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Abstract. We prove that the efficient frontier set of a bicriteria strictly quasiconcave
maximization problem on a (possibly noncompact) convex set is a graph of a certain

strictly decreasing function. We also discuss some questions concerning the topological
structure of the efficient frontier set and the efficient solution set.

1. Introduction

The class of strictly quasiconcave vector optimization problems encompasses that
one of the concave vector maximization problems (see for instance [8]). Strictly
quasiconcave and quasiconcave vector optimization problems have been studied by
several authors (see [1-11, 13] and the references therein). In particular, bicriteria
strictly quasiconcave maximization problems have been investigated in [3, 10, 11].
(Note that bicriteria linear fractional optimization problems are bicriteria strictly
quasiconcave maximization problems of a special type.)

In this paper, we will concentrate our attention on bicriteria strictly quasiconcave
maximization problems with (possibly) noncompact closed convex constraint sets.
We will show that the efficient frontier set of such a problem is the graph of a
certain strictly decreasing function. Then we discuss some questions concerning
the topological structure of the efficient frontier set. These results can lead us to
a complete knowledge of the topological structure of the efficient solution set of
bicriteria strictly quasiconcave maximization problems. This approach can be termed
as the image space approach. Originally, it was adopted by Schaible [11]. Then it has
been developed and applied in some subsequent papers by Schaible and other authors
(see [5, 6, 10]). Note that in the just cited papers, only problems with compact
constraint sets were investigated. The present paper is intended as an attempt to
study the problems with (possibly) noncompact constraint sets. There are a lot of
unsolved questions in this topic. Some of them will be addressed at the end of this
paper.
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Recall that a real function ϕ : D → R, where D ⊂ Rn is a nonempty closed convex
subset, is said to be quasiconcave on D if

ϕ(tx + (1 − t)x′) > min{ϕ(x), ϕ(x′)}

for all x, x′ ∈ D and t ∈ (0, 1). If ϕ is quasiconcave on D and

ϕ(tx + (1 − t)x′) > min{ϕ(x), ϕ(x′)}

for all t ∈ (0, 1) and x, x′ ∈ D satisfying ϕ(x) 6= ϕ(x′), then we say that ϕ is strictly
quasiconcave on D. It is easily verified that if ϕ : D → R is a concave function, then
ϕ is strictly quasiconcave on D.

Let fi : D → R (i = 1, 2) be continuous strictly quasiconcave functions, where
D ⊂ Rn is a nonempty closed convex set. The problem of finding x ∈ D such that
there exists no y ∈ D with the property that

f(y) − f(x) ∈ R2
+ \ {0}, (1)

where f(x) := (f1(x), f2(x)) for every x ∈ D and R2
+ is the nonnegative orthant

in R2, is called the bicriteria strictly quasiconcave maximization problem defined by
f1, f2 and D. Formally, this problem is written as follows

(P ) Maximize f(x) = (f1(x), f2(x)) subject to x ∈ D.

The solution set of (P ) is denoted by E(P ). Elements of E(P ) are called the efficient
solutions of (P ). The efficient frontier set of (P ) is the set

Fr(P ) := {f(x) : x ∈ E(P )} (2)

We say that x ∈ D is a weakly efficient solution of (P ) if there exists no y ∈ D such
that f1(y) > f1(x) and f2(y) > f2(x). The weakly efficient solution set of (P ) is
denoted by Ew(P ).

Based on a result of [11], Daniilidis, Hadjisavvas and Schaible [6] have proved that
if D is compact then Fr(P ) is a graph of a continuous strictly decreasing real function
defined on a compact interval of the real line. This theorem describes thoroughly the
topological structure of the efficient frontier set of (P ). It is natural to try to extend
the theorem to the case where D is not assumed to be compact. We will study this
question in Sections 2 and 3. Some open questions will be presented in Section 4.

2. A Representation of the efficient frontier set

In order to find a representation for the set Fr(P ), following Schaible [11] we
consider two auxiliary scalar optimization problems:

(P1t) Maximize f2(x) subject to x ∈ D, f1(x) > t

and
(P2τ ) Maximize f1(x) subject to x ∈ D, f2(x) > τ,

which depend on parameters t ∈ R and τ ∈ R, respectively.

Our main result can be formulated as follows.
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Theorem 2.1. Let

T = {t ∈ R :∃τ ∈ R such that (P1t) has a solution and the optimal

value is τ ; (P2τ ) has a solution and the optimal value is t}.

