
Nonlinear Analysis Forum 11(2), pp. 237–247, 2006

ANALYTICAL APPROXIMATE SOLUTION FOR A NONLINEAR
FRACTIONAL INTEGRO-DIFFERENTIAL EQUATION

Shaher Momani and Rami Qaralleh

Department of Mathematics

Mutah University

P.O. Box 7, Al-Karak, Jordan

E-mail : shahermm@yahoo.com

Abstract. The aim of the present analysis is to apply Adomian decompositionmethod

for the solution a nonlinear fractional integro-differential equation. The fractional de-
rivative is considered in the Caputo sense. The approximate solution obtained by the

decomposition method has been numerically evaluated and presented in the form of

tables and then compared with those obtained by truncated series method. A good
agreement of the results is observed for some special cases.

1. Introduction

Differential equations involving derivatives of non-integer order have shown to be
adequate models for various physical phenomena in areas like rheology, damping laws,
diffusion processes, etc. For example, the nonlinear oscillation of earthquake can be
modeled with fractional derivatives [13], and the fluid-dynamic traffic model with
fractional derivatives [14] can eliminate the deficiency arising from the assumption
of continuum traffic flow. Based on experimental data fractional partial differential
equations for seepage flow in porous media are suggested in [15], and differential
equations with fractional order have recently proved to be valuable tools to the mod-
eling of many physical phenomena [18]. A review of some applications of fractional
derivatives in contnuum and statistical mechanics is given by Mainardi [17].

In this paper, we are concerned with providing good quality algorithms for the
solution of a nonlinear fractional nonlinear integro-differential equation of the form:

dαu

dxα
= g(x) +

∫ x

0

K(t, u(t), u′(t))dt, u(0) = β, 0 < α ≤ 1, (1.1)

where β is a real constant and α is a parameter describing the order of the fractional
derivative. The fractional derivative in equation (1.1) is considered in the Caputo
sense. The general response expression contains a parameter describing the order of
the fractional derivative that can be varied to obtain various responses. In the case
of α = 1, the fractional equation reduces to a classical nonlinear integro-differential
equation. Several analytical and numerical methods have been proposed to solve
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the classical nonlinear integro-differential equation (1.1) such as Wavelet-Galerkin
method (WGM) [6], the Lagrange interpolation method [20], the Adomian’s decom-
position method (ADM) [12] and the differential transform method (DTM) [5]. For
more details about these investigations, the reader is advised to see Ref. [5, 12, 20]
and the reference therein.

In this paper we will use the Adomian decomposition method (ADM) to provide
analytic, verifiable, rapidly convergence approximation to Eq. (1.1). A useful attrac-
tion of this method is that it has proved to be reliable and effective. The method
introduce the solution in the form of a convergent power series with elegantly com-
putable terms. Also, we will use the series solution method to find an approximate
solution of Eq. (1.1). With this method, a fractional power series solution for the
nonlinear fractional integro-differential equation (1.1) is obtained in a manner parallel
to that used in solving ODEs.

The paper is organized as follows. We begin by introducing some necessary def-
initions and mathematical preliminaries of the fractional calculus theory which are
required for establishing our results. In sections 3 and 4 we extend the application
of the (ADM) and series solution methods to construct our analytical approximate
solutions to the model equation (1.1). Concluding remarks are given in the last
section.

2. Basic definitions

We give some basic definitions and properties of the fractional calculus theory
which are used further in this paper.

Definition 2.1. A real function f(x), x > 0, is said to be in the space Cµ, µ ∈ R if
there exists a real number p(> µ), such that f(x) = xpf1(x), where f1(x) ∈ C[0,∞),
and it is said to be in the space Cm

µ iff f (m) ∈ Cµ, m ∈ N.

Definition 2.2. The Riemann-Liouville fractional integral operator of order α ≥
0, of a function f ∈ Cµ, µ ≥ −1, is defined as

Jαf(x) =
1

Γ(α)

∫ x

0

(x − t)α−1f(t)dt, alpha > 0, x > 0

J0f(x) = f(x).

