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Abstract. Some common fixed point theorems for two pairs of nonself mappings in
complete metrically convex metric spaces are proved by altering distances between the

points which generalize such results due to Assad [1-3], Assad and Kirk [4], Abdalla and
Zaheer [5], Khan et al. [11] and several others. Some related results are also discussed.

1. Introduction

The existing literature in fixed point theory contains numerous fixed point theo-
rems for self mappings in metric and Banach spaces, but the fixed point theorems
for non-self mappings are not that oftenly discussed. In many applications, there
do exist situations where mappings under examination is not a self map. Therefore
fixed point theorems for non-self mapping are also worth investigating. The study
of fixed point theorems for non-self mappings in metrically convex metric spaces was
initiated by Assad and Kirk [4]. Indeed while doing so, Assad and Kirk [4] noticed
that with the realization of some kind of metric convexity in metric spaces, domain
and range of the mappings under investigation can be of more varied type. In recent
years, this technique has been utilized by many authors such as: Assad [1-3], Hadžić
[6], Hadžić and Gajic [7], Khan et al. [11] and others.

The purpose of this paper is to extend Theorem 2 due to Khan et al. [11] for
two pairs of non-self mappings which also generalizes recent result due to Abdalla
and Zaheer [5], Assad [2, 3], Khan et al. [11] and several others. Besides other
improvements, unlike Assad [2, 3] and Abdalla and Zaheer [5] we have attempted
to utilize the condition (B) of Khan et al. [11] as it stands but for two pairs of
mappings.

2. Preliminaries

Before proving our main result, we collect the relevant definitions and a lemma
for our future use.
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Definition 2.1 [7]. Let K be a nonempty subset of a metric space (X, d) and
F, T : K → X. The pair (F, T ) is said to be weakly commuting if for every x, y ∈ K
with x = Fy and Ty ∈ K, we have

d(Tx, FTy) ≤ d(Ty, Fy).

Notice that for K = X, this definition reduces to that of Sessa [13].

Definition 2.2 [6]. Let K be a nonempty subset of a metric space (X, d) and
F, T : K → X. The pair (F, T ) is said to be compatible if for every sequence {xn} ⊆ K
and from the relation

lim
n→∞

d(Fxn, Txn) = 0

and Txn ∈ K(for every n ∈ N) it follows that lim
n→∞

d(Tyn, FTxn) = 0, for every
sequence yn ∈ K such that yn = Fxn, n ∈ N.

Notice that for K = X, this definition reduces to that of Jungck [9].

Definition 2.3 [8]. Let K be a nonempty subset of a metric space (X, d) and
F, T : K → X. The pair (F, T ) is said to be pointwise R-weakly commuting on K if

d(TFy, FTy) ≤ R(y).d(Ty, Fy). (2.3.1)

holds for given y ∈ K with Ty, Fy ∈ K.

The pair (F, T ) will be called R-weakly commuting on K if (2.3.1) holds for every
y ∈ K, with R > 0.

Notice that for R = 1 in Definition 2.3, we get the definition of weak commuta-
tivity on K due to Hadžić and Gajic [7] whereas for R = 1 and K = X the weak
commutativity due to Sessa [13]. Also by setting K = X, we get the definitions of
pointwise R-weak commutativity and R-weak commutativity due to Pant [12]. Here
it is worth noting that compatible maps are necessarily pointwise R-weakly com-
muting because compatible maps commute at coincidence points, however pointwise
R-weakly commuting maps need not be compatible.

Definition 2.4 [8]. A pair of non-self mappings (F, T ) defined on a nonempty
subset K of a metric space (X, d) is said to be coincidentally commuting if Tx, Fx ∈
K with Tx = Fx implies that TFx = FTx.

Notice that for K = X, this definition reduces to the corresponding definition due
to Jungck and Rhoades [10] for self mappings.

Definition 2.5. Let (X, d) be a metric space and K a nonempty subset of X.
Let F, G, S, T : K → X satisfy the condition

φ(d(Fx, Gy)) ≤ aφ(d(Tx, Sy)) + b [φ(d(Tx, Fx)) + φ(d(Sy, Gy))]

+ c min{φ(d(Tx, Gy)), φ(d(Sy, Fx))}
(2.5.1)

for all x, y ∈ K, with x 6= y, a, b, c ≥ 0, a + 2b + c < 1, where φ : R+ → R+ be an
increasing continuous function for which following property holds:

φ(t) = 0 ⇔ t = 0.

Then (F, G) is called generalized (T, S) contraction on K.

Notice that by setting F = G and T = S with a = 0 in (2.5.1), one deduces the
condition already investigated by Abdalla and Zaheer [5].
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Definition 2.6 [4]. A metric space (X, d) is said to be metrically convex if for
any x, y ∈ X with x 6= y there exists a point z ∈ X, x 6= z 6= y such that

d(x, z) + d(z, y) = d(x, y).

