see whether this is also true for
other analytical and numerical techniques. This is open problem.

3. Adomian decomposition method

Adomian [10, 11] introduced an approximate analytical method that allows the
solution of functional equations without linearization or assumption of infinites-
imally small parameters. Since then, Adomian’s decomposition method (ADM)
has been shown by several investigators [10, 11, 24] to be extremely efficient and
versatile. We now use ADM to solve the boundary value problem (1.1).

The decomposition method requires that the boundary value problem (1.1) be
expressed in terms of operator form as
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Ly = (1 + c)y(4)(x) − cy(2)(x) + cx. (3.1)

where L = d6

dx6 .
Applying the operator L−1, the inverse of the operator L, to both sides of equa-

tion (3.1) and using the boundary conditions at x = 0, yields

y(x) = 1 + x +
A1 x3

6
+

A2 x4

24
+

A3 x5

120
+ L−1((1 + c)y(4)(x)− cy(2)(x) + cx), (3.2)

where the constants

A1 = y(3)(0), A2 = y(4)(0), A3 = y(5)(0),

are to be determined. The Adomian’s decomposition method [10, 11] suggests the
solution y(x) be decomposed by the infinite series of components

y(x) =
∞∑

n=0

yn(x). (3.3)

Substitution the decomposition series (3.3) into both sides of (3.2) gives
∞∑

n=0

yn(x) = 1 + x +
A1 x3

6
+

A2 x4

24
+

A3 x5

120

+ L−1
(
(1 + c)

∞∑

n=0

y(4)
n (x) − c

∞∑

n=0

y(2)
n (x) + cx

)
.

(3.4)

The components yn(x), n ≥ 0 can be elegantly determined by using the recursive
relation

y0(x) = 1 + x +
A1 x3

6
+

A2 x4

24
+

A3 x5

120
+ L−1(cx),

yn+1(x) = L−1
(
(1 + c)y(4)

n (x) − cy(2)
n (x)

)
, n ≥ 1,

(3.5)

and so on for other polynomial.
Consequently, the approximation of y(x) is given by

y(x) = 1 + x +
A1 x3

6
+

A2 x4

24
+

A3 x5

120
+

A2 x6

720
+

A2 c x6

720
+

A3 x7

5040

+
c x7

5040
− A1 c x7

5040
+

A3 c x7

5040
− A2 c x8

40320
+

c x9

362880
− A3 c x9

362880

+
c2 x9

362880
− c2 x11

39916800
+ ...

(3.6)

It remains to determine approximations to the constants A and B. This can be
achieved by imposing the boundary condition at x = 1 on the two-term approxi-
mation derived in (3.6). This gives

A1 ∼ 2 + g(c)

A2 ∼ 0 + h(c)

A3 ∼ 1 + p(c),
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where the functions g(c)b, h(c) and p(c) grow rapidly with c. In reality, they should
go to zeros as the numbers of terms in the series goes to infinity. Table 1 shows the
values of A1, A2, and A3 for different values of the parameter c. It is easy to notice
that the approximate solution obtained by the Adomian decomposition technique
is in good agreement with the exact solution for the small values of the parameter
c and continuously depends on the parameter c.

Table 1. Values of the constants A1, A2, and A3 for different values of c.
c = 1 c = 10 c = 100 c = 1000 c = 1000000

A1 2.0000060289 1.99052637692 1.8454775798 -6.852614584 1099168.307
A2 -0.0000558706 0.09564140157 1.0137308481 -8.390834496 -1018.591684
A3 1.00017512540 0.60597366252 -5.6392050771 -71.57411568 1106809.16276

4. Homotopy perturbation method

The homotopy perturbation method is relatively a new approach searching for
the analytical approximate solution of linear and nonlinear problems. The homo-
topy perturbation method is applied to functional integral equations [12], to non-
linear coupled systems of reaction-diffusion equations [13], to Helmholtz equation
and fifth-order KdV equation [14] and the epidemic model [15]. Also, the method
has been used for calculating Adomian polynomials [16], determining frequency-
amplitude relation of a nonlinear oscillator with discontinuities [17] and travelling
wave solution of Korteweg-de Vries equation [18].

