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Abstract. A common fixed point theorem for two pairs of weakly compatible map-
pings without continuity satisfying a rational inequality is proved which generalizes

several previously known results due to Fisher, Kannan, Hardy-Rogers, Imdad-Khan
and others. Some related results and illustrative examples are also discussed.

1. Introduction

Every metrical common fixed point theorem generally involves conditions on com-
mutativity and continuity of the involved mappings besides a suitable contraction
condition. Researchers in this domain are aimed at weakening one or more of these
conditions.

Since the appearance of weak commutativity of Sessa [18], researchers started
utilizing weak conditions of commutativity. Recent literature has witnessed the evo-
lution of several such conditions of commutativity such as: Compatible mappings of
type (A) [9], Compatible mappings of type (B) [17], Compatible mappings of type
(P) [15], Compatible mappings of type (C) [16], Biased mappings [10] and several
others. In our subsequent work we choose to utilize the most natural of these weak
conditions namely ‘weakly compatible mappings’ which asserts the commutativity at
the points of coincidence (cf. [8]).

It has been known since the paper of Kannan [11] that there exist mappings
possessing discontinuities in their domain but still admitting fixed points. However,
in every case the mappings involved were continuous at the fixed point. Recently,
some authors endeavoured to relax continuity requirements in such results and in
this regard the work of Singh-Mishra [19] and Pant [13, 14] deserves special mention.

In this paper, combining these ideas we demonstrate the effectiveness of the weak
compatibility under quite tight conditions. Here we notice that an appreciable num-
ber of fixed point theorems can be improved by muting the continuity requirements
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of the mappings completely besides limiting the commutativity requirement of the
mappings to coincidence points. Also, the completeness requirement of the space
X is weakened to a set of four alternative natural conditions. In process results of
Fisher [2, 3], Imdad-Khan [5], Jeong-Rhoades [6], Kannan [11], Hardy-Rogers [4] and
others are generalized and improved.

2. Fixed point theorems via certain rational inequalities

Here, we prove some coincidence and common fixed point theorems satisfying
unified rational inequalities for pairwise weakly compatible mappings. We utilize our
main theorem to demonstrate how several fixed point theorems can be improved by
muting the continuity requirement and improving commutativity requirement upto
the extent of weak compatible property.

Theorem 2.1. Let A, S, I and J be self-mappings of a metric space (X, d) with
A(X) ⊂ J(X) and S(X) ⊂ I(X) satisfying the conditions

d(Ax, Sy)

≤ α1
[d(Ax, Jy)]2 + [d(Sy, Ix)]2

[d(Ax, Jy)] + [d(Sy, Ix)]
+ α2[d(Ax, Ix) + d(Sy, Jy)] + α3d(Ix, Jy)

(2.1.1)

if d(Ax, Jy)+d(Sy, Ix) 6= 0, αi ≥ 0 (with at least one αi 6= 0) and 2α1+2α2+α3 < 1,

or, d(Ax, Sy) = 0, whenever d(Ax, Jy) + d(Sy, Ix) = 0, (2.1.2)

for all x, y in X. If one of A(X), S(X), I(X) or J(X) is a complete subspace of X,
then

(a) (A, I) has a point of coincidence.
(b) (S, J) has a point of coincidence.

Moreover, if the pairs (A, I) and (S, J) are weak compatible, then A, S, I and J
have a unique common fixed point z. Also, z remains the unique common fixed point
of both the pairs separately.

Proof. Let x0 ∈ X be an arbitrary point of X. Since A(X) ⊂ J(X), we can find
a point x1 in X such that Ax0 = Jx1. Also, since S(X) ⊂ I(X), we can choose a
point x2 with Sx1 = Ix2. Thus in general for the point x2n one can find a point
x2n+1 such that Ax2n = Jx2n+1 and then a point x2n+2 with Sx2n+1 = Ix2n+2 for
n = 0, 1, 2, . . . . Repeating such arguments one can construct a sequence {zn} such
that z2n = Ax2n = Jx2n+1 and z2n+1 = Sx2n+1 = Ix2n+2 for n = 0, 1, 2, . . . .

