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Abstract. In this letter we present a comparative study between three different
methods for solving a special third-order boundary value problem, namely the dif-

ferential transform method (DTM), Adomian decomposition (ADM), and homotopy

perturbation method (HPM). In particular we look at the accuracy of the these
methods as the initial and boundary conditions are changed. In these schemes, the

solution takes the form of a convergent series with easily computable components.
The numerical results demonstrates that the new methods are quite accurate and

efficient for this kind of problems.

1. Introduction

The second- and fourth-order boundary value problems have been examined
extensively, analytically and numerically, in the literature. In contrast, the third-
order boundary value problems have not been studied to the same extent that
second- and fourth-order equations have been examined. Theorems which list the
conditions for the existence and uniqueness of solutions of such third-order problems
are thoroughly investigated in a book by Agarwal [1], though no numerical methods
are contained therein. In this paper, we use the differential transform method for
solving a special class of third-order problems and carry out the comparison with
the Adomian decomposition method and Homotopy perturbation methods which
have been developed for solving linear and nonlinear problems in 1990,s. For more
details, see [2-11]. To be more precise, we consider the following third-order initial
and boundary value problem.

d3y

dx3
+ y(x) = −x6 + 3x5 − 3x4 − 119x3 + 180x2 − 72x + 6, (1.1)
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subject to the following three sets of initial and boundary conditions

IC : y(0) = y′(0) = 0, y′′(0) = 0, (1.2)

BC1 : y(0) = y′(0) = 0, y(1) = 0, (1.3)

BC2 : y(0) = y(1), y′(0) = y′(1), y′′(0) = y′′(1). (1.4)

The exact solution of Eq.(1.1) subject to the three sets of initial and boundary
conditions (1.2)-(1.4) is

y(x) = x3(1 − x)3. (1.5)
The basic motivation for the analysis presented in this paper is to apply the dif-

ferential transform method, Adomian decomposition, and homotopy perturbation
method to solve Eq.(1.1) subject to the initial and boundary conditions (1.2)-(1.4).
In particular we look at the accuracy of the these methods as the initial and bound-
ary conditions are changed.

The paper is organized as follows. We begin by introducing the basic theorems
of the one-dimensional differential transform method, then we apply the method to
solve the boundary value problem (1.1)-(1.4). In section 3 we extend the application
of the decomposition method to construct our analytical approximate solutions to
the special third-order boundary value problem (1.1) with initial and boundary con-
ditions (1.2)-(1.4). In section 4 we implement the homotopy perturbation method
to solve the problem. Numerical results are given in the last section.

2. Differential transform method

The differential transform method was first applied in the engineering domain by
[2]. In general, the differential transform method is applied to the solution of electric
circuit problems. The differential transform method is a numerical method based
on the Taylor series expansion which constructs an analytical solution in the form
of a polynomial. The traditional high order Taylor series method requires symbolic
computation. However, the differential transform method obtains a polynomial
series solution by means of an iterative procedure. The method is well addressed
in [2, 3, 4, 5].

In this section we shall give the basic theorems of the one-dimensional differential
transform method. For more details, see the mentioned references.

The differential transform of the kth derivative of the function f(x) is defined
as follows:

F (k) =
1
k!

[
dkf(x)

dxk

]

x=x0

(2.1)

and the differential inverse transform of F (k) is defined as follows:

f(x) =
∞∑

k=0

F (k)(x− x0)k. (2.2)

In real applications, the function f(x) is expressed by a finite series and Eq.(2.2)
can be written as

f(x) =
n∑

k=0

F (k)(x− x0)k. (2.3)
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The following theorems that can be deduced from Eqs. (2.1) and (2.2) are given
below [4]:

Theorem 2.1. If f(x) = g(x) ± h(x), then F (k) = G(k) ± H(k).

Theorem 2.2. If f(x) = cg(x), then F (k) = cG(k), where c is a constant.

Theorem 2.3. If f(x) =
dng(x)
dxn

, then F (k) =
(k + n)!

k!
G(k + n).

Theorem 2.4. If f(x) = g(x)h(x), then F (k) =
k∑

k1=0

G(k1)H(k − k1).

Theorem 2.5. If f(x) = xn, then F (k) = δ(k−n), where δ(k−n) =

{
1, k = n,

0, k 6= n.