For convenience of the reader, we will present a review of the HPM [21, 22] then
we will apply the method to solve the boundary value problem (1.1). To achieve
our goal, we consider the nonlinear differential equation

L(u) + N (u) = f(r), r ∈ Ω, (4.1)
with boundary conditions

B(u, ∂u/∂n) = 0, r ∈ Γ, (4.2)

where L is a linear operator, while N is nonlinear operator, B is a boundary oper-
ator, Γ is the boundary of the domain Ω and f(r) is a known analytic function.

He’s homotopy perturbation technique [21, 22] defines the homotopy v(r, p) :
Ω × [0, 1] −→ < which satisfies

H(v, p) = (1 − p)[L(v) − L(u0)] + p[L(v) + N (v) − f(r)] = 0, (4.3)

or
H(v, p) = L(v) − L(u0) + pL(u0) + p[N (v) − f(r)] = 0, (4.4)

where r ∈ Ω and p ∈ [0, 1] is an impeding parameter, u0 is an initial approximation
which satisfies the boundary conditions. Obviously, from Eq. (4.3) and Eq. (4.4),
we have

H(v, 0) = L(v) − L(u0) = 0, (4.5)
H(v, 1) = L(v) + N (v) − f(r) = 0. (4.6)

The changing process of p from zero to unity is just that of v(r, p) from u0 to
u(r). In topology, this called deformation, L(v)−L(u0) and L(v)+N (v)−f(r) are
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homotopic. The basic assumption is that the solution of Eq. (4.3) and Eq. (4.4)
can be expressed as a power series in p:

v = v0 + pv1 + p2v2 + . . . . (4.7)

The approximate solution of Eq. (4.1), therefore, can be readily obtained:

u = lim
p−→1

v = v0 + v1 + v2 + . . . . (4.8)

The convergence of the series (4.8) has been proved in [21, 22].

In view of the homotopy perturbation method, we can construct the following
homotopy for Eq. (1.1):

y(6)(x) = cx + p[(1 + c)y(4)(x) − cy(2)(x)], (4.9)

where p ∈ [0, 1]. Substituting y = y0 + py1 + p2y2 + .... into (4.9), we obtain the
following set of linear equations

p0 : y
(6)
0 = cx, y0(0) = 1, y′0(0) = 1, y′′0 (0) = 0, y

(3)
0 (0) = A1, y

(4)
0 (0) = A2, y

(5)
0 (0) = A3

p1 : y
(6)
1 = (1 + c)y

(4)
0 − cy

(2)
0 , y1(0) = 0, y′1(0) = 0, y′′1 (0) = 0, y

(3)
1 (0) = 0, y

(4)
1 (0) = 0, y

(5)
1 (0) = 0,

p2 : y
(6)
2 = (1 + c)y

(4)
1 − cy

(2)
1 , y2(0) = 0, y′2(0) = 0, y′′2 (0) = 0, y

(3)
2 (0) = 0, y

(4)
2 (0) = 0, y

(5)
2 (0) = 0,

p3 : y
(6)
3 = (1 + c)y

(4)
2 − cy

(2)
2 , y3(0) = 0, y′3(0) = 0, y′′3 (0) = 0, y

(3)
3 (0) = 0, y

(4)
3 (0) = 0, y

(5)
3 (0) = 0.

.

..

Solving the above equations, we obtain

y0(x) = 1 + x +
A1 x3

6
+

A2 x4

24
+

A3 x5

120
+

c x7

5040
,

y1(x) = (c + 1)
(A2

6!
x6 +

A3

7!
x7 +

c

9!
x9

)
− c

(A1

7!
x7 +

A2

8!
x8 +

A3

9!
x9 +

c

11
x11

)
,

...

So, the homotopy solution y = y0 + y1 for Eq. (1.1) is given by

y(x) = 1 + x +
A1 x3

6
+

A2 x4

24
+

A3 x5

120
+

A2 x6

720
+

A2 c x6

720
+

A3 x7

5040

+
c x7

5040
− A1 c x7

5040
+

A3 c x7

5040
− A2 c x8

40320
+

c x9

362880
− A3 c x9

362880

+
c2 x9

362880
− c2 x11

39916800
+ ...