Properties of the operator Jα can be found in [16], we mention only the following:

For f ∈ Cµ, µ ≥ −1, α, β ≥ 0 and Γ > −1:
1. JαJβf(x) = Jα+βf(x),
2. JαJβf(x) = JβJαf(x),
3. Jαxβ = Γ(β+1)

Γ(α+β+1)
xα+β.

The Riemann-Liouville derivative have certain disadvantages when trying to model
real-world phenomena with fractional differential equations. Therefore, we shall in-
troduce now a modified fractional differential operator Dα proposed by M. Caputo
in his work on the theory of viscoelasticity [7]
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Definition 2.3. The fractional derivative of f(x) in the Caputo sense is defined
as

Dαf(x) = Jm−αDmf(x) =
1

Γ(m − α)

∫ x

0

(x − t)m−α−1f (m)(t)dt, (2.1)

for m − 1 < α ≤ m, m ∈ N, x > 0, f ∈ Cm
−1.

Also, we need here two of its basic properties.

Lemma 2.1. If m − 1 < α ≤ m, m ∈ N and f ∈ Cm
µ , µ ≥ −1, then

DαJαf(x) = f(x),

and,

JαDαf(x) = f(x) −
m−1∑

k=0

f (k)(0+)
xk

k!
, x > 0.

In this paper, the fractional derivatives are considered in the Caputo sense. The
reason for adopting the Caputo definition is as follows [10]: to solve differential
equations (both classical and fractional), we need to specify additional conditions in
order to produce a unique solution. For the case of Caputo fractional differential
equations, these additional conditions are just the traditional conditions, which are
akin to those of classical differential equations, and are therefore familiar to us.
In contrast, for Riemann-Liouville fractional differential equations, these additional
conditions constitute certain fractional derivatives (and/or integrals) of the unknown
solution at the initial point x = 0, which are functions of x. These initial conditions
are not physical; furthermore, it is not clear how such quantities are to be measured
from experiment, say, so that they can be appropriately assigned in an analysis. For
more details on the geometric and physical interpretation for fractional derivatives
of both the Riemann-Liouville and Caputo types see [19].

3. Decomposition method

The decomposition method requires that the fractional integro-differential equa-
tion (1.1) to be expressed in terms of operator form as

Dαu(x) = g(x) +
∫ x

0

(Nu)dt, (3.1)

where the fractional differential operator Dα
t is defined as in equation (2.1) denoted

by

Dα =
dα

dxα
.

Applying the operator Jα, the inverse of the operator Dα, to both sides of equation
(3.1) and using the initial condition lead to

u(x) = β + Jα

[
g(x) +

∫ x

0

(Nu)dt

]
. (3.2)
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The Adomian’s decomposition method [3, 4] suggests the solution u(x) be decom-
posed by the infinite series of components

u(x) =
∞∑

n=0

un(x), (3.3)

and the nonlinear function in Eq. (3.2) is decmposed as follows:

Nu =
∞∑

n=0

An, (3.4)

where An are the so-called the Adomian polynomials.
Substitution the decomposition series (3.3) and (3.4) into both sides of (3.2) gives

∞∑

n=0

un(x) = β + Jα

[
g(x) +

∞∑

n=0

∫ x

0

An(t)dt

]
. (3.5)

From this equation, the iterates are determined by the following recursive way

u0 = β + Jαg(x),

u1(x) = Jα

(∫ x

0

A0(t)dt

)
,

u2(x) = Jα

(∫ x

0

A1(t)dt

)

u3(x) = Jα

(∫ x

0

A2(t)dt

)
,

...

un+1(x) = Jα

(∫ x

0

An(t)dt

)
.

(3.6)

The Adomian polynomial An(x) can be calculated for all forms of nonlinearity ac-
cording to specific algorithms constructed by Adomian [4]. The general form of
formula forAn Adomian polynomials is

An =
1
n!

[
dn

dλn
φ

(
∞∑

k=0

λkxk

)]

λ=0

. (3.7)

This formula is easy to compute by using Mathematica software or by setting a
computer code to get as many polynomials as we need in the calculation of the
numerical as well as explicit solutions.