Theorem 2.6. If f(x) = g1(x)g2(x) . . . gn−1(x)gn(x), then

F (k) =
k∑

kn−1=0

kn−1∑

kn−2=0

. . .

k3∑

k2=0

k2∑

k1=0

G1(k1)G2(k2−k1) . . .Gn−1(kn−1−kn−2)Gn(k−kn−1).

Applying the above differential transform theorems to Eq.(1.1), we obtain the
following recurrence relation:

Y (k + 3) =
1

(k + 1)(k + 2)(k + 3)

[
− δ(k − 6) + 3δ(k − 5) − 3δ(k − 4)

− 119δ(k − 3) + 180δ(k − 2) − 72δ(k − 1 + 6δ(k)) − Y (k)
]
. (2.4)

By using Eqs. (1.2)-(1.4) and (2.1), the initial and boundary conditions at x0 = 0
can be transformed as follows:

IC : Y (0) = 0, Y (1) = 0, Y (2) = 0 (2.5)

BC1 : Y (0) = 0, Y (1) = 0,

n∑

k=0

Y (k) = 0, (2.6)

BC2 : Y (0) =
n∑

k=0

Y (k), Y (1) =
n∑

k=0

kY (k),

Y (2) =
n∑

k=0

k(k − 1)Y (k). (2.7)

Utilizing the recurrence relation in Eq.(2.4) and transformed initial and boundary
conditions in Eqs. (2.5)-(2.7), the following solution, up to n-terms, is obtained:

y(x) =
n∑

k=0

Y (k)xk. (2.8)

For example, the 9-terms solution is given by

y(x) = a + b x + c x2 +
(
1 − a

6

)
x3 +

(
−3 − b

24

)
x4 +

(
3 − c

60

)
x5
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+
(
−1 +

a

720

)
x6 +

b x7

5040
+

c x8

20160
− a x9

362880
,

where the constants a = y(0), b = y′(0) and c = y′′(0)/2! are evaluated numerically
using the three sets of initial and boundary conditions (1.2)-(1.4) as

a = 0.0, b = 0.0 c = 0.0., (2.9)

and therefore, the solution for the third-order equation (1.1) equation subject to
three sets of initial and boundary conditions (1.2)-(1.4) is given by

y(x) = x3(1 − x)3. (2.10)

Note that for n > 5 one evaluates the same solution which is the exact solution of
Eq.(1.1).

It is worth mention that we obtained the same series solution using the differen-
tial transformation technique for the three sets of initial and boundary conditions
(1.2)-(1.4). It will be an interesting problem to see whether this is also true for
other analytical and numerical techniques.

3. Adomian decomposition method

Adomian [6, 7] introduced an approximate analytical method that allows the so-
lution of functional equations without linearization or assumption of infinitesimally
small parameters. Since its discovery, Adomian’s decomposition method (ADM)
has been shown by several investigators [6, 7, 8, 9] to be extremely efficient and
versatile. Below we use ADM to solve the boundary value problem (1.1).

The decomposition method requires that the boundary value problem (1.1) be
expressed in terms of operator from as

Ly = −x6 + 3x5 − 3x4 − 119x3 + 180x2 − 72x + 6 − y(x), (3.1)

where L =
d3

dx3
.

Applying the operator L−1, the inverse of the operator L, to both sides of equa-
tion (3.1), yields

y(x) = A+B x+
C x2

2
+x3−3 x4+3 x5− 119 x6

120
− x7

70
+

x8

112
− x9

504
−L−1y(x), (3.2)

where the constants

A = y(0), B = y′(0), C = y′′(0),

are to be determined. The Adomian’s decomposition method [6, 7] suggests the
solution y(x) be decomposed by the infinite series of components

y(x) =
∞∑

n=0

yn(x). (3.3)

Substitution the decomposition series (3.3) into both sides of (3.2) gives
∞∑

n=0

yn(x) = A + B x +
C x2

2
+ x3 − 3 x4 + 3 x5 − 119 x6

120
− x7

70
+

x8

112
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− x9

504
− L−1

∞∑

n=0

yn(x). (3.4)

