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Abstract. Conditions for lower or upper semi-continuity of the infsup or supinf
and continuity of the saddle value of a quasiconvex-quasiconcave function depend-

ing on a parameter are developed with an application to Lagrange relaxation and
decomposition in nonconvex global optimization.

1. Introduction

Let C, D be nonempty closed sets in two topological vector spaces X, Y respec-
tively, and Ω a metric space. Given a function F (u, x, y) : Ω × C × D → R we
define

γ(u) := inf
x∈C

sup
y∈D

F (u, x, y), η(u) := sup
y∈D

inf
x∈C

F (u, x, y). (1)

It is trivial that η(u) ≤ γ(u), so the equality γ(u) = η(u) obviously holds if γ(u) =
−∞ or η(u) = +∞. When γ(u) = η(u) ∈ R their finite common value σ(u) is called
a saddle value of F (u, x, y) on C × D, at the given point u. In this paper we are
interested in the existence and continuity conditions for the saddle value at a given
point u∗ ∈ Ω.

This question arises in many situations of numerical analysis where the stability
of an equilibrium point, in a certain sense, is of prime importance for the conver-
gence of an iterative solution procedure. For example this is a key point in the
theoretical foundation of certain decomposition methods of global optimization. In
these methods [3], instead of solving a primal problem, we solve its Lagrangian
dual, thus creating a “duality gap” which has to be closed by gradually reducing
the definition domain of a suitable parameter vector.

Although the question can be traced back at least to [6] (see also [11], [4]),
to our knowledge so far it has not attracted much attention from researchers in
nonlinear analysis and optimization. The central result in this area is the mini-
max stability theorem by Golshtein, originally formulated and established in [6] for
quasiconvex-quasiconcave functions, and later presented in [11] for convex-concave
functions. However, since this theorem deals with the stability of the saddle point,

Received Nov. 2005, Revised Fed. 2006.

2000 Mathematics Subject Classification: 49B40, 49J35, 90C06, 90C30.
Key words and phrases: Parametric minimax problem. Continuity of the saddle value. Stabil-

ity of the minimax. Lagrange relaxation and decomposition. Global optimization.



2 Hoang Tuy

it requires stronger assumptions than needed for the lower semi-continuity of γ(u)
or upper semi-continuity of η(u). These assumptions, besides, are formulated in
a form somewhat difficult to verify practically, while the proof requires a quite
elaborate machinery.

This explains in part the frequent appearance of errors in the recent literature
on foundation of duality bound methods and related techniques of decomposition
and duality gap closing in global optimization (see e.g. [8] and critical reviews in
[16], [17], [18]).

The aim of the present paper is to investigate the above question in the context of
a parametric minimax problem. In an attempt to fix the mentioned errors, we will
focuss on continuity property of the saddle value. After the Introduction, in Section
2 we prove an auxiliary proposition on the continuity of the marginal function in
a parametric convex optimization problem. In Section 3 we discuss some existence
conditions for the saddle value which are most convenient for parametrization. In
Section 4, the main results will be presented that deal with the continuity/stability
of the saddle value/point for a family of quasiconvex quasiconcave functions depend-
ing on a continuous parameter. As a by-product a new simple proof is provided for
the minimax stability theorem of Golshtein. In the last section, we conclude the
paper with some applications to mathematical programming, especially nonconvex
global optimization.

2. Continuity of the Marginal Function

Given a function ϕ(u, x) : Ω × C → R, where C is a nonempty closed convex
set in a reflexive Banach space X, and Ω a metric space, we consider the marginal
function

v(u) = inf
x∈C

ϕ(u, x).

Continuity properties of functions of this form with respect to the parameter u
have been discussed in many places (see e.g. [1], [2], [11], [4]). A useful example
in [4] shows that ϕ(u, x) may enjoy nice continuity properties without v(u) being
continuous, if the set C is unbounded. The boundedness of C is in fact a condition
that cannot be fully omitted in this kind of questions.

Recall that a function f(x) : C → R defined on a nonempty closed convex set
C ⊂ Y is said to be level-bounded if for every β ∈ R the level set {x ∈ C| f(x) ≤ β}
is bounded (possibly empty). This is equivalent to saying that

lim
x∈C,‖x‖→+∞

f(x) = +∞.

If a lsc (lower semi-continuous) function f(x) is level-bounded then it is inf-compact,
in the sense that for every β ∈ R the set {x ∈ C| f(x) ≤ β} is compact. Clearly
a lsc level-bounded function on C always attains a minimum on C and if C is
unbounded then for every α ∈ R the set {x ∈ C| f(x) > α} is nonempty.

When X = Rn it is known from [11] that v(u) is lsc in either of the following
cases:

1) ϕ(u, x) is lsc, level-bounded in x locally uniformly in u ([11], Theorem 1.17),
which means that for each u∗ ∈ Ω and β ∈ R there is an open ball U around u∗

such that the set {(u, x)| u ∈ U, ϕ(u, x) ≤ β} is bounded.
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2) Ω is a closed convex subset of Rm, ϕ(u, x) is convex and lsc on Ω×C and for
some u∗ ∈ Ω the set argmin

x∈C
ϕ(u∗, x) is nonempty and bounded (then, argmin

x∈C
ϕ(u, x)

is bounded for every u ∈ Ω and v(u) is a convex, lsc function, [11], Corollary 3.32).
The following proposition deals with the missing case when ϕ(u, x) is quasiconvex

in x for every fixed u.