Finally, we approximate the solution u(t) by the truncated series

φN (x) =
N−1∑

n=0

un(x) and limN→∞φN (x) = u(x). (3.8)
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However, in many cases the exact solution in a closed form may be obtained.
Moreover, the decomposition series solutions are generally converge very rapidly.
The convergence of the decomposition series have investigated by several authors.
The theoretical treatment of convergence of the decomposition method has been
considered in the literature [1, 8, 9, 21, 22]. They obtained some results about the
speed of convergence of this method. In recent work of Abbaoui et al. [2] have
proposed a new approach of convergence of the decomposition series. The authors
have given a new condition for obtaining convergence of the decomposition series to
the classical presentation of the ADM in [2].

To demonstrate the effectiveness of the method for solving nonlinear fractional
integro-differential equations, we consider the following two examples

Example 3.1. Consider the followingnonlinear fractional integro-differential equa-
tion

dαu

dxα
= 1 +

∫ x

0

u2(t)u′(t)dt, 0 ≤ x ≤ 1, (3.9)

subject to the initial condition
u(0) = 0. (3.10)

Substituting the initial condition (3.10) and (3.9) into Eq. (3.6) and using Eq.
(3.7) to calculate the Adomian polynomials for the nonlinear function Nu = u2u′,
yields

u0(x) = 0 + Jα(1) =
1

αΓ(α)
xα,

u1(x) = Jα

[∫ x

0

u2
0u

′
0dt

]
=

Γ(3α)
Γ(α)(Γ(1 + α))2Γ(1 + 4α)

x4α,

u2(x) = Jα

[∫ x

0

(u2
0u

′
1 + 2u0u1u

′
0)dt

]
,

=
2Γ(6α)Γ(1 + 3α)

Γ(α)(Γ(1 + α))4Γ(1 + 4α)Γ(1 + 7α)
x7α.

...

The component u3 and u4 were also determined and will be used, but for brevity
not listed. Substituting the above components in (3.3), we obtain the solution in a
series form as

u(x) =
1

αΓ(α)
xα +

Γ(3α)
Γ(α)(Γ(1 + α))2Γ(1 + 4α)

x4α

+
2Γ(6α)Γ(1 + 3α)

Γ(α)(Γ(1 + α))4Γ(1 + 4α)Γ(1 + 7α)

7α

+ ...

(3.11)

Setting α = 1 in (3.11), we reproduce the solution of [12] for the solution for the
classical integro-differential equation as follows

u(x) = x +
x4

12
+

x7

84
+

19x10

10080
+

737x13

2358720
+ .... (3.12)

The approximation (3.12) is in agreement with those in [6] obtained by using the
wavelet-Glarkin method.
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Example 3.2. We next consider the following nonlinear fractional integro-differe-
ntial equation

dαu

dxα
= −1 +

∫ x

0

u2(t)dt, 0 ≤ x ≤ 1, (3.13)

subject to the initial condition
u(0) = 0. (3.14)

Substituting the initial condition (3.14) and (3.13) into Eq. (3.6) and using Eq.
(3.7) to calculate the Adomian polynomials for the nonlinear function Nu = u2,
yields

u0(x) = Jα(−1) =
−1

αΓ(α)
xα

u1(x) = Jα

[∫ x

0

u2
0dt

]
=

Γ(1 + 2α)
α2(Γ(α))2Γ(2 + 3α)

x1+3α

u2(x) = Jα

[∫ x

0

(u2
0u

′
1 + 2u0u1u

′
0)dt

]
=

4Γ(2α)Γ(2 + 4α)
Γ(α)(Γ(1 + α))2Γ(2 + 3α)Γ(3 + 5α)

x2+5α

u3(x) = Jα

[∫ t

0

A2(t)dt

]

=
6Γ(1 + 2)αΓ(2 + 3α)Γ(3 + 4α)Γ(3 + 6α) + Γ(1 + 2α)Γ(3 + 5α)Γ(4 + 6α)

3α(1 + 2α)Γ(α)Γ(1 + α)3Γ(2 + 3α)2Γ(3 + 5α)Γ(4 + 7α)
x3+7α

...