For the sake of brevity, we write u2n = d(Ax2n, Sx2n+1) and u2n+1 = d(Sx2n+1,
Ax2n+2). Now we distinguish following two cases:

Case (i) : Suppose u2n + u2n+1 6= 0, for n = 0, 1, 2, . . . . Then from inequality
(2.1.1), we have

d(z2n+1, z2n+2) = d(Sx2n+1, Ax2n+2)

≤ α1
[d(Ax2n+2, Jx2n+1)]2 + [d(Sx2n+1, Ix2n+2)]2

[d(Ax2n+2, Jx2n+1)] + [d(Sx2n+1, Ix2n+2)]
+ α2[d(Ax2n+2, Ix2n+2) + d(Sx2n+1, Jx2n+1)]

+ α3d(Ix2n+2, Jx2n+1)
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which yields

d(z2n+1, z2n+2) ≤
(

α1 + α2 + α3

1 − α1 − α2

)
d(z2n+1, z2n).

Similarly, one can show that

d(z2n, z2n+1) ≤
(

α1 + α2 + α3

1 − α1 − α2

)
d(z2n, z2n−1).

Thus for every n, we have

d(zn, zn+1) ≤ kd(zn−1, zn) ≤ . . . ≤ knd(z0, z1), where k =
α1 + α2 + α3

1 − α1 − α2

which shows that {zn} is a Cauchy sequence in X.
Now suppose that I(X) is a complete subspace of X, then note that the sub-

sequence {z2n+1} which is contained in I(X) must gets a limit z in I(X). Let
u ∈ (I)−1(z), then Iu = z. Now one needs to note that the subsequence {z2n} also
converges to z. Otherwise suppose that {z2n} converges to some z′ 6= z, then we
have

d(z2n, z2n+1) = d(Ax2n, Sx2n+1)

≤ α1
[d(Ax2n, Jx2n+1)]2 + [d(Sx2n+1, Ix2n)]2

d(Ax2n, Jx2n+1) + d(Sx2n+1, Ix2n)
+ α2[d(Ax2n, Ix2n) + d(Sx2n+1, Jx2n+1)] + α3d(Ix2n, Jx2n+1)

which on letting n → ∞, and using the fact that

a2 + b2

a + b
≤

(a + b)2

a + b
= a + b, reduces to d(z, z′) ≤ (2α2 + α3)d(z, z′) < d(z, z′),

which is a contradiction, giving thereby z = z′.
To prove Au = z, set x = u and y = x2n+1 in (2.1.1), then

d(Au, Sx2n+1) ≤ α1
[d(Au, Jx2n+1)]2 + [d(Sx2n+1, Iu)]2

d(Au, Jx2n+1) + d(Sx2n+1, Iu)
+ α2[d(Au, Iu) + d(Sx2n+1, Jx2n+1)] + α3d(Iu, Jx2n+1),

which on letting n → ∞, reduces to

d(Au, z) ≤ (α1 + α2)d(Au, z),

implying thereby Au = z. Thus one gets Au = Iu = z, which shows that (A, I) has
a point of coincidence. This proves (a).

Since A(X) ⊂ J(X), Au = z implies that z ∈ J(X). Let v ∈ J−1(z) then
Jv = z. Again using the earlier arguments, it can be easily shown that Sv = z,
giving thereby Jv = Sv = z which establishes (b). If one assumes J(X) to be a
complete subspace of X, then analogous arguments can be produced to establish (a)
and (b). The remaining two cases pertain essentially to the previous one. Indeed,
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if S(X) is complete, then z ∈ S(X) ⊂ I(X). Similarly, if A(X) is complete, then
z ∈ A(X) ⊂ J(X). Thus in each case (a) and (b) are completely established.

Moreover, if the pairs (A, I) and (S, J) are weakly compatible at u and v respec-
tively, then

z = Au = Iu = Sv = Jv (2.1.3)

Az = A(Iu) = I(Au) = Iz (2.1.4)

Sz = S(Jv) = J(Sv) = Jz. (2.1.5)

Now in order to prove Az = z. If so not, then d(Az, z) > 0, we have

d(Az, z) = d(Az, Sv) ≤ α1
[d(Az, Jv)]2 + [d(Sv, Iz)]2

[d(Az, Jv)] + [d(Sv, Iz)]
+ α2[d(Az, Iz) + d(Sv, Jv)] + α3d(Iz, Jv)

= (α1 + α3)d(Az, z) < d(Az, z)

a contradiction. Hence Az = z. Similarly one can show that z = Sz. Thus z is a
common fixed point of A, S, I and J . The uniqueness of common fixed point follows
easily.