(4.10)

So, the homotopy solution y = y0 + y1 + .... for Eq. (1.1) is the same solution
obtained using the decomposition method.
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5. Numerical results

Tables 2 and 3 show the numerical results for small and large values of c, re-
spectively. Our approximate solutions obtained using DTM are in good agreement
with the exact solution for all values of the parameter c, while the approximate
solutions obtained using ADM and HPM are in good agreement with the exact
solution for small values of c only. From the numerical results in Tables 2 and 3,
it is easy to conclude that the approximate solutions obtained using the ADM and
HPM continuously depend on the parameter c.

Table 2. Numerical values when c = 1 and 10
c = 1 c = 10

x Analytical Solution ∗E(DTM)
∗E(ADM)

∗E(HPM)
∗E(DTM)

∗E(ADM)
∗E(HPM)

0.0 1.0000000000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
0.1 1.1003334166 -4.5E-6 -7.8E-10 -7.8E-10 -2.9E-5 1.2E-6 1.2E-6
0.2 1.2026693358 -2.5E-5 -4.7E-9 -4.7E-9 -1.6E-4 7.2E-6 7.2E-6
0.3 1.3090202934 -5.9E-5 -1.7E-8 -1.7E-8 -3.6E-4 1.7E-5 1.7E-5
0.4 1.4214189924 -9.1E-5 -1.9E-8 -1.9E-8 -5.3E-4 2.7E-5 2.7E-5
0.5 1.5419286388 -1.0E-4 -2.4E-8 -2.4E-8 -6.0E-4 3.4E-5 3.4E-5
0.6 1.6726535821 -9.6E-5 -2.3E-8 -2.3E-8 -5.3E-4 3.2E-5 3.2E-5
0.7 1.8157503685 -6.6E-5 -1.7E-8 -1.7E-8 -3.5E-4 2.3E-5 2.3E-5
0.8 1.9734393155 -3.0E-5 -8.6E-9 -8.6E-9 -1.5E-4 1.1E-5 1.1E-5
0.9 2.1480167257 -5.5E-6 -1.7E-9 -1.7E-9 -2.7E-5 2.2E-6 2.2E-6
1.0 2.3418678603 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

∗E=analytical solution- numerical solution

Table 3. Numerical values when c = 100, 1000, and 1000000

c = 100 c = 1000 c=1000000

x ∗E(DTM)
∗E(ADM)

∗E(HPM)
∗E(DTM)

∗E(ADM)
∗E(HPM)

∗E(DTM)
∗E(ADM)

∗E(HPM)

0.0 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
0.1 4.7E-5 2.1E-5 2.1E-5 5.9E-5 1.4E-3 1.4E-3 6.0E-5 -1.8E+2 -1.8E+2
0.2 3.2E-4 1.4E-4 1.4E-4 4.0E-4 1.0E-2 1.0E-2 4.1E-4 -1.3E+3 -1.3E+3
0.3 8.7E-4 4.1E-4 4.1E-4 1.1E-3 3.2E-2 3.2E-2 1.1E-3 -4.2E+3 -4.2E+3
0.4 1.5E-3 7.5E-4 7.5E-4 1.9E-3 6.3E-2 6.3E-2 2.0E-3 -8.4E+3 -8.4E+3
0.5 2.1E-3 1.0E-3 1.0E-3 2.6E-3 9.3E-2 9.3E-2 2.7E-3 -1.2E+4 -1.2E+4
0.6 2.2E-3 1.1E-3 1.1E-3 2.8E-3 1.0E-1 1.0E-1 2.9E-3 -1.4E+4 -1.4E+4
0.7 1.7E-3 9.2E-3 9.2E-3 2.2E-3 8.6E-2 8.6E-2 2.3E-3 -1.1E+4 -1.1E+4
0.8 9.1E-4 4.9E-3 4.9E-3 1.1E-3 4.7E-2 4.7E-2 1.2E-3 6.5E+4 6.5E+4
0.9 1.9E-4 1.0E-4 1.0E-4 2.5E-4 1.0E-2 1.0E-2 2.5E-4 -1.4E+3 -1.4E+3
1.0 0.0000 0.0000 0.0000 -7.1E-10 0.0000 0.000 -7.1E-10 -3.4E-8 -3.4E-8

∗E=analytical solution- numerical solution
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