The general form of the 4-terms approximation of u(x) is given by

u(t)

=
−1

αΓ(α)
xα +

Γ(1 + 2α)
α2(Γ(α))2Γ(2 + 3α)

x1+3α

+
4Γ(2α)Γ(2 + 4α)

Γ(α)(Γ(1 + α))2Γ(2 + 3α)Γ(3 + 5α)
x2+5α (3.15)

+
6Γ(1 + 2)αΓ(2 + 3α)Γ(3 + 4α)Γ(3 + 6α) + Γ(1 + 2α)Γ(3 + 5α)Γ(4 + 6α)

3α(1 + 2α)Γ(α)Γ(1 + α)3Γ(2 + 3α)2Γ(3 + 5α)Γ(4 + 7α)
x3+7α

+ ...

Setting α = 1 in (3.15), we reproduce the solution of [12] for the solution for the
classical integro-differential equation as follows

u(x) = −x +
x4

12
− x7

252
+

t10

6048
− x13

157248
+ ... (3.16)

The approximation (3.16) is in agreement with those in [5] and [6] obtained by
wavelet-Glarkin and differential transform method, respectively.
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4. The series solution method

In this section, the Series solution method will be implemented independently of
the Adomian decomposition method that we used in Section 3. We can look for the
solution u(x) of Eq. (1.1) in the form of the fractional power series:

u(t) =
∞∑

n=0

anxαn, (4.1)

a0 = β, (4.2)

where α is the order of the fractional derivative and β is a constant.
The main concern is to determine the coefficients, an, n ≥ 0. To achieve this goal

we insert Eq. (4.1) into both sides of Eq. (1.1) to find

∞∑

n=1

Γ(1 + nα)
Γ(nα + 1 − α)

xnα−αan = g(x)

+
∫ x

0

K

(
t,

∞∑

n=0

antnα,

∞∑

n=1

(nα)antnα−1

)
dt,

(4.3)

With this substitution, the difficult integral in the right-hand side of Eq. (1.1)
will be transformed into a more readily solvable integral. Evaluating the integral at
the right-hand side, equating the coefficients of similar powers of t drom both sides,
and using the initial condition lead to the series solution of Eq. (1.1).

In order to verify the solutions obtained in the previous section using the decom-
position method, we apply the series solution method on Examples 3.1 and 3.2 so
that the comparison are made numerically.

We first consider the nonlinear fractional integro-differential equation (3.8) subject
to the initial condition (3.9). Inserting (4.1) into both sides of Eq. (3.9) yields

∞∑

n=1

Γ(1 + nα)
Γ(nα + 1 − α)

xnα−αan = 1 +
∫ x

0

(
(

∞∑

n=0

antnα)2
∞∑

n=1

(nα)antnα−1

)
dt. (4.4)

To calculate the coefficients of the fractional power series (4.1) for different values of
α, we consider the following three special cases:

Case I : In this case implement the series solution method for the classical integro-
differential Eq. (3.8). Setting α = 1 in Eq. (4.4), evaluating the integral at the
right-hand side, equating the coefficients of similar power of t from both sides, and
using the initial condition (3.10) lead to

a0 = 0 a1 = 1 a2 = 0
a3 = 0 a4 = 0.08333334 a5 = 0

a6 = 0 a7 = 0.011904762 a8 = 0 (4.5)
a9 = 0 a10 = 0.001884921 a11 = 0

a12 = 0 a13 = 0.00031246
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by using the first few terms of each expansion.
The solution of Eq. (4.1) for this special case is

u(t) = t + 0.0833333t4 + 0.0119048t7 + 0.00188492t10 + 0.00031246t13 + ... (4.6)

Case II : In this case implement the series solution method for the fractional integro-
differential Eq. (3.9) when α = 3

4
. Proceeding as in case I, the coefficients of the

fractional power series are given by

a0 = 0 a1 = 1.08806526 a2 = 0
a3 = 0 a4 = 0.182434065 a5 = 0

a6 = 0 a7 = 0.061154353 a8 = 0 (4.7)

a9 = 0 a10 = 0.023664642 a11 = 0
a12 = 0 a13 = 0.0097495349

and so on.
The solution of Eq. (3.9), when is α = 3

4 , is

u(t) = 1.08807t3/4 + 0.182434t3 + 0.0611544t21/4

+ 0.0236646t15/2 + 0.00974953t39/4 + ...
(4.8)