Case (ii) : Suppose d(Ax, Jy) + d(Sy, Ix) = 0, implies d(Ax, Sy) = 0, then we
argue as follows:

Let un+un+1 = 0 for some n. Then zn = zn+1 = zn+2. If n = 2k, we have z2k+2 =
Ax2k = Ix2k+2. It then follows that there exist two points w1 and w2 such that v1 =
Aw1 = Jw2 and v2 = Sw2 = Iw1. Since d(Aw1, Jw2)+d(Sw2, Iw1) = 0, from (2.1.2)
d(Aw1, Sw2) = 0, implies v1 = Aw1 = Sw2 = v2. Note also that Iv1 = I(Aw1) =
A(Iw1) = Av1. Similarly Sv2 = Jv2. Since d(Av1, Jv2) + d(Sv2, Iv1) = 0, it follows
from (2.1.2) that d(Av1, Sv2) = 0, i.e., Av1 = Sv2. Thus Av1 = Iv1 = Sv2 = Jv2.
But v1 = v2. Therefore, A, B, I and J have a common coincidence point. Define
w = Av1, it then follows that w is also a common coincidence point of A, S, I and J .
If Aw 6= Av1 = Sv1, then d(Aw, Sv1) > 0. But since d(Aw, Jv1) + d(Sv1, Iw) = 0,
it again follows from (2.1.2) that d(Aw, Sv1) = 0 i.e., Aw = Sv1, a contradiction.
Therefore, Aw = Av1 = w and w is a common fixed point of A, S, I and J . The rest
of the proof is identical to the Case (i), hence it is omitted. This completes the proof.

Corollary 2.1. The conclusions of Theorem 2.1 remain true if conditions (2.1.1)

and (2.1.2) are replaced by any one of the following contractions :

Either d(Ax, Sy) ≤ α1
[d(Ax, Jy)]2 + [d(Sy, Ix)]2

d(Ax, Jy) + d(Sy, Ix)
+ α2[d(Ax, Ix)+ d(Sy, Jy)], (A)

provided d(Ax, Jy) + d(Sy, Ix) 6= 0, α1, α2 ≥ 0, 2α1 + 2α2 < 1, or

d(Ax, Sy) = 0, if d(Ax, Jy) + d(Sy, Ix) = 0.

Either d(Ax, Sy) ≤ α1
[d(Ax, Jy)]2 + [d(Sy, Ix)]2

d(Ax, Jy) + d(Sy, Ix)
+ α3d(Ix, Jy), (B)
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provided d(Ax, Jy) + d(Sy, Ix) 6= 0, one of α1 and α3 is non-zero with 2α1 + α3 < 1,

or

d(Ax, Sy) = 0, whenever d(Ax, Jy) + d(Sy, Ix) = 0.

Either d(Ax, Sy) ≤ α1
[d(Ax, Jy)]2 + [d(Sy, Ix)]2

d(Ax, Jy) + d(Sy, Ix)
, (C)

provided d(Ax, Jy) + d(Sy, Ix) 6= 0, α1 ≥ 0 with α1 < 1/2, or

d(Ax, Sy) = 0, whenever d(Ax, Jy) + d(Sy, Ix) = 0.

d(Ax, Sy) ≤ α1[d(Ax, Jy)+d(Sy, Ix)]+α2 [d(Ax, Ix)+d(Sy, Jy)]+α3d(Ix, Jy), (D)

provided 2α1 + 2α2 + α3 < 1, or

d(Ax, Sy) ≤ α1[d(Ax, Jy) + d(Sy, Ix)] with α1 < 1/2, or (E)

d(Ax, Sy) ≤ α2[d(Ax, Ix) + d(Sy, Jy)] with α2 < 1/2, or (F)

d(Ax, Sy) ≤ α3d(Ix, Jy) with α3 < 1. (G)

Proof. Corollaries corresponding to the contraction conditions (A), (B) and (C)
are immediate from Theorem 2.1 by setting α3 = 0, α2 = 0 and α2 = α3 = 0,
respectively. The corollary corresponding to the contraction condition (D) follows
from Theorem 2.1 after noting the fact

[d(Ax, Jy)]2 + [d(Sy, Ix)]2

d(Ax, Jy) + d(Sy, Ix)
≤

[d(Ax, Jy) + d(Sy, Ix)]2

d(Ax, Jy) + d(Sy, Ix)
= d(Ax, Jy) + d(Sy, Ix)

Finally one notes that contraction conditions (E), (F) and (G) are special cases
to the contraction condition (D).