The components yn(x), n ≥ 0 can be elegantly determined by using the recursive
relation

y0(x) = A + B x +
C x2

2
+ x3 − 3 x4 + 3 x5 − 119 x6

120
− x7

70
+

x8

112
− x9

504
,

yn+1(x) = −L−1 yn(x), n ≥ 1,

(3.5)

and so on for other polynomial.
Consequently, the approximation of y(x) is given by

y(x) = A + B x +
C x2

2
+ x3 − A x3

6
− 3 x4 − B x4

24
+ 3 x5 − C x5

120
− x6

+
A x6

720
+

B x7

5040
+

C x8

40320
+

x12

79833600
−

x13

86486400
+

x14

242161920

−
x15

1816214400
+ ... (3.6)

It remains to determine approximations to the constants A, B, and C. This can
be achieved by imposing the three sets of initial and boundary condition (1.2)-(1.4)
on the three-term approximation derived in (3.6). This gives

yIC(x) = x3 − 3 x4 + 3 x5 − x6 +
x12

79833600
− x13

86486400
+

x14

242161920

− x15

1816214400
, (3.7)

yBC1(x) = 4.61917 10−9 x2 + x3 − 3 x4 + 3. x5 − x6 + 2.29126 10−13 x8

+
x12

79833600
− x13

86486400
+

x14

242161920
− x15

1816214400
, (3.8)

yBC2(x) = 3.63108 10−7 x − 1.83952 10−7 x2 + x3 − 3. x4 + 3. x5 − x6

+ 7.20452 10−11 x7 − 9.1246 10−12 x8 +
x12

79833600

− x13

86486400
+

x14

242161920
− x15

1816214400
, (3.9)

where yIC (x), yBC1(x), and yBC2(x) are the decomposition series solutions subject
to the three sets of initial and boundary conditions IC, BC1, and BC2, respectively.

4. Homotopy perturbation method

In recent years, the application of the perturbation techniques in nonlinear prob-
lems has been devoted by scientists and engineers. The most perturbation methods
are based on the assumption that a small parameter exist, which is too over-strict
to find wide application. Therefore, many new techniques have been proposed to
eliminate the ”small parameter” assumption, such as He’s homotopy perturbation
method [10, 11]. The homotopy perturbation method (HPM) which provides an
analytical approximate solution is applied to various linear and nonlinear problems
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[12, 13, 14]. For convenience of the reader, we will present a review of the HPM
[10, 11] then we will apply the method to solve the boundary value problem (1.1).
To achieve our goal, we consider the nonlinear differential equation

L(u) + N (u) = f(r), r ∈ Ω, (4.1)

with boundary conditions

B(u, ∂u/∂n) = 0, r ∈ Γ, (4.2)

where L is a linear operator, while N is nonlinear operator, B is a boundary oper-
ator, Γ is the boundary of the domain Ω and f(r) is a known analytic function.

He’s homotopy perturbation technique [10, 11] defines the homotopy v(r, p) :
Ω × [0, 1] −→ < which satisfies

H(v, p) = (1 − p)[L(v) − L(u0)] + p[L(v) + N (v) − f(r)] = 0, (4.3)

or
H(v, p) = L(v) − L(u0) + pL(u0) + p[N (v) − f(r)] = 0, (4.4)

where r ∈ Ω and p ∈ [0, 1] is an impeding parameter, u0 is an initial approximation
which satisfies the boundary conditions. Obviously, from Eq.(4.3) and Eq.(4.4), we
have

H(v, 0) = L(v) − L(u0) = 0, (4.5)

H(v, 1) = L(v) + N (v) − f(r) = 0. (4.6)

The changing process of p from zero to unity is just that of v(r, p) from u0 to
u(r). In topology, this called deformation, L(v) − L(u0) and L(v) + N (v) − f(r)
are homotopic. The basic assumption is that the solution of Eq.(4.3) and Eq.(4.4)
can be expressed as a power series in p:

v = v0 + pv1 + p2v2 + . . . . (4.7)

The approximate solution of Eq.(4.1), therefore, can be readily obtained:

u = lim
p−→1

v = v0 + v1 + v2 + . . . . (4.8)

The convergence of the series (4.8) has been proved in [10, 11].

In view of the homotopy perturbation method, we can construct the following
homotopy for Eq.(1.1):

y(3)(x) = −x6 + 3x5 − 3x4 − 119x3 + 180x2 − 72x + 6 − py(x), (4.9)

where p ∈ [0, 1]. substituting y = y0 + py1 + p2y2 + .... into (4.9), we obtain the
following set of linear equations

p0 : y
(3)
0 = −x6 + 3x5 − 3x4 − 119x3 + 180x2 − 72x + 6, y0(0) = A, y′0(0) = B,

u′′
0(0) = C,

p1 : y
(3)
1 = −y0, y1(0) = 0, y′1(0) = 0, y′′1 (0) = 0,

p2 : y
(3)
2 = −y1, y2(0) = 0, y′2(0) = 0, y′′2 (0) = 0,

p3 : y
(3)
3 = −y2, y3(0) = 0, y′3(0) = 0, y′′3 (0) = 0.
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...

Solving the above equations, we obtain

y0(x) = A + B x +
C x2

2
+ x3 − 3 x4 + 3 x5 −

119 x6

120
−

x7

70
+

x8

112
−

x9

504
,

y1(x) =
−

(
A x3

)

6
− B x4

24
− C x5

120
− x6

120
+

x7

70
− x8

112
+

17 x9

8640
+

x10

50400

−
x11

110880
+

x12

665280
,

...

So, the homotopy solution y = y0 + y1 + y2 + ... for Eq.(1.1) is given by

y(x) = A + B x +
C x2

2
+ x3 − A x3

6
− 3 x4 − B x4

24
+ 3 x5 − C x5

120
− x6

+
A x6

720
+

B x7

5040
+

C x8

40320
+

x12

79833600
− x13

86486400
+

x14

242161920

− x15

1816214400
+ ... (4.10)

where the constants A, B, and C are determined by imposing the three sets of
initial and boundary condition (1.2)-(1.4) on the three-term approximate solution
(4.10).

Comparing the decomposition solution (3.6) with the homotopy solution (4.10)
for Eq.(1.1), it is easy to note that the two methods produce the same solution for
Eq.(1.1).

5. Numerical results

Table 1 shows the numerical results for Eq.(1.1) obtained by using the differential
transform method (DTM), Adomian decomposition method (ADM), and homotopy
perturbation method (HPM). It can be seen from the numerical results in Table 1
that the DTM is more accurate than the ADM and HPM. This demonstrate the
efficiency and accuracy of the present method for solving such kind of problems.
From the numerical results in Table 1, it is easy to conclude that the approximate
solutions obtained using the ADM and HPM continuously depend on the initial
and boundary conditions.
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Table 1. Numerical results for Eq.(1.1).

IC BC1 BC2
x ∗E(DT M)

∗E(ADM)
∗E(HP M)

∗E(DT M)
∗E(ADM)

∗E(HP M)
∗E(DT M)

∗E(ADM)
∗E(HP M)

0.0 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
0.1 0.0000 -1.1E-19 -1.1E-19 0.0000 -4.6E-11 -4.6E-11 0.0000 -3.4E-08 -3.4E-08
0.2 0.0000 -4.2E-17 -4.2E-17 0.0000 -1.8E-10 -1.8E-10 0.0000 -6.5E-08 -6.5E-08
0.3 0.0000 -5.0E-15 -5.0E-15 0.0000 -4.1E-10 -4.1E-10 0.0000 -9.2E-08 -9.2E-08
0.4 0.0000 -1.4E-13 -1.4E-13 0.0000 -7.3E-10 -7.3E-10 0.0000 -1.1E-07 -1.1E-07
0.5 0.0000 -1.9E-12 -1.9E-12 0.0000 -1.1E-09 -1.1E-09 0.0000 -1.3E-07 -1.3E-07
0.6 0.0000 -1.5E-11 -1.5E-11 0.0000 -1.6E-09 -1.6E-09 0.0000 -1.5E-07 -1.5E-07
0.7 0.0000 -8.6E-11 -8.6E-11 0.0000 -2.3E-09 -2.3E-09 0.0000 -1.6E-07 -1.6E-07
0.8 0.0000 -3.8E-10 -3.8E-10 0.0000 -3.3E-09 -3.3E-09 0.0000 -1.7E-07 1.7E-07
0.9 0.0000 -1.4E-09 -1.4E-09 0.0000 -5.1E-09 -5.1E-09 0.0000 -1.7E-07 -1.7E-07
1.0 0.0000 -4.5E-09 -4.5E-09 0.0000 -9.0E-09 -9.0E-09 0.0000 -1.7E-07 -1.7E-07

∗E=analytical solution- numerical solution
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