Case III : For α = 1
2
. As in case II, we obtain the series solution of Eq. (3.9) given

by

u(t) = 1.12838
√

t+0.31831t2 +0.209058t7/2+0.165975t5 +0.143231t13/2+ ... (4.9)

It is of interest to point out that thirteen steps were employed to determine the
approximations (4.6), (4.8) and (4.9), and further terms can obtained to increase the
degree of accuracy. Also, we observe that the approximation (4.6) is in full agreement
with the approximation (3.12) obtained before using the decomposition method using
4-terms of the decomposition series.

Next, we apply the series solution method on the nonlinear fractional integro-
differential equation (3.13) subject to the initial condition (3.14).

Substitute Eq. (4.1) into both sides of Eq. (3.13) to get

∞∑

n=1

Γ(1 + nα)
Γ(nα + 1 − α)

tnα−αan = −1 +
∫ t

0

( ∞∑

n=0

anxnα
)2

dx (4.10)

Proceeding as the first example, we obtain the series solution for different values
of α. For example the series solution of Eq. (3.13) when α = 1 is given by

u(t) = −t+0.0833333t4−0.00396825t7+0.000165344t10−6.35938∗10−6t13+... (4.11)

A comparison of the numerical results of the absolute difference obtained by using
the decomposition method with those obtained by the series solution method, for
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different values of α, are given Tables 1 and 2. It is to be noted that only four terms
were used in evaluating the approximate solution by using the decomposition series
solution and 13-term approximation of the truncated fractional series solution. It
is evident that the efficiency of these approaches can be dramatically enhanced by
computing further terms or further components of u(x) when the series method or
the decomposition method are used respectively.

α = 1 α = 3
4

α = 1
2

t |φDeco. − ϕSer.| |φDeco. − ϕSer.| |φDeco. − ϕSer.|
0 0 0 0

0.1 3.470314423∗ 10−25 2.78730772 ∗ 10−20 1.41232050 ∗ 10−10

0.2 4.44978277∗ 10−23 2.265803462∗ 10−19 3.61554048 ∗ 10−8

0.3 7.639070185 ∗ 10−22 7.8858270 ∗ 10−19 9.26623479∗ 10−7

0.4 5.776018953∗ 10−21 1.96163172 ∗ 10−18 9.25578361 ∗ 10−6

0.5 2.79653222∗ 10−20 4.10522023 ∗ 10−18 0.000055169
0.6 1.02508520∗ 10−19 7.7922765 ∗ 10−18 0.000237216
0.7 3.11275171∗ 10−19 1.39980015 ∗ 10−17 0.000814175
0.8 8.2668849 ∗ 10−19 2.44467873 ∗ 10−17 0.0023694807
0.9 1.9894151 ∗ 10−18 4.22294147 ∗ 10−17 0.0060795767
1.0 4.44522890∗ 10−18 7.2858386 ∗ 10−17 0.01412320498

Table 1. Numerical results for equation (3.9)

α = 1 α = 3
4

α = 1
2

t |φDeco. − ϕSer.| |φDeco. − ϕSer.| |φDeco. − ϕSer.|
0.1 0.0 3.89309E-08 1.73086E-11
0.2 0.0 2.09197E-06 6.26641E-09
0.3 0 0.0000214621 1.966955699∗ 10−7

0.4 0 0.000111623 2.2686831193∗ 10−6

0.5 0 0.000399605 0.0000151186
0.6 0 0.00112832 0.0000712114
0.7 0 0.00270198 0.000263996
0.8 0 0.00573054 0.000821351
0.9 0 0.0110696 0.00223525
1.0 0 0.0198534 0.00547348

Table 2. Numerical results for equation (3.13)