Theorem 1. Let C be a nonempty closed convex set in a reflexive Banach space

X, Ω a metric space and ϕ(u, x) : Ω×C → R a function lsc on Ω ×C, continuous

in u and quasiconvex in x. If for some point u∗ ∈ Ω and β ∈ R the set C(u∗) :=
{x ∈ C| ϕ(u∗, x) ≤ β} is nonempty and compact, with min

x∈C(u∗)
ϕ(u∗, x) < β, then

there exists a neighborhood U of u∗ and a compact set C0 ⊂ C such that

∅ 6= C(u) := {x ∈ C| ϕ(u, x) ≤ β} ⊂ C0 ∀u ∈ U, (2)

while the function

v(u) = min
x∈C

ϕ(u, x)

is defined and continuous on U.

Proof. The function u 7→ min
x∈C(u∗)

ϕ(u, x) is usc (upper semi-continuous) in view

of the continuity of the function u 7→ ϕ(u, x) for each fixed x. Since min
x∈C(u∗)

ϕ(u∗, x) <

β, there exists a neighborhood U of u∗ such that

min
x∈C(u∗)

ϕ(u, x) < β ∀u ∈ U. (3)

In particular, C(u) := {x ∈ C| ϕ(u, x) ≤ β} 6= ∅ ∀u ∈ U. We show that U and
C0 ⊂ C can be chosen so as to satisfy (2).

It suffices of course to consider the case when C is non compact, so that C \
C(u∗) 6= ∅. Write C∗ = C(u∗) and for δ > 0 consider the sets

Cδ = {x ∈ C| δ ≤ d(x, C∗) ≤ 2δ}, C0 = {x ∈ C| d(x, C∗) ≤ 2δ},

where d(x, C∗) = min
x′∈C∗

‖x− x′‖ is the distance from x to the set C∗.

Since C∗ is a nonempty compact set, Cδ and C0 are nonempty compact sets,
too, and we have

ϕ(u∗, x) > β ∀x ∈ Cδ. (4)

In view of the lower semi-continuity of ϕ(u, x), for each fixed x ∈ Cδ there are a
neighborhood Ux of u∗ and a neighborhood Vx of x such that ϕ(u, x′) > β ∀u ∈
Ux, ∀x′ ∈ Vx. Then, because Cδ is compact there is a finite set E ⊂ Cδ satisfying
Cδ ⊂

⋃
x∈E

Vx, so by resetting U ←
⋂

x∈E

(Ux ∩ U ) we have

ϕ(u, x) > β ∀u ∈ U, ∀x ∈ Cδ. (5)

Furthermore, as C \ C0 6= ∅, we can consider the value ϕ(u, x) at any u ∈ U and
x ∈ C \C0. From (3) there is a point x′ ∈ C∗ such that ϕ(u, x′) < β. Then the line
segment [x, x′] joining x with x′ contains at least a point x′′ ∈ Cδ. Since ϕ(u, x′) <

β < ϕ(u, x′′) by (5), i.e. ϕ(u, x′) < ϕ(u, x′′), while x′′ = τx + (1− τ )x′, 0 < τ < 1,
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it follows from the quasiconvexity of the function x 7→ ϕ(u, x) that its maximum
over the line segment [x, x′] is attained at x. Hence, ϕ(u, x) > β, and so

ϕ(u, x) > β ∀u ∈ U, ∀x ∈ C \C0, (6)

in other words, C(u) = {x ∈ C| ϕ(u, x) ≤ β} ⊂ C0 for u ∈ U. This, together with
(3), proves (2).

Since the function x 7→ ϕ(u, x) is lsc it attains a minimum in the compact set
C0, which is also its minimum over C. Therefore, v(u) := min

x∈C
ϕ(u, x) is defined for

every u ∈ U. Furthermore, for any given ε > 0, we obviously have

ϕ(u∗, x) > v(u∗)− ε ∀x ∈ C0.

Since ϕ(u, x) is lsc and C0 is compact, if follows, by an argument analogous to that
used for deriving (5) from (4), that a neighborhood W ⊂ U of u∗ exists such that

ϕ(u, x) > v(u∗) − ε ∀x ∈ C0, ∀u ∈W.

Hence v(u) ≥ v(u∗)− ε ∀u ∈ W, proving the lower semi-continuity of the function
v(u) at u∗. The lower semi-continuity of v(u) at any u ∈ U follows by the same
argument. On the other hand, since ϕ(u, x) is continuous in u for fixed x, the
function v(u) = min

x∈C
ϕ(u, x) is usc on U. Therefore, v(u) is continuous on the whole

U.

3. The Basic Minimax Theorem

In this section we present the basic minimax theorem to be parameterized in the
next section

In what follows C, D are nonempty closed convex sets in two reflexive Banach
spaces X, Y, respectively, Ω is a metric space, and F (u, x, y) a real-valued function
on Ω×X × Y.

For the sake of convenience, for a given fixed u∗ ∈ Ω we denote the function
(x, y) 7→ F (u∗, x, y) by F (x, y). So F (x, y) is a real function defined on C ×D such
that F (x, y) = F (u∗, x, y).

Let us set
γ := inf

x∈C
sup
y∈D

F (x, y), η := sup
y∈D

inf
x∈C

F (x, y).

