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Abstract. As a part of the Approximation Theory and its Applications in Vector
Spaces, in this research paper the Best Approximation is reviewed. Special attention

is given to the most significant Best Approximation Problems in Separated Locally
Convex Spaces and to their directly connectionswith the Vector Optimization very well

represented in this way of study by the Pareto type Efficiency and some important links
to the multifunctions, starting from an original point of view concerning this matter

in Topological Spaces and being based on adequate references.

1. Introduction

What does the Best Approximation mean? Which are its Descriptions, the Imme-
diate Implications and the Applications? In the first place, we think that all of these
questions mean to be the sooner the better, closed, following a specified meaning, to
the elements of all non-empty subsets placed in arbitrary but proper spaces, by the
points of every possible other sets from any suitable another spaces and with respect
to their “mathematical” structures. In fact, any process of optimization represents
a Best Approximation Problem and conversely. The most important aim in any
such as this subject of every scientific work is to establish appropriate conditions for
the existence of the Best Approximation Elements, the corresponding possibilities
of Approximation (sometimes established using the properties of the set containing
all of them) or, better, the Effective Identification of the Optimal Solutions and so
on. Here we examine this matter in the background offered by the Hausdorff Locally
Convex Spaces, having in view and starting sometimes for generalization from the
corresponding cases in Topological Spaces and the particular position of the Normed
Linear Spaces. Thus, following [82], let (X, τ ) be an arbitrary topological space and
A be a non-empty subset. If for each x ∈ X one denotes by S(x) a base (fundamental
system) of open neighborhoods and one considers Vy(x) =

⋂
V ∈S(x)

y∈V

V for any y ∈ X,

then a0 ∈ A is a best approximation of x by the elements of A with respect to S(x)
if V a0(x) ⊆

⋂
a∈A

V a(x), where B represents the closure of every B ⊆ (X, τ ).
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Clearly, this concept depends on the base of neighborhoods and it can be extended
whenever every at least for the points x ∈ X for which one looks to find and study
the best approximation elements from a nonvoid subset A ⊂ X it was attached
a proper system of non-empty sets which allows the approaching to x from every
element of A (see also [26]). At the same time, it is easy to see that this modality
exhibited for the first time in [82] corresponds in locally convex spaces to the best
concomitant approximation with respect to every semi-norm, that is, as we shall
see, with the best simultaneous approximation [44] and in the metric spaces and the
normed linear spaces, respectively, with the usual best approximation ([33, 36, 53,
58, 60, 66, 117, 118] and so on).

Generally speaking, the following ways were and they are used in the study of the
best approximation matters:

a) existence and uniqueness of the best approximation elements;
b) from topological point of view, properties of the sets containing the best

approximation elements;
c) with respect to a family of functions;
d) many combinations between a)–c);
e) adequate numerical methods to identify or to approximate the best approxi-

mation elements.

The base of this research paper is represented by the book [44] which was substan-
tiated on our Doctoral Thesis (1987) and the corresponding references, completed by
recent and pertinent scientific works.

2. Best approximation in linear spaces

Let X be a vector space and F = {fα}α∈A family of norms defined on X.
The study of the Best approximation of an element x0 ∈ X, by the elements of

a non-empty subset G ⊂ X, with respect to the family F , can be achieved by the
following ways:

A. We can define a convenient norm F , using the family F and we can study
the problem to find the elements g0 ∈ G such that F (x0 − g0) ≤ F (x0 − g),
for all g ∈ G.
For example, if F = {‖ · ‖i}i=1,n , n ∈ N∗, it is possible to define F by

F (x) = max{‖x‖i}i=1,n or F (x) =
[

n∑
i=1

‖x‖p
i

]1/p

for every x ∈ X with

1 < p < +∞ (see, for instance, [4, 6, 27, 58]).
In particular, given (X, ‖ · ‖) a normed linear space and B ⊂ X a non-empty
bounded subset, we can consider also the problem to find the elements g0 in
another non-empty subset G ⊂ X such that inf

g∈G
sup
b∈B

‖b − g‖ = sup
b∈B

‖b − g0‖.

This represents the Best Simultaneous Approximation Problem of the set B

by the elements of G studied for example, in [33], some variants in [58, 60,
65, 66, 117, 118, 126] and in other related papers.
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On the other hand even if F is a family of real functions the Best Approximation
Problem was tackled as follows.

B. The second way is to find the elements g0 ∈ G such that fα(x0 − g0) ≤
fα(x0 − g), for all g ∈ G and α ∈ A. By this way, we have the Best Simul-
taneous Approximation of the element x0 by G with respect to the family
F . From this point of view, we may consider the Best Simultaneous Approx-
imation Problem as a particular case of the Strong Vectorial Optimization.
This remark has implied several interesting developments in the Theory and
Applications of Optimization for multivalued functions ([8, 12, 13, 15-17, 27,
28, 47, 49, 50, 55, 57, 67, 71, 78, 79, 118, 124, 128, 131-136 and so on).

C. The third way is to find necessary, sufficient, necessary and sufficient or dual
conditions for the existence of the elements g0 ∈ G for which there exists no
g ∈ G such that fα(x0−g) ≤ fα(x0−g0), for every α ∈ A, with at least one of
these inequality being strict. So, we obtain the Best Vectorial Approximation
of the element x0 by G with respect to the family F ([4-6, 84, 87, 88, 90] and
[118] for further references). In all these cases, the corresponding projection
maps are multifunctions.
This way shows also that the Best Vectorial Approximation Problem is a
special case of Pareto Optimization ([9-11, 14, 20-25, 32, 39, 40, 44-47, 49,
50, 54-56, 61-64, 67-69, 74, 80, 81, 89, 91, 92, 95-97, 99, 102, 113, 114, 121,
122] and all recent connected research works) and at the same time, a program
which intends to find the vectorial optimum points for some multifunctions, in
particular, the critical points for a class of dynamical systems or the equilibria
for several