Lemma 2.1 [4]. Let K be a nonempty closed subset of a metrically convex metric
space X. If x ∈ K and y /∈ K then there exists a point z ∈ δK (the boundary of K)
such that

d(x, z) + d(z, y) = d(x, y).

3. Results

Our main result runs as follows.

Theorem 3.1. Let (X, d) be a complete metrically convex metric space and K a
nonempty closed subset of X. If (F, G) be a generalized (S, T ) contraction mapping
of K to X satisfying:

(i) δK ⊆ SK ∩ TK, FK ∩ K ⊆ SK, GK ∩ K ⊆ TK,
(ii) Tx ∈ δK ⇒ Fx ∈ K, Sx ∈ δK ⇒ Gx ∈ K,
(iii) TK and SK (or FK and GK) are closed subspaces of X,
(iv) (F, T ) has a point of coincidence,
(v) (G, S) has a point of coincidence.

Moreover, if the pair (F, T ) and (G, S) are coincidentally commuting, then z is
the unique common fixed point of F, G, S and T.

Proof. Firstly, we proceed to construct two sequences {xn} and {yn} in the
following way.

Let x ∈ δK. Then (due to δK ⊆ TK) there exists a point x0 ∈ K such that
x = Tx0. From Tx ∈ δK implies that Fx0 ∈ FK ∩ K ⊆ SK. Let x1 ∈ K be such
that y1 = Sx1 = Fx0 ∈ K. Since y1 = Fx0, there exists a point y2 = Gx1 such that

d(y1, y2) = d(Fx0, Gx1).

Suppose y2 ∈ K. Then y2 ∈ GK ∩ K ⊆ TK, which implies that there exists a point
x2 ∈ K such that y2 = Tx2. Otherwise, if y2 /∈ K, then there exists a point p ∈ δK
such that

d(Sx1, p) + d(p, y2) = d(Sx1, y2).

Since p ∈ δK ⊆ TK, there exists a point x2 ∈ K with p = Tx2 so that

d(Sx1, Tx2) + d(Tx2, y2) = d(Sx1, y2).

Let y3 = Fx2 be such that d(y2, y3) = d(Fx2, Gx1).
Thus, repeating the foregoing arguments, one obtains two sequences {xn} and

{yn} such that
(vi) y2n = Gx2n−1, y2n+1 = Fx2n,
(vii) y2n ∈ K ⇒ y2n = Tx2n or y2n /∈ K ⇒ Tx2n ∈ δK and

d(Sx2n−1, Tx2n) + d(Tx2n, y2n) = d(Sx2n−1, y2n),

(viii) y2n+1 ∈ K ⇒ y2n+1 = Sx2n+1 or y2n+1 /∈ K ⇒ Sx2n+1 ∈ δK and

d(Tx2n, Sx2n+1) + d(Sx2n+1, y2n+1) = d(Tx2n, y2n+1).
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We denote
P0 = {Tx2i ∈ {Tx2n} : Tx2i = y2i},

P1 = {Tx2i ∈ {Tx2n} : Tx2i 6= y2i},

Q0 = {Sx2i+1 ∈ {Sx2n+1} : Sx2i+1 = y2i+1},

Q1 = {Sx2i+1 ∈ {Sx2n+1} : Sx2i+1 6= y2i+1}.

Note that (Tx2n, Sx2n+1) 6∈ P1 × Q1 because if Tx2n ∈ P1, then y2n 6= Tx2n and
one infers that Tx2n ∈ δK which implies that y2n+1 = Fx2n ∈ K. Hence y2n+1 =
Sx2n+1 ∈ Qo. Similarly, one can argue that (Sx2n−1, Tx2n) 6∈ Q1 × P1.

Now, we distinguish the following three cases.

Case 1. If (Tx2n, Sx2n+1) ∈ P0 × Q0, then

φ(d(Tx2n, Sx2n+1)) = φ(d(Fx2n, Gx2n−1))

≤ aφ(d(Tx2n, Sx2n−1)) + b [φ(d(Tx2n, Fx2n))

+ φ(d(Sx2n−1, Gx2n−1))] + c min{φ(d(Tx2n, Gx2n−1)),

φ(d(Sx2n−1, Fx2n))}
= a φ(d(y2n, y2n−1)) + b [φ(d(y2n, y2n+1))

+ φ(d(y2n−1, y2n))] + c min{0, φ(d(y2n−1, y2n+1))}

which in turn yields

φ(d(Tx2n, Sx2n+1)) ≤
(

a + b

1 − b

)
φ(d(Sx2n−1, Tx2n)).

Similarly if (Sx2n−1, Tx2n) ∈ Q0 × P0, then

φ(d(Sx2n−1, Tx2n)) ≤
(

a + b

1 − b

)
φ(d(Sx2n−1, Tx2n−2)).