Following [1] we say that F (x, y) is usc (lsc, resp.) in y in every line segment if
for any a, b ∈ D the univariate function λ 7→ F (x, (1− λ)a + λb) is usc (lsc, resp.)
in the segment 0 ≤ λ ≤ 1. For instance, if F (x, y) is concave (convex, resp.) in y

then it is lsc (usc, resp.) in y in every line segment.
The following lemma is fundamental for deriving virtually all so far known ex-

istence conditions for the saddle value/saddle point of a quasiconvex quasiconcave
function. A slightly weaker version of it first appeared in [12] and [13] with the
simple proof given below, but in the context of an abstract topological minimax
theorem and probably because of that has passed unnoticed by several authors and
has been rediscovered from time to time (e.g. in [7], [9], [10]).
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Lemma 1. Assume F (x, y) : C ×D → R is a function quasiconvex lsc in x and
either of the following conditions (A) or (B) holds:

(A) F (x, y) is quasiconcave usc in y in every line segment;

(B) C is compact and F (x, y) is quasiconcave lsc in y in every line segment
Then for any real number β > η and any finite set Z ⊂ D we have

min
x∈C

max
y∈Z

F (x, y) ≤ β. (7)

Proof. Let C(y) := {x ∈ C| F (x, y) ≤ β}. Observe that C(y) 6= ∅ ∀y ∈ D since
β > η := sup

y∈D
inf
x∈C

F (x, y). We have to prove (7), which can be written as

⋂
y∈Z

C(y) 6= ∅. (8)

Consider first the case |Z| = 2, for instance Z = {a, b} ⊂ D. Arguing by contra-
diction, assume that

C(a) ∩C(b) = ∅. (9)
For every λ ∈ [0, 1] let yλ = (1− λ)a + λb. If x ∈ C(yλ), i.e. F (x, yλ) ≤ β, then, by
quasiconcavity, (1−λ)F (x, a)+λF (x, b) ≤ F (x, yλ) ≤ β, hence, either F (x, a) ≤ β,

or F (x, b) ≤ β. Therefore,
C(yλ) ⊂ C(a) ∪C(b). (10)

Since C(yλ) is convex, it then follows that C(yλ) cannot meet both C(a) and C(b)
which are disjoint by assumption (9). Consequently, for every λ ∈ [0, 1] one and
only one of the following alternatives occurs:

(i) C(yλ) ⊂ C(a); (ii) C(yλ) ⊂ C(b).

Denote by La(Lb, resp.) the set of all λ ∈ [0, 1] satisfying (i) (satisfying (ii), resp.).
Clearly, 0 ∈ La, 1 ∈ Lb, La ∪ Lb = [0, 1], and, analogously to (10):

C(yλ) ⊂ C(yλ1 ) ∪C(yλ2) ∀λ ∈ [λ1, λ2]. (11)

Therefore, λ ∈ La implies [0, λ] ⊂ La, and λ ∈ Lb implies [λ, 1] ⊂ Lb.

Let s = sup La = inf Lb. Suppose that s ∈ La (the argument is similar if s ∈ Lb).
Since β > sup

y∈D
inf
x∈C

F (x, y) ≥ inf
x∈C

F (x, ys), we have F (x̄, ys) < β for some x̄ ∈ C.

Under Assumption (A) F (x, y) is usc in y in every line segment, so F (x, yλ) is usc
in λ, hence there is ε > 0 such that F (x, yλ) < β for all λ ∈ (s − ε, s + ε), i.e.
(s − ε, s + ε) ⊂ La, contradicting the definition of s. Therefore, (9) cannot occur
and we must have C(a) ∩C(b) 6= ∅, i.e. (8) is true when |Z| = 2.

Under assumption (B), for every x ∈ C(b), since s ∈ La, i.e. C(ys) ⊂ C(a) we
have x /∈ C(ys), so F (x, ys) > β, and since now F (x, yλ) is lsc in λ there exists
an open interval Ix = (s1, s2) containing s, with s1 = s1(x), s2 = s2(x) and such
that F (x, yλ) > β for all λ ∈ Ix. Then F (x, ysi) > β, i.e. x /∈ C(ysi), i = 1, 2,
and using the closedness of the sets C(ysi ), i = 1, 2 we can find for each i = 1, 2
a neighbourhood Wi(x) of x such that F (z, ysi) > β ∀z ∈ Wi(x). Clearly Wx =
W1(x) ∩W2(x) is a neighborhood of x such that F (z, ysi) > β for all z ∈ Wx, i.e.
z /∈ C(ysi), i = 1, 2, and hence, z /∈ C(yλ) for all λ ∈ Ix. Thus for every x ∈ C(b)
we have found a neighborhood Wx and an interval Ix satisfying

F (z, yλ) > β ∀λ ∈ Ix, ∀z ∈ Wx.
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Since C(b) is a closed subset of C, and C is compact (Assumption (B)), C(b) is
compact, too, and from the family {Wx, x ∈ C(b)} one can extract a finite collection
{Wx, x ∈ N}, |N | < +∞, still covering C(b). If λ ∈ I :=

⋂
x∈N

Ix and x ∈ C(b) then

x ∈ Wx′ for some x′ ∈ N , hence F (x, yλ) > β. Therefore, C(yλ) ⊂ C(a) for all
λ ∈ I, i.e. I ⊂ La, again contradicting the definition of s.

Thus in any case (8) holds for |J | = 2. Assuming this holds for |J | = k we now
prove it for |J | = k + 1.

Now assume (8) is true for |Z| = k and consider k+1 arbitrary points y0, y1, . . . , yk

of D. Set C∗ = C(y0), C∗(y) = C∗ ∩ C(y). From the above we know that for any
β′ ∈ (η, β) {x ∈ C| F (x, y0) ≤ β′} ∩ {x ∈ C| F (x, y) ≤ β′} 6= ∅ for every y ∈ D.
This means that

∀y ∈ D ∃x ∈ C∗ F (x, y) ≤ β′,

and hence, sup
y∈D

infx∈C∗ F (x, y) ≤ β′ < β. So all the hypotheses of the Lemma still

hold with C replaced by C∗. It then follows from the induction assumption that
the sets C∗(y1), . . . , C∗(yk) have a nonempty intersection. Therefore the family
{C(y), y ∈ D} has the finite intersection property, as was to be proved.