Remark 2.1. Corollary 2.1 corresponding to the condition (D) is an extension of
a theorem of Hardy-Rogers [4] to two pairs of weakly compatible mappings without
any continuity requirement. Corollary 2.1 corresponding to the condition (A) unifies
the result of Fisher [2, 3] and Kannan [11, 12] whereas, Corollary 2.1 corresponding
to the condition (B) is a result similar to that of Ahmad-Imdad [1]. Corollary 2.1
corresponding to the condition (C) extends a theorem of Fisher [2] to two pairs of
weakly compatible mappings without continuity.

3. Fixed point theorems for families of mappings

In this section, as an application of Theorem 2.1, we prove a common fixed point
theorem for four finite families of mappings which runs as follows:
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Theorem 3.1. Let {A1, A2, . . . , Am}, {S1, S2, . . . , Sn}, {I1, I2, . . . , Ip} and {J1,

J2, . . . , Jq} be four finite families of self-mappings of a metric space (X, d) with

A = A1A2 . . .Am, S = S1S2, . . .Sn, I = I1I2 . . . Ip and J = J1J2 . . .Jq satisfying

conditions (2.1.1) and (2.1.2) with A(X) ⊂ J(X) and S(X) ⊂ I(X). If one of

A(X), S(X), I(X) or J(X) is a complete subspace of X, then

(c) (A, I) has a point of coincidence.

(d) (S, J) has a point of coincidence.

Moreover, if AiAj = AjAi, IkIl = IlIk, SrSs = SsSr , JtJu = JuJt, AiIk = IkAi

and SrJt = JtSr for all i, j ∈ I1 = {1, 2, . . . , m}, k, l ∈ I2 = {1, 2, . . . , p}, r, s ∈
I3 = {1, 2, . . . , n} and t, u ∈ I4 = {1, 2, . . . , q}, then (for all i ∈ I1, k ∈ I2, r ∈ I3 and

t ∈ I4) Ai, Ik, Sr and Jt have a common fixed point.

Proof. The conclusions (c) and (d) are immediate as A, S, I and J satisfy all the
conditions of Theorem 2.1.

Now appealing to componentwise commutativity of various pairs, one can imme-
diately prove that AI = IA and SJ = JS and hence, obviously both the pairs (A, I)
and (S, J) are weakly compatible. Note that all the conditions of Theorem 2.1 (for
mappings A, S, I and J) are satisfied ensuring the existence of unique common fixed
point z. Now one needs to show that z remains the fixed point of all the component
mappings. For this consider

A(Aiz) = ((A1A2 . . .Am)Ai)z = (A1A2 . . .Am−1)((AmAi)z)

= (A1 . . .Am−1)(AiAmz) = (A1 . . .Am−2)(Am−1Ai(Amz))

= (A1 . . .Am−2)(AiAm−1(Amz))
= · · · · · ·
= A1Ai(A2A3A4 . . .Amz) = AiA1(A2A3 . . .Amz) = Ai(Az) = Aiz.

Similarly, one can show that,

A(Ikz) = Ik(Az) = Ikz, I(Ikz) = Ik(Iz) = Ikz,

I(Aiz) = Ai(Iz) = Aiz, S(Srz) = Sr(Sz) = Srz,

S(Jtz) = Jt(Sz) = Jtz, J(Jtz) = Jt(Jz) = Jtz,

and J(Srz) = Sr(Jz) = Srz,

which show that (for all i, r, k and t) Aiz, Ikz are other fixed points of the pair (A, I)
whereas Srz and Jtz are other fixed points of the pair (S, J). Now appealing to the
uniqueness of common fixed points of both the pairs separately, we get

z = Aiz = Srz = Ikz = Jtz,

which shows that z is a common fixed point of Ai, Sr , Ik and Jt for all i, r, k and t.