5. Concluding remarks

The fundamental of this work has been to construct an approximation to the
solution of nonlinear fractional integro-differential equations. The goal has been
achieved by implementing the decomposition method and the series solution method
in a straightforward manner to the fractional integro-differential equation. The meth-
ods were used in a direct way without using linearization, perturbation or restrictive
assumptions. Some remarks are worth mentioning. First, unlike the traditional grid
points techniques, where u(x) is defined at grid points only, the solution here is given
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in a series form. Second, the high agreement of the approximation of u(x) between
the methods used at this work is clear and remarkable. This advantage over existing
techniques demonstrate the reliability and efficiency of these methods. Finally, the
recent appearance of nonlinear fractional differential and integral equations as mod-
els in some fields such as viscoplasticity [11] makes it necessary to investigate the
method of solutions for such equations and we hope that this work is a step in this
direction.

References

[1] K. Abbaoui and Y. Cherruault, Convergence of Adomian’s method applied to differential
equations, Computers Math. Applic. 28(5) (1996), 103–109.

[2] , New ideas for proving convergence of decomposition methods, Computers Math. Ap-
plic. 29(7) (1996), 103–108.

[3] G. Adomian, A review of the decomposition method in applied mathematics, J. Math. Anal.

Appl. 135 (1998), 501–544.

[4] , Solving Frontier Problems of Physics: The Decomposition Method, Kluwer Academic
Publishers, Boston, 1994.

[5] A. Arikoglu and I. Ozkol, Solution of boundary value problems for integro-differential equa-

tions by using differential transform method, Appl. Math. Comp. (to appear).
[6] A. Avudainayagam and C. Vani, Wavelet-Galerkin method for solving integro-differential

equations, Appl. Math. Comp. 32 (2000), 247–254.

[7] M. Caputo, Linear models of dissipation whose Q is almost frequency independent. Part II,
J. Roy. Astral. Soc. 13 (1967), 529–539.

[8] Y. Cherruault, Convergence of Adomian’s method, Kybernetes 18 (1989), 31–38.

[9] Y. Cherruault and G. Adomian, Decomposition methods: A new proof of convergence, Math.
Comput. Modelling 18 (1993), 103–106.

[10] K. Diethelm, N. J. Ford, A. D. Freed and Yu. Luchko, Algorithms for the fractional calculus:

A selection of numerical methods, Comp. Methods in Appl. Mech. and Eng. (to appear).

[11] K. Diethelm and A. D. Freed, On the solution of nonlinear fractional-differential equations
used in the modeling of viscoplasticity, Proceeding of the 2nd Conference on Scientific Com-

puting in Chemical Engineering, Springer, Heidelberg, 1999.

[12] S. M. El-Sayed and M. R. Abdel-Aziz, A comparison of Adomian’s decomposition method and
wavelet-Galerkin method for solving integro-differential equations, Appl. Math. Comp. 136

(2003), 151–159.
[13] J. H. He, Nonlinear oscillation with fractional derivative and its applications, International

Conference on Vibrating Engineering’98, Dalian, China, 1998, pp. 288–291.

[14] , Some applications of nonlinear fractional differential equations and and their ap-
proximations, Bull. Sci. Technol. 15(2) (1999), 86–90.

[15] , Approximate analytical solution for seepage flow with fractional derivatives in porous

media, Comput. Methods Appl. Mech. Engrg. 167 (1998), 57–68.

[16] AY. Luchko and R. Groreflo, The initial value problem for some fractional differential equa-
tions with the Caputo derivative, Preprint series A08−98, Fachbreich Mathematik und Infor-

matik, Freic Universitat Berlin, 1998.
[17] F. Mainardi, Fractional calculus: ’Some basic problems in continuum and statistical mechan-

ics’, Fractals and Fractional calculus in Continuum Mechanics (A. carpinteri and F. Mainardi,
eds.), Springer-Verlag, New York, 1997, pp. 291–348.

[18] I. Podlubny, Fractional Differential Equations, Academic Press, New York, 1999.

[19] , Geometric and physical interpretation of fractional integration and fractional differ-

entiation, Fract. Calculus Appl. Anal. 5 (2002), 367–386.
[20] M. T. Rashed, Lagrange interpolation to compute the numerical solutions of differential,

integral and integro-differential equations, Appl. Math. Comp. (2003).
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