Theorem 2. (i) Assume F (x, y) : C×D → R is a function quasiconvex lsc in x
and quasiconcave usc in y in every line segment, while the following condition (N)
holds

(N) There exist a nonempty finite set N ⊂ D and a real number β > η such that
the set CN = {x ∈ C| max

y∈N
F (x, y) ≤ β} is nonempty and compact.

Then a saddle value exists, with

min
x∈C

sup
y∈D

F (x, y) = sup
y∈D

inf
x∈C

F (x, y). (12)

(ii) Assume F (x, y) is a function quasiconvex lsc in x and quasiconcave lsc in y in
every line segment, while there exist a compact set C̄ ⊂ C such that min

x∈C̄
F (x, y) ≤

η ∀y ∈ D.

Then a saddle value exists, with

min
x∈C̄

sup
y∈D

F (x, y) = sup
y∈D

inf
x∈C

F (x, y), (13)

Proof. Let {ηh} be a sequence of real numbers such that β > ηh > η and
lim

h→+∞
ηh = η. For every y ∈ D define the sets

Ch(y) := {x ∈ C| F (x, y) ≤ ηh, max
y′∈N

F (x, y′) ≤ ηh}.

Since ηh > η := sup
y∈D

inf
x∈C

F (x, y), by Lemma 1 we have Ch(y) 6= ∅ ∀y ∈ D. Also,

since ηh < β, we have Ch(y) ⊂ CN . Thus, the sets Ch(y), y ∈ D, are all closed
subsets of the compact set CN . Since by Lemma 1 this family of sets have the
finite intersection property, their intersection must be nonempty, i.e., there exists
xh ∈ Ch(y) ∀y ∈ D. We have {xh} ⊂ CN , while CN is compact, so the sequence
{xh} has a cluster point x̄ ∈ CN . From the inequalities F (xh, y) ≤ ηh ∀y ∈ D we
then conclude, by lower semi-continuity of the function x 7→ F (x, y), that F (x̄, y) ≤
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limh ηh = η ∀y ∈ D. Therefore, sup
y∈D

F (x̄, y) ≤ η. We must have −∞ < sup
y∈D

F (x̄, y),

for otherwise F (x̄, y) ≡ −∞, which is not the case. Furthermore, the lower semi-
continuous function x 7→ sup

y∈D
F (x, y) must attain a minimum on the compact set

CN , hence min
x∈CN

sup
y∈D

F (x, y) ≤ η. Since always η ≤ γ ≤ min
x∈CN

sup
y∈D

F (x, y), the

equality (12) follows.
(ii) Since η ≤ sup

y∈D
min
x∈C̄

F (x, y) ≤ η, it follows that sup
y∈D

min
x∈C̄

F (x, y) = η, hence,

by Lemma 1 for every β > η, the sets C(y) = {x ∈ C̄| F (x, y) ≤ β}, y ∈ D,
have the finite intersection property. But they are closed subsets of the compact
set C̄, so

⋂
y∈D

C(y) 6= ∅, i.e. there exists x̄ ∈ C̄ such that sup
y∈D

F (x̄, y) ≤ β, hence

inf
x∈C

sup
y∈D

F (x, y) ≤ β. Since this holds for any β > η, we conclude inf
x∈C

sup
y∈D

F (x, y) ≤

η, i.e. γ ≤ η.

Remark 1. The following condition implies (N):

(S) There exists a nonempty finite set N ⊂ D such that

max
y∈N

F (x, y)→ +∞ as x ∈ C, ‖x‖→ +∞. (14)

In fact, if (S) holds, then for any β > η there exists ρ > 0 such that max
y∈N

F (x, y) > β

for all x ∈ C with ‖x‖ > ρ, so {x ∈ X| max
y∈N

F (x, y) ≤ β} is contained in the ball

‖x‖ ≤ ρ, and hence is compact in the weak topology of X.

Remark 2. If X = Rn the following condition implies (N):
(N*) There exists a nonempty finite set N ⊂ D such that the set C∗ := {x ∈
C| maxy∈N F (x, y) ≤ η} is nonempty and compact.

In fact, let C∗
k := {x ∈ C| max

y∈N
F (x, y) ≤ η + 1/k}, so C∗ =

+∞⋂
k=1

C∗
k . If Ek

is the recession cone of the closed convex set C∗
k and E is the recession cone of

C∗ then E =
+∞⋂
k=1

Ek. Let Gk, G be the intersections of the unit sphere S = {x ∈

Rn| ‖x‖ = 1} with the cones Ek, E, respectively. Clearly G =
+∞⋂
k=1

Gk, and since

C∗ is compact we have G = ∅. But each Ek is a closed subset of the compact set

S, so their intersection E :=
+∞⋂
k=1

Ek can be empty only if there exists a finite set

J ⊂ {1, 2, . . .} such that
⋂

k∈J

Ek = ∅, i.e. such that the set
⋂

k∈J

C∗
k is compact. If

k0 = minJ, this means that C∗ = {x ∈ C| max
y∈N

F (x, y) ≤ η + 1
k0
} is compact and

nonempty; in other words, condition (N) holds with β = η + 1
k0

> η.

Incidentally we have proved a useful general fact, viz: If C∗
k, k ∈ K, are convex

closed sets in Rn such that
⋂

k∈K

C∗
k is nonempty and compact then there exists a

finite set I ⊂ K such that
⋂

k∈I

C∗
k is also nonempty and compact.
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Property (14) is sometimes referred to as coerciveness of the function x 7→
sup
y∈N

F (x, y) on the set C. It was used with |N | = 1 as an existence condition

for the saddle value in [5].
By considering the function −F (x, y) and noting that

inf
x∈C

sup
y∈D

F (x, y) = − sup
x∈C

inf
y∈D

(−F (x, y)),

the following analogue of Theorem 2 can be derived.