Then

(i) Fr(P ) = {(t, Φ(t)) : t ∈ T}, where Φ(t) is the optimal value of (P1t);
(ii) Φ(t) = max{f2(x) : x ∈ D, f1(x) = t} for every t ∈ T ;

(iii) Φ : T → R is a strictly decreasing function.

Combining (i) with (iii) we conclude that Fr(P ) is the graph of the strictly de-
creasing real function Φ. A formula for computing Φ(t) is given in the assertion (ii).
Note that the effective domain T of Φ may be disconnected. In general, we have

T =
⋃

k∈K

Tk, (3)

where K is an index set, each Tk is an interval of the real line, and Tk ∩ Tk′ = ∅ if
k 6= k′.

To understand better the assertions of Theorem 2.1 and the decomposition (3),
let us consider the following classical example.

Example 2.1 [4]. Consider problem (P ) with

D = {x = (x1, x2) ∈ R2 : x1 > 2, 0 6 x2 6 4},
f1(x) = x1/(x1 + x2 − 1), f2(x) = x1/(x1 − x2 + 3).

As it has been observed in [4],

E(P ) = {(x1, 0) : x1 > 2} ∪ {(x1, 4) : x1 > 2}.

Therefore

Fr(P ) ={(y1, y2) ∈ R2 : 0.4 6 y1 < 1, y2 = 3y1/(4y1 − 1)}
∪ {(y1, y2) ∈ R2 : 1 < y1 6 2, y2 = y1/(4y1 − 3)}.

Hence, on account of the assertion (i) of Theorem 2.1, we have

T = [0.4, 1)∪ (1, 2]

and

Φ(t) =

{
3t/(4t − 1) if t ∈ [0.4, 1)

t/(4t − 3) if t ∈ (1, 2].

We see that this function Φ is strictly decreasing and continuous on T . In this
example, the index set K figured in (3) has two elements.
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Proof of Theorem 2.1. (i) Fix any x ∈ E(P ) and set t = f1(x), τ = f2(x).
We claim that (P1t) has a solution and the optimal value is τ . Indeed, since x is a
feasible vector for (P1t), if x is not a solution of (P1t) then there exists y ∈ D such
that f1(y) > t, f2(y) > f2(x). As t = f1(x), the last two inequalities contradict the
fact that x ∈ E(P ). Thus x is a solution of (P1t) and the corresponding optimal
value is f2(x) = τ .

Similarly, (P2τ ) has a solution and the optimal value is t.
On account of the above remarks, we have t ∈ T and Φ(t) = τ . Therefore

f(x) = (f1(x), f2(x)) = (t, τ ) ∈ {(t, Φ(t)) : t ∈ T},

and we see that
Fr(P ) ⊂ {(t, Φ(t)) : t ∈ T}.

In order to prove the reverse inclusion, we fix an t ∈ T . By definition, there exists
τ ∈ R such that (P1t) has a solution and the optimal value is τ ; (P2τ ) has a solution
and the optimal value is t. Let x be a solution of (P2τ ). We have x ∈ E(P ). On the
contrary, suppose that x /∈ E(P ). Then there exists y ∈ D such that (1) holds.

We first consider the case where

f1(y) > f1(x), f2(y) > f2(x). (4)

Since x is a solution of (P2τ ) and the optimal value is t, we deduce that

x ∈ D, f2(x) > τ, f1(x) = t. (5)

From (4) and (5) it follows that y is a feasible vector for (P1t). As the optimal value
of (P1t) is τ , we have f2(y) 6 τ . Combining this inequality with (4) and (5) we
obtain f2(x) = τ . Hence x is a solution of (P1t). Since y ∈ D and f2(y) > f2(x) = τ ,
we see that y is a feasible vector of (P2τ ). From (4) we deduce that x is not a solution
of (P2τ ), a contradiction.

We now consider the case where

f1(y) > f1(x), f2(y) > f2(x). (6)

As the optimal value of (P2τ ) is t, we have f1(x) = t. Hence (6) implies that y is
a feasible vector for (P1t). We claim that x is a solution of (P1t). Indeed, by our
assumption, (5) holds. Since the optimal value of (P1t) is τ , from this we deduce that
x is a solution of (P1t). We have arrived at a contradiction because y is a feasible
vector of (P1t) and f2(y) > f2(x) by (6).