Case 2. If (Tx2n, Sx2n+1) ∈ P0 × Q1, then

d(Tx2n, Sx2n+1) + d(Sx2n+1, y2n+1) = d(Tx2n, y2n+1),

which in turn yields

φ(d(Tx2n, Sx2n+1)) ≤ φ(d(Tx2n, y2n+1)) = φ(d(y2n, y2n+1)),

and hence

φ(d(Tx2n, Sx2n+1)) ≤ φ(d(y2n, y2n+1)) = φ(d(Fx2n, Gx2n−1)).

Now, proceeding as in Case 1, we have

φ(d(Tx2n, Sx2n+1)) ≤
(

a + b

1 − b

)
φ(d(Sx2n−1, Tx2n)).
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In case (Sx2n−1, Tx2n) ∈ Q1 × P0, then

φ(d(Sx2n−1, Tx2n)) ≤
(

a + b

1 − b

)
φ(d(Sx2n−1, Tx2n−2)).

Case 3. If (Tx2n, Sx2n+1) ∈ P1 × Q0 then Sx2n−1 = y2n−1. Proceeding as in
Case 1, one gets

d(Tx2n, Sx2n+1) = d(Tx2n, y2n+1)

= d(Tx2n, y2n) + d(y2n, y2n+1).

Note that d(y2n, y2n+1) = d(Fx2n, Gx2n−1) therefore

φ(d(y2n, y2n+1)) = φ(d(Fx2n, Gx2n−1)) ≤
(

a + b

1 − b

)
φ(d(Tx2n, Sx2n−1)),

< φ(d(Tx2n, Sx2n−1)),

and thus d(y2n, y2n+1) ≤ d(Tx2n, Sx2n−1), because φ is an increasing function.
Therefore, one can write

d(Tx2n, Sx2n+1) = d(Tx2n, y2n) + d(Sx2n−1, Tx2n) ≤ d(Sx2n−1, y2n),

hence

φ(d(Tx2n, Sx2n+1)) ≤ φ(d(Sx2n−1, y2n)) ≤
(

a + b

1− b

)
φ(d(Tx2n−2, Sx2n−1))

≤ h φ(d(Tx2n−2, Sx2n−1)), where h =
(

a + b

1 − b

)
.

Thus in all the cases, we have

φ(d(Tx2n, Sx2n+1)) ≤ h max{φ(d(Sx2n−1, Tx2n)), φ(d(Tx2n−2, Sx2n−1))},

whereas φ(d(Sx2n+1, Tx2n+2)) ≤ h max{φ(d(Sx2n−1, Tx2n)), φ(d(Tx2n, Sx2n+1))}.
Now on the lines of Assad and Kirk [4], it can be shown by induction that for

n ≥ 1, we have

φ(d(Tx2n, Sx2n+1)) < hn δ and φ(d(Sx2n+1, Tx2n+2)) < h
n
2 +1δ,

whereas δ = h
−1
2 max{φ(d(Tx0, Sx1)), φ(d(Sx1, Tx2))}.

Thus the sequence {Tx0, Sx1, Tx2, Sx3, ..., Sx2n−1, Tx2n, Sx2n+1, . . .} is Cauchy.
Then as noted in [7] there exists at least one subsequence {Tx2nk} or {Sx2nk+1}
which is contained in P0 for each k ∈ N and TK as well as SK are closed subspaces
of X. Since {Tx2nk} is Cauchy sequence in TK it converges to a point z ∈ TK.
Let v ∈ T−1z, then Tv = z. Since {Sx2nk+1} is a subsequence of Cauchy sequence,
{Sx2nk+1} converges to z as well. Using (2.5.1), one can write

φ(d(Fv, Tx2nk)) = φ(d(Fv, Gx2nk−1))

≤ a φ(d(Tv, Sx2nk−1)) + b [φ(d(Tv, Fv)) + φ(d(Sx2nk−1, Gx2nk−1))]

+ c min{φ(d(Tv, Gx2nk−1)), φ(d(Sx2nk−1, F v))},
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which on letting k → ∞, reduces to

φ(d(Fv, z)) ≤ b φ(d(Fv, z))

yielding thereby Fv = z. Thus, one gets Fv = z = Tv, which shows that v is a
common coincidence point of (F, T ).

Since (F, T ) is coincidentally commuting, therefore z = Tv = Fv ⇒ Fz = FTv =
TFv = Tz.