Theorem 2b (i)Assume F (x, y) : C ×D → R is a function quasiconvex lsc in x

in every line segment and quasiconcave usc in y, while the following condition (M)
holds

(M) There exist a nonempty finite set M ⊂ C and a real number α < γ such that
the set DM = {y ∈ D| inf

x∈M
F (x, y) ≥ α} is nonempty and compact.

Then a saddle value exists, with

max
y∈D

inf
x∈C

F (x, y) = inf
x∈C

sup
y∈D

F (x, y). (15)

(ii) Assume F (x, y) is a function quasiconvex usc in x in every line segment

and quasiconcave usc in y, while there exist a compact set D̄ ⊂ D such that

max
y∈D̄

F (x, y) ≥ γ ∀y ∈ D.

Then a saddle value exists, with

max
y∈D̄

inf
x∈C

F (x, y) = inf
x∈C

sup
y∈D

F (x, y) (16)

Remark 3. (see Remarks 1,2) The following condition implies (M):

(T)There exists a nonempty finite set M ⊂ C such that

min
x∈M

F (x, y)→−∞ as y ∈ D, ‖y‖ → +∞.

Furthermore, if Y = Rm then (M) is satisfied if ∃M ⊂ C, |M | < +∞ satisfying
D∗ := {y ∈ D| min

x∈M
F (x, y) ≥ γ}.

Theorem 3. Let F (x, y) : C ×D → R be a function quasiconvex lsc in x and

quasiconcave usc in y. Assume the following condition (MN):

(MN) There exist two nonempty finite sets M ⊂ C, N ⊂ D and two real numbers
α, β such that α < γ, β > η, and both sets CN := {x ∈ C| max

y∈N
F (x, y) ≤ β},

DM := {y ∈ D| min
x∈M

F (x, y) ≥ α} are nonempty and compact.

Then a saddle point exists and the set of saddle points is constituted by C∗ ×D∗,

with

C∗ = argmin
x∈C

(sup
y∈D

F (x, y))), D∗ = argmax
y∈D

( inf
y∈D

F (x, y)). (17)
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Proof. Since both conditions (M) and (N) are satisfied it follows from Theorems
2 and 2b that

min
x∈C

sup
y∈D

F (x, y) = max
y∈D

inf
x∈C

F (x, y).

Hence, with C∗, D∗ defined as in (17), every (x̄, ȳ) ∈ C∗ ×D∗ satisfies

sup
y∈D

F (x̄, y) ≤ F (x̄, ȳ) ≤ inf
x∈C

F (x, ȳ), (18)

i.e. is a saddle point. Conversely, any saddle point (x̄, ȳ) satisfies (18), i.e. (x̄, ȳ) ∈
C∗ ×D∗.

4. Stability of the Saddle Point

We now proceed to study continuity properties of the saddle value or the saddle
point when subject to perturbation.

Recall that Ω is a metric space, C, D are closed convex sets in X, Y respectively,
and F (u, x, y) : Ω× C × D → R is a function quasiconvex in x, and quasiconcave
in y. For any u ∈ Ω we set

γ(u) := inf
x∈C

sup
y∈D

F (u, x, y), η(u) := sup
y∈D

inf
x∈C

F (u, x, y)

Theorem 4. Let F (u, x, y) be lsc in (u, x), continuous in u and usc in y in every

line segment. Assume there exist a nonempty finite set N ⊂ D along with a real

number β > η(u∗) such that the set CN (u∗) := {x ∈ C| max
y∈N

F (u∗, x, y) ≤ β} is

nonempty and compact. Then γ(u∗) = η(u∗) and there exists a neighborhood U of

u∗ together with a compact set C0 ⊂ C such that

∅ 6= {x ∈ C| max
y∈N

F (u, x, y) ≤ β} ⊂ C0 ∀u ∈ U, (19)

while the function γ(u) is lsc at u∗.

Proof. First notice that η(u∗) = γ(u∗) by Theorem 2. Now let ϕ(u, x) :=
max
y∈N

F (u, x, y). We have

min
x∈CN

ϕ(u∗, x) < β.

Since ϕ(u, x) is lsc in (u, x), and continuous in u it is easily verified that the con-
ditions of Theorem 1 are satisfied, so according to this Theorem, there exists a
compact set C0 ⊂ C and an open ball U around u∗ such that

∅ 6= {x ∈ C| ϕ(u, x) ≤ β} ⊂ C0 ∀u ∈ U. (20)

To prove the lower semi-continuity of γ(u) at u∗, observe that, by Theorem 2,
for any given ε > 0, we have

min
x∈C0

sup
y∈D

F (u∗, x, y) = γ(u∗) > γ(u∗)− ε.

For fixed x ∈ C0 the function (u, x′) 7→ sup
y∈D

F (u, x′, y) is lsc as the upper envelope of

a family of continuous functions in (u, x′), so there exists a neighborhood Wx around
u∗ and a neighborhood Vx around x such that sup

y∈D
F (u, x′, y) > γ(u∗) − ε ∀u ∈
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Wx, ∀x′ ∈ Vx. Since C0 is compact, there exists a finite set J ⊂ C0 satisfying
C0 ⊂

⋃
x∈J

Vx. Setting W =
⋂

x∈J

Wx then yields a neighborhood W of u∗ such that

sup
y∈D

F (u, x, y) > γ(u∗)− ε ∀u ∈W, ∀x ∈ C0. (21)

But from (20)

inf
x∈C\C0

sup
y∈D

F (u, x, y) ≥ inf
x∈C\C0

ϕ(u, x) ≥ β ∀u ∈ U. (22)

so, noting that β ≥ η(u∗) = γ(u∗), we deduce

γ(u) := min
x∈C

sup
y∈D

F (u, x, y) ≥ γ(u∗)− ε ∀u ∈ U,

proving the lower semi-continuity of γ(u) at u∗.