We have proved that x ∈ E(P ). We have also noticed that x is a solution of (P1t).
Hence f2(x) = Φ(t), and we obtain

(t, Φ(t)) = (f1(x), f2(x)) ∈ Fr(P ),

as desired.



Bicriteria strictly quasiconcave maximization on noncompact sets 141

(ii) Let t ∈ T and let τ ∈ R be such that (P1t) has a solution and the optimal value
is τ ; (P2τ ) has a solution and the optimal value is t. Suppose that x is a solution of
(P2τ ). As in the second part of the proof of (i), we have

x ∈ D, f1(x) = t, f2(x) = τ.

On one hand, this implies

Φ(t) = τ = f2(x) 6 max{f2(x) : x ∈ D, f1(x) = t}.

On the other hand, since Φ(t) is the optimal value of (P1t), we have

Φ(t) = max{f2(x) : x ∈ D, f1(x) > t} > max{f2(x) : x ∈ D, f1(x) = t}.

Hence the equality stated in assertion (ii) is valid.
(iii) Let t, t′ ∈ T , t < t′. We have to prove that

Φ(t) > Φ(t′). (7)

Since t ∈ T , there exists τ ∈ R such that (P1t) has a solution and the optimal value
is τ ; (P2τ ) has a solution and the optimal value is t. Similarly, since t′ ∈ T , there
exists τ ′ ∈ R such that (P1t

′) has a solution and the optimal value is τ ′; (P2τ
′) has

a solution and the optimal value is t′. As t < t′, we see that

Φ(t) = sup{f2(x) : x ∈ D, f1(x) > t}
> sup{f2(x) : x ∈ D, f1(x) > t′}
= Φ(t′).

If Φ(t) = Φ(t′), then τ = τ ′. Since the optimal value of (P2τ ) is t and the optimal
value of (P2τ

′) is t′, it follows that t = t′. This is impossible. Summarizing what
already has been said, we conclude that (7) is valid.

In the case where D is a compact convex set, the set T admits a simple expression
and the conclusions of Theorem 2.1 can be improved.

We now suppose that D is a compact convex set. Let f1 and f2 be as above.
Define T and Φ as in the formulation of Theorem 2.1. Let

β1 = max{f1(x) : x ∈ D},
β2 = max{f2(x) : x ∈ D},
α1 = max{f1(x) : x ∈ D, f2(x) = β2},
α2 = max{f2(x) : x ∈ D, f1(x) = β1}.

The last three assertions of the forthcoming theorem have been established in [6,
11] (see also [10]). In order to clarify the relation between this result and Theorem
2.1 above, we will give a brief proof.
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Theorem 2.2. If D is a compact convex set, then

(a1) T = [α1, β1];
(a2) Fr(P ) = {(t, Φ(t)) : t ∈ [α1, β1]};
(a3) Φ(t) = max{f2(x) : x ∈ D, f1(x) = t};
(a4) Φ : [α1, β1] → [α2, β2] is a strictly decreasing, continuous function.

Proof. Assertion (a1) has been established in [11] (see Lemma 2 in [11] and its
proof). The assertions (a2) and (a3) follow from Theorem 2.1. The fact that Φ is
a strictly deceasing function also follows from Theorem 2.1. The continuity of Φ in
the case we are considering has been proved in [6].

According to Theorem 2.2, if D is a compact convex set then T is a connected set
and Φ : T → R is a continuous function. Several examples of linear fractional vector
optimization problems with compact convex constraint sets have been analyzed in
[12]. Example 2.1 shows that if D is noncompact then T may be disconnected. It
is natural to try to find an upper estimate for the number of connected components
of T and investigate the continuity of Φ on T . By virtue of Theorem 2.1, results in
this direction would be very useful for understanding the topological structure of the
set Fr(P ), which is the image of the efficient solution set E(P ) via the continuous
function f . Some preliminary results will be given in the next section.

3. Topology of the efficient frontier set

In this section, we will use Theorem 2.1 to describe the topological structure of
the set Fr(P ). We put

pr1(t, τ ) = t, pr2(t, τ ) = τ ∀(t, τ ) ∈ R2.

Let M be a connected component of Fr(P ) ⊂ R2 in the induced topology. Since
pr1(·) is a continuous function, the set

TM := pr1(M ) = {t ∈ T : ∃(t, τ ) ∈ M}

is connected. Thus TM is an interval of the real line (which may be unbounded and
not closed).