To prove that z is the fixed point of F, consider

φ(d(Fz, Tx2nk)) = φ(d(Fz, Gx2nk−1))

≤ a φ(d(Tz, Sx2nk−1)) + b [φ(d(Tz, Fz)) + φ(d(Sx2nk−1, Gx2nk−1))]

+ c min{φ(d(Tz, Gx2nk−1)), φ(d(Sx2nk−1, F z))}

which on letting k → ∞, reduces to

φ(d(Fz, z)) ≤ (a + 2c) φ(d(Fz, z))

which shows that z is a common fixed point of F and T.
Further, since Cauchy sequence {Tx2nk} converges to z ∈ K and z = Fv, z ∈

FK ∩ K ⊂ SK, there exists w ∈ K such that Sw = z. Again using (2.5.1), one gets

φ(d(Sw, Gw)) = φ(d(z, Gw)) = φ(d(Fz, Gw))

≤ a φ(d(Tz, Sw)) + b [φ(d(Tz, Fz)) + φ(d(Sw, Gw))]

+ c min{φ(d(Tz, Gw)), φ(d(Sw, Fz))}

implying thereby Sw = Gw which establishes the coincidence point of (G, S). Sim-
ilarly repeating the foregoing arguments, one can show that z is the common fixed
point of (S, G).

In case FK and GK are closed subspaces, then z ∈ FK ∩ K ⊆ SK or z ∈
GK ∩ K ⊆ TK. The analogous arguments establish the coincidence point of (F, T )
and (S, G) both. If we assume that there exists a subsequence {Sx2nk+1} which is
contained in Q0 with TK as well as SK are closed subspaces of X, then noting that
proof goes on similar lines, hence it is omitted.

The uniqueness of a fixed point of the pairs (F, T ) and (G, S) are follows easily.
This completes the proof.

Remark 3.1. By setting F = G, S = T = IK and K = X in Theorem 3.1, one
deduces a sharpened result due to Khan et al. [11] proved for a self mapping.

Remark 3.2. By setting F = G, S = T = IK and restricting a = 0 in Theorem
3.1, one deduces a result due to Assad [3] proved for a non-self mapping.

Remark 3.3. By setting F = G, S = T = IK and restricting b = 0 = c in
Theorem 3.1, one deduces a result due to Assad [2] proved for a non-self mapping.

In an attempt to prove Theorem 3.1 for pointwise R-weakly commuting pairs, we
have
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Theorem 3.2. Let (X, d) be a complete metrically convex metric space and K a
nonempty closed subset of X. Let F, G, S, T : K → X such that (2.5.1), (i) and (ii)
are satisfied. Suppose that

(ix) (F, T ) and (G, S) are pointwise R-weakly commuting pairs,
(x) F, T, G and S are continuous on K.

Then z is the unique common fixed point of F, G, S and T.

Proof. On the lines of the proof of the Theorem 3.1. Suppose that a subsequence
{Tx2nk} which is contained in P0. Further subsequence {Tx2nk} and {Sx2nk+1} both
converge to z ∈ K as K is a closed subset of complete metric space (X, d). Since
Tx2nk = Gx2nk−1 and Sx2nk−1 ∈ K. Using pointwise R-weak commutativity of
(G, S), we have

d(SGx2nk−1, GSx2nk−1) ≤ R1 d(Gx2nk−1, Sx2nk−1) (3.2.1)

for some R1 > 0. Also

d(SGx2nk−1, Gz) ≤ d(SGx2nk−1, GSx2nk−1) + d(GSx2nk−1, Gz). (3.2.2)

Making k → ∞ in (3.2.1) and (3.2.2) and using continuity of G and S, we get
d(Sz, Gz) ≤ 0 yielding thereby Gz = Sz.

Since y2nk+1 = Fx2nk and {Tx2nk} ∈ K, the pointwise R-weak commutativity of
(F, T ) implies

d(TFx2nk, FTx2nk) ≤ R2 d(Fx2nk, Tx2nk)

for some R2 > 0. Also

d(TFx2nk, F z) ≤ d(TFx2nk, FTx2nk) + d(FTx2nk, F z).

Therefore, as previously the continuity of F and T implies d(Tz, Fz) ≤ 0 giving
thereby Tz = Fz as k → ∞.

If we assume that there exists a subsequence {Sx2nk+1} which is contained in Q0,
then analogous arguments establish the earlier conclusions. The rest of the proof is
identical to that of Theorem 3.1, hence it is omitted.

The following theorem can be easily proved if pointwise R-weak commutativity is
replaced by weak commutativity.

Theorem 3.3. Let (X, d) be a complete metrically convex metric space and K
a nonempty closed subset of X. Let F, G, S, T : K → X such that (2.5.1),(i) and (ii)
are satisfied. Suppose that

(xi) (F, T ) and (G, S) are weakly commuting pairs,
(xii) one of F, T, G and S is continuous on K.

Then z is the unique common fixed point of F, G, S and T.

Remark 3.4. By setting F = G, S = T and a = 0 in Theorem 3.3, one deduces
the main theorem of Abdalla and Zaheer [5].
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