Analogously we can prove that:

Theorem 4b. Let F (u, x, y) be usc in (u, y), continuous in u and lsc in x in

every line segment. Assume there exist a nonempty finite set M ⊂ C along with a

real number α < γ such that the set DM (u∗) := {y ∈ D| min
x∈M

F (u∗, x, y) ≥ α} is

nonempty and compact. Then γ(u∗) = η(u∗) and there exists a neighborhood U of

u∗ along with a compact set D0 such that

∅ 6= {y ∈ D| min
x∈M

F (u, x, y) ≥ α} ⊂ D0

while the function η(u) is usc at u∗.

We are now in a position to state the following stability theorem for saddle
points.

Theorem 5. Assume that F (u, x, y) is lsc in (u, x) and usc in (u, y) while the

following condition holds:

(MN) there exist two nonempty finite sets M ⊂ C, N ⊂ D, along with

real numbers α < γ(u∗), β > η(u∗) such that the sets CN (u∗) := {x ∈
C| max

y∈N
F (u∗, x, y) ≤ β}, DM (u∗) := {y ∈ D| min

x∈M
F (u∗, x, y) ≥ α} are

nonempty and compact.

Then there exists a neighborhood U of u∗ such that for every u ∈ U the function

F (u, x, y) has a saddle point (x(u), y(u)) on C × D and the saddle value σ(u) is

continuous on U. Furthermore, the set of saddle points is C∗(u)×D∗(u) with

C∗(u) = argmin
x∈C

(sup
y∈D

F (u, x, y)), D∗(u) = argmax
y∈D

( inf
x∈C

F (u, x, y))

and the set-valued map u 7→ C∗(u) × D∗(u) is upper semi-continuous at every

u ∈ U.
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Proof. By Theorems 4 and 4b, there is a neighborhood U of u∗ along with two
compact sets C0 ⊂ C, D0 ⊂ D, such that for each u ∈ U :

∅ 6= {x ∈ C| max
y∈N

F (u, x, y) ≤ β} ⊂ C0, (23)

∅ 6= {y ∈ D| min
x∈M

F (u, x, y) ≥ α} ⊂ D0. (24)

We now show that U can be selected so that α < γ(u), β > η(u), ∀u ∈ U. Since
η(u∗) < β and by Theorem 4b, η(u) is usc at u∗ there exists a neighborhood U ′ of
u∗ such that η(u) < β ∀u ∈ U ′. By replacing U with U ∩U ′ we then have (23) and
β > η(u) ∀u ∈ U. Similarly we prove the existence of a neighborhood of u∗, which
can be assumed to be the same U, such that α < γ(u) ∀u ∈ U. Thus, (23) and (24)
hold, with α < γ(u), β > η(u), for every u ∈ U. From Theorem 3 it follows that
η(u) = γ(u) ∀u ∈ U, and the saddle value σ(u) (common value of η(u) and γ(u))
is continuous at every u ∈ U (Theorems 4 and 4b). Furthermore, for u ∈ U the set
of saddle points is C∗(u)×D∗(u).

It remains to prove the upper semi-continuity of the mapping u 7→ C∗(u)×D∗(u).
Let (xν , yν) ∈ C∗(uν)×D∗(uν), xν → x∗, yν → y∗, uν → u∗. Then F (uν, xν, yν) =
σ(uν), hence, by continuity, F (u∗, x∗, y∗) = σ(u∗), i.e.

sup
y∈D

inf
x∈C

F (u∗, x, y) = F (u∗, x∗, y∗) = inf
x∈C

sup
y∈D

F (u∗, x, y).

Consequently, (x∗, y∗) ∈ C∗(u∗)×D∗(u∗), proving that the mapping u→ C∗(u)×
D∗(u) is closed and hence, usc at u∗, because C∗(u)×D∗(u) ⊂ C0×D0 and C0×D0

is compact. Since the state of affairs at every u ∈ U is exactly the same as at u∗,

the set-valued mapping C∗(u) × D∗(u) is upper semi-continuous at every u ∈ U.

This completes the proof of the theorem.

Remark 4. In the case X = Rn or/and Y = Rm, by using the argument in
Remark 2 it is easily seen that Theorems 4, 4b and 5 remain valid if the conditions
β > η, α < γ in these theorems are replaced by β ≥ η, α ≤ γ, respectively.

As immediate consequence of the above theorem let us mention the following
proposition, earlier established in [6] under somewhat stronger continuity assump-
tion (F (u, x, y) jointly continuous in u, x, y), though using a more elaborate proof.

Corollary 5. (Golshtein) Let C, D be closed convex sets in Rn, Rm, respectively,

let Ω be a metric space and the function F (u, x, y) : Ω×C×D → R be lsc in (u, x)
and usc in (u, y). If both sets

C∗ := {x ∈ C| sup
y∈D

F (u∗, x, y) = η(u∗)},

D∗ := {y ∈ D| inf
x∈C

F (u∗, x, y) = γ(u∗)}

are nonempty and compact, then there exists an open ball U around u∗ such that

for every u ∈ U the function F (u, x, y) has a saddle point on C ×D and the saddle

value σ(u) is continuous on U. Furthermore, the set of saddle points is the product

C∗(u)×D∗(u) and the set-valued map u 7→ C∗(u) ×D∗(u) is usc at every u ∈ U.
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Proof. We have inf
x∈C

sup
y∈D

F (u∗, x, y) = γ(u∗) ≥ η(u∗), so

C∗ = {x ∈ C| sup
y∈D

F (u∗, x, y) ≤ η(u∗)} =
⋂

y∈D

{x ∈ C| F ∗(u∗, x, y) ≤ η(u∗)}.