By setting A1 = A2 = . . . = Am = F, S1 = S2 = . . . = Sn = G, I1 = I2 = . . . =
Ip = B and J1 = J2 = . . . = Jq = T in Theorem 3.1, we deduce the following:
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Corollary 3.1. Let F, G, B and T be self-mappings of a metric space (X, d) with

F m(X) ⊂ T q(X) and Gn(X) ⊂ Bp(X) satisfying the condition

d(F mx, Gny) ≤ α1
[d(F mx, T qy)]2 + [d(Gny, Bpx)]2

d(F mx, T qy) + d(Gny, Bpx)
+ α2[d(F mx, Bpx) + d(Gny, T qy)] + α3d(Bpx, T qy),

if d(F mx, T qy) + d(Gny, Bpx) 6= 0, αi ≥ 0 (i = 1, 2, 3) and at least one αi 6= 0 and

2α1 +2α2 +α3 < 1, or d(F mx, Gny) = 0, whenever d(F mx, T qy)+d(Gny, Bpx) = 0,

for all x, y ∈ X. If one of F m(X), Gn(X), Bp(X) or T q(X) is a complete subspace of

X, then F, G, B and T have a unique common fixed point provided FB = BF and

GT = TG.

Remark 3.1. By restricting four families as {A1, A2}, {S1, S2}, {I1} and {J1} in
Theorem 3.1, we deduce a substantial but partial generalization of the main result
of Imdad-Khan [5] as such a deduced result demands commutativity requirement
besides relaxing continuity requirements and improving completeness requirement of
the space to a set of four alternative natural conditions.

Remark 3.2. Corollary 3.1 is a slight but partial generalization of Theorem 3.1
as the commutativity requirements (i.e. FB = BF and GT = TG) in this corollary
are stronger as compared to Theorem 3.1.

Remark 3.3. Several results similar to Corollary 2.1 can be derived from Corol-
lary 3.1 for iterates of mappings. For the sake of brevity, we have not included the
entire details.

4. Illustrative examples

Our first example illustrates the hypotheses of Theorem 2.1 besides establishing
its utility over earlier related results in the literature.

Example 4.1. Consider X = [0, 6] with usual metric. Set S = A and J = I and
define self-mappings A and I as follows:

A(x) =

{
0 if x ∈ {0, 6}
1 if 0 < x < 6,

I(x) =





0 if x = 0,

3 if 0 < x < 6,

1 if x = 6,

Again all the mappings in this example are discontinuous even at their unique
common fixed point ‘0’ which is their common coincidence point as well. Clearly,
A(X) = {0, 1} ⊂ {0, 1, 3} = I(X). Also the pair (A, I) is commutative at coincidence
point ‘0’. Now one can easily verify the contraction conditions (2.1.1) (resp. 2.1.2)
for α1 = α2 = 1/12 and α3 = 1/2, in turn satisfying all the hypotheses of Theorem
2.1 with ‘0’ as the unique common fixed point of the involved mappings.
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Remark 4.1. Example 4.1 exhibit that the main theorem of Imdad-Khan [5]
and other related results for two or more mappings cannot be used in this context
as all the involved mappings in our results are discontinuous whereas all the earlier
known theorems require the continuity of at least one of the involved mappings. Also,
Example 4.1 shows that the pair (A, I) is not compatible as there exists no sequence
{xn} ⊂ [0, 6] such that limn→∞ Ixn = limn→∞ Axn. Thus all the known theorems
(cf. [7, 9, 15]) in the literature with compatibility requirements cannot be used in
the context of this example which establishes the effectiveness of weak compatibility.

Finally, for the verification of the hypotheses involved in Theorem 2.1, we give the
following example. Here, we notice that requirement of completeness of subspace is
necessary in Theorem 2.1.

Example 4.2. Let X = {0, 1, 1/2, 1/22, 1/23, . . .} be a metric space with the
usual metric d(x, y) =| x − y | for all x, y ∈ X. Define mappings A, I : X → X
by A(0) = 1/22, A(1/2n) = 1/2n+2, I(0) = 1/2, I(1/2n) = 1/2n+1 for n = 0, 1, 2, . . .
respectively. Also set A = S and I = J . Clearly

A(X) = {1/22, 1/23, . . .} ⊂ {1/2, 1/22, 1/23, . . .} = I(X).

By a routine calculation one can verify that the contraction condition (2.1.1) or
(2.1.2) is satisfied for α1 = 1/8, α2 = 1/16 and α3 = 1/2. Thus all the conditions of
Theorem 2.1 are satisfied except the completeness of the subspace A(X) and S(X).
Note that A and I have no point of coincidence. Here it is fascinating to note that
in the set up of Theorem 2.1 even the completeness of the space cannot ensure the
existence of coincidence point as the space X is complete in the present example.
Also note that A and S are not continuous at the origin.

Acknowledgment. The authors are grateful to learned referee for his careful read-
ing of entire manuscript.
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