The proof of the following proposition is quite elementary. It is included here for
the sake of clarity of our presentation.

Proposition 3.1. If M is a connected component of Fr(P ) then

(i) the restriction Φ∗ : TM → R of Φ to TM is continuous;

(ii) M is homeomorphic to the interval TM .
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Proof. (i) Fix any point t ∈ TM . Suppose, contrary to our claim, that Φ∗ is
discontinuous at t. Since Φ is a strictly decreasing function by Theorem 2.1, we must
have Φ∗(t) 6= lim

h↓0
Φ∗(t − h) or Φ∗(t) 6= lim

h↓0
Φ∗(t + h)). Let

τ− := lim
h↓0

Φ∗(t − h), τ+ := lim
h↓0

Φ∗(t + h), τ = Φ∗(t).

(If TM = [t, α) then lim
h↓0

Φ∗(t−h) is not defined. In this case, the discontinuity of Φ∗

at t means Φ∗(t) 6= τ+. Similarly, if TM = (α, t] then lim
h↓0

Φ∗(t + h) is not defined. In

this case, the discontinuity of Φ∗ at t means Φ∗(t) 6= τ−.) Without loss of generality
we can assume that τ 6= τ−. As Φ∗ is strictly decreasing on TM , we deduce that
τ− > τ . It is clear that the set pr2(M ) cannot contain any number from the interval
(τ−, τ). We choose ε > 0 as small as (t − ε, t] ⊂ TM . For any t ∈ (t − ε, t], we have

Φ(t) > τ− > τ.

Since Φ(t) ∈ pr2(M ) and τ ∈ pr2(M ), from what has already been said, we conclude
that pr2(M ) is disconnected, which is impossible. Thus Φ∗ is continuous on TM .

(ii) From the continuity of Φ∗ : TM → R it follows that the function Ψ : TM →
M, Ψ(t) := (t, Φ∗(t)) is continuous. Since the restriction of the continuous function
pr1 : R2 → R on M is the inverse of Ψ, we see that TM is homeomorphic to M .

According to Proposition 3.1, every connected component of Fr(P ) is homeomor-
phic to an interval of the real line. It may happen that there are two connected
components M1 and M2 of Fr(P ) for which we have

TM1 = (α1, t), TM2 = [t, α2), (8)

or
TM1 = (α1, t], TM2 = (t, α2), (9)

for some α1, α2 ∈ R := R∪{+∞}∪{−∞} and t ∈ R. In this case, from the continuity
of the restrictions of Φ on TM1 and TM2 we cannot assert that the restriction of Φ
on (α1, α2) is continuous. If such situation is excluded, then the function Φ : T → R
is continuous by Proposition 3.1(i). We can state this observation as follows.

Proposition 3.2. If the set Fr(P ) does not have any pair of connected compo-
nents M1, M2 such that

cl(TM1) ∩ TM2 6= ∅ or TM1 ∩ cl(TM2) 6= ∅,

where cl(TMi) denotes the closure of TMi , then the function Φ : T → R is continuous.

Denote by χ(E(P )) (resp., χ(Fr(P )), χ(T )) the (cardinal) number of the connected
components of E(P ) (resp., Fr(P ), T ). Since Fr(P ) = f(E(P )) and T = pr1(Fr(P )),
we see that

χ(E(P )) > χ(Fr(P )) > χ(T ).

It is clear that if the assumption of Proposition 3.2 is satisfied, then χ(Fr(P )) =
χ(T ).
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4. Open questions

The investigation given in the preceding two sections leads us to the following
questions:

1. Is it true that χ(E(P )) is always a finite number?
2. Is it true that χ(E(P )) 6 2?
3. Whether one always has χ(E(P )) = χ(Fr(P ))?
4. Whether one always has χ(Fr(P )) = χ(T )? Whether there cannot exist any two

connected components M1 and M2 in Fr(P ) satisfying (8) or (9) for some α1, α2 ∈ R
and t ∈ R?

5. Is it true that any connected component of E(P ) is an arcwise connected set?

Solution to any of the above five questions would shed some new light on the study
of the topological structure of the efficient set in bicriteria strictly quasiconcave maxi-
mization problems with noncompact closed convex constraint sets. Another direction
is to investigate how the image space approach can be useful for understanding the
topological structure of the weakly efficient set Ew(P ).
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