Since C∗ is nonempty and compact, it follows from the general fact mentioned in
Remark 2, that there exists a nonempty finite set M ⊂ C such that the set

CN (u∗) =
⋂

y∈N

{x ∈ C| F (u∗, x, y) ≤ η(u∗)} = {x ∈ C| sup
y∈N

F (u∗, x, y) ≤ η(u∗)}

is nonempty and compact. Then, writing CN (u∗) =
+∞⋂
k=1

CN
k (u∗) with

CN
k (u∗) = {x ∈ C| sup

y∈N
F (u∗, x, y) ≤ η(u∗) + 1/k},

and using again the same argument, we see that there exists k0 such that the set
CN

k0
(u∗) is nonempty and compact. Similarly, there exist a nonempty finite set

M ⊂ C and an integer h0 such that the set

DM
h0

(u∗) = {y ∈ D| min
x∈M

F (u∗, x, y) ≥ γ(u∗) − 1/(h0)}

is nonempty and compact. So all conditions in Theorem 5 are satisfied, with β =
η(u∗) + 1/(k0) > η(u∗) and α = γ(u∗) − 1/(h0) < γ(u∗).

In certain applications we need a continuity property slightly different from that
of the saddle point (see e.g. [3]). The following proposition, dealing with that
special continuity property, can be derived from Theorems 1 and 2.

Theorem 6. Let C, D, Ω be as in Theorem 4, F (u, x, y) : Ω ×C ×D → R be

a function lsc in (u, x), continuous in u, convex in x and concave in y. If

(S1) there exists y∗ ∈ D such that lim
x∈C,‖x‖→+∞

F (u∗, x, y∗) = +∞,

then, as t→ 0,

η(t) := sup
y∈D

inf
x∈C

ρ(u,u∗)≤t

F (u, x, y) → γ(u∗) := inf
x∈C

sup
y∈D

F (u∗, x, y).

where ρ(u, u∗) denotes the distance between u and u∗.

Proof. Clearly, 0 < t1 < t2 implies η(t1) ≥ η(t2), so the sequence η(t) increases
as t decreases. Since always

η(t) ≤ sup
y∈D

inf
x∈C

F (u∗, x, y) ≤ inf
x∈C

sup
y∈D

F (u∗, x, y) = γ(u∗), (25)

we have lim
t→0

η(t) ≤ η(u∗) ≤ γ∗ as t → 0. We show that for any given ε > 0 there
exists t > 0 such that

η(t) > γ(u∗) − ε. (26)

As we saw in Remark 1, condition (S) implies (N). Also, a concave function in y is
always usc in every line segment. So by Theorem 2,

γ(u∗) = η(u∗) := sup
y∈D

inf
x∈C

F (u∗, x, y),



Parametric minimax theorems with application 13

and hence there exists ȳ ∈ D satisfying

γ(u∗) ≥ inf
x∈C

F (u∗, x, ȳ) > γ(u∗) − ε/2. (27)

Now let ỹ = θy∗ + (1 − θ)ȳ. By concavity of the function y 7→ F (u∗, x, y),

F (u∗, x, ỹ) ≥ θF (u∗, x, y∗) + (1− θ)F (u∗, x, ȳ) ∀x ∈ C. (28)

But by virtue of condition (S1) the function x 7→ F (u∗, x, y∗) is inf-compact and
attains a minimum on C. Therefore, inf

x∈C
F (u∗, x, y∗) > −∞ and so for θ sufficiently

small, the inequality (28) yields

F (u∗, x, ỹ) ≥ θ inf
x∈C

F (u∗, x, y∗) + (1− θ) inf
x∈C

F (u∗, x, ȳ) > γ(u∗) − ε/2 ∀x ∈ C.

(29)
On the other hand, as x ∈ C, ‖x‖ → +∞ we have, by (S1), F (u∗, x, y∗) → +∞,

hence, from (28) and taking account of (27), F (u∗, x, ỹ)→ +∞. This implies that
the set C(u∗) := {x ∈ C| F (u∗, x, ỹ) ≤ β} is compact for any β ∈ R. If we take
β > min

x∈C(u∗)
F (u∗, x, ỹ) ≥ γ(u∗) − ε/2 (see (27)), then all conditions in Theorem

1 are satisfied with ϕ(u, x) = F (u, x, ỹ). Therefore, there exists an open ball U =
{u| ρ(u, u∗) ≤ t} such that the function v(u) = inf

x∈C
F (u, x, ỹ) is continuous on U.

In particular, since v(u∗) = inf
x∈C

F (u∗, x, ỹ) > γ(u∗) − ε by (29), we have

v(u) = inf
x∈C

F (u, x, ỹ) > γ(u∗) − ε ∀u ∈ U,

i.e. inf
x∈C,u∈U

F (u, x, ỹ) ≥ γ(u∗)− ε, and hence,

η(t) = sup
y∈D

inf
x∈C,u∈U

F (u, x, y) ≥ γ(u∗) − ε,

as was to be proved.

5. An application: decomposition in nonconvex global optimization

To illustrate the usefulness of the above results, we just examine an example
from nonconvex global optimization, where a stability theorem for the saddle value
is needed for establishing the convergence of a numerical solution procedure.

Consider the problem

min{f(u, x)| g(u, x) �K 0, u ∈ Ω, x ∈ C} (P)

where Ω is a nonempty compact convex set in Rp, C a closed convex set in Rn, K a
closed convex cone in Rm, and f : Rp×Rn → R, g : Rp×Rn → Rm are continuous
mappings such that, for every fixed u, the function x 7→ f(u, x) is convex while
the function x 7→ g(u, x) is K-convex (i.e., for any x1, x2 ∈ Rn, and 0 ≤ α ≤ 1 :
g(u, αx1 + (1− α)x2)− αg(u, x1) − (1− α)g(u, x2) ∈ K.)

If u is viewed as a parameter vector, then (P) is a parametric convex optimization
problem. If u is a variable vector, (P) is a partly convex optimization problem.
Either way, (P) is encountered in many practical applications and for this reason
has attracted the attention of quite a few researchers in the last few years [3], [19],
[8], [15], [16]. The set of variables in (P) is partitioned into two groups, such that
the problem is convex when variables in one group are held fixed. Variables in
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the latter group are sometimes referred to as “nonconvex variables”, as opposed to
“convex variables” in the other group.

A popular method for solving (P) is to use a branch-and-bound procedure, with
branching performed in Rp, the u-space (parameter space, or nonconvex variables
space). Such a branch and bound procedure generates a nested sequence of compact
sets (usually hyperrectangles or simplices) in Rp : M1 ⊃ M2 ⊃ · · · ⊃ Mk ⊃ · · ·

shrinking to a point u∗, i.e. such that
+∞⋂
k=1

Mk = {u∗}. Accordingly, the problem

is “decomposed” into an adaptively generated sequence of subproblems of smaller
dimension, hence easier to solve.

The basic scheme of decomposition can be described as follows. Let K∗ = {λ ∈
Rm| 〈λ, y〉 ≥ 0 ∀y ∈ K} be the conjugate cone of K, so that 〈λ, g(u, x)〉 is a convex
function in x for every fixed u ∈ Ω and λ ∈ K∗. For each compact set M ⊂ Rp

define

φ(M ) := inf{f(u, x)| g(u, x) �K 0, u ∈ Ω ∩M, x ∈ C}, (P(M))

β(M ) = sup
λ∈K∗

inf
u∈Ω∩M,x∈C

{f(u, x) + 〈λ, g(u, x)}. (DP(M))

Clearly β(M ) ≤ φ(M ) because (DP(M)) is the Lagrangian dual of (P(M)), so
the gap φ(M ) − β(M ) is nonnegative and may be fairly large. However, since
Mk ⊂ Mh and hence β(Mk) ≥ β(Mh) for all k > h, the nondecreasing sequence
β(Mk), k = 1, 2, . . ., must tend to a limit β∗. On the other hand, according to
the standard rule for selecting Mk in branch and bound procedures one always has
β(Mk) ≤ min (P) ∀k, hence β∗ ≤ γ(u∗) := min (P). So the key question for the
success of the procedure is under which conditions one has

lim
k→+∞

β(Mk) = min{(P)} = min{f(u∗, x)| g(u∗, x) �K 0, x ∈ C}. (30)

If such is the case, any optimal solution x∗ of the convex problem

min{f(u∗, x)| g(u∗, x) �K 0, x ∈ C}, (CP)

yields an optimal solution (u∗, x∗) of (P), and solving (P) eventually reduces to
solving the reduced convex problem (CP).

From the results presented in the previous sections we can derive the following
proposition.

Theorem 7. Under the stated assumptions, the equalities (30) will hold if the

following condition is satisfied

(*) There exists λ∗ ∈ K∗ such that the convex function x 7→ f(u∗, x)+〈λ∗, g(u∗, x)〉
is coercive on the set C, i.e. such that

{f(u∗, x) + 〈λ∗, g(u∗, x)} → +∞ as x ∈ C, ‖x‖→ +∞. (31)

Proof. Apply Theorem 6 to the function F (u, x, λ) = f(u, x) + 〈λ, g(u, x) on
Ω ×C ×K∗. Since condition (S1) holds, we have

lim
k→+∞

β(Mk) = min
x∈C

sup
λ∈K∗

{f(u∗, x) + 〈λ, g(u∗, x)〉}

= min{f(u∗, x)| g(u∗, x) �K 0, x ∈ C} ≥ min (P). (32)
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On the other hand, since β(Mk) ≤ min (P) ∀k, it follows that

lim
k→+∞

β(Mk) ≤ min (P). (33)

Combining (32) and (33) yields the desired equalities (30).

In the special case of partly linear problems considered in [3]

min{〈c, x〉| A(u)x ≤ b, x ≥ 0, u ∈ Ω}

where Ω is a polytope and for each u, A(u) is an m × n matrix with continuous
elements aij(u), it is easily verified that condition (31) will be satisfied if there
exists y > 0 satisfying A(u)T y + c > 0.

Remark 5. As can easily be seen, β(Mk) ≤ sup
λ∈K∗

inf
u∈Ω∩Mk,x∈C

{f(u, x)+〈λ, g(u, x)〉},

hence
lim

k→+∞
β(Mk) ≤ sup

λ∈K∗
inf
x∈C
{f(u∗, x) + 〈λ, g(u∗, x)〉}.

Therefore, if (30) holds then necessarily

sup
λ∈K∗

inf
x∈C
{f(u∗, x) + 〈λ, g(u∗, x)〉} = inf

x∈C
sup

λ∈K∗
{f(u∗, x) + 〈λ, g(u∗, x)〉},

i.e. there must be no duality gap at u∗. However, contrary to many results in the
literature on this subject (e.g. [8] and references in [17]), this necessary condition is
not sufficient. In fact, as has been shown by counter examples ([17]), the decompo-
sition algorithm may fail to converge (i.e. one may have lim

k→+∞
β(Mk) < min (P)),

even if the duality gap is zero at every u ∈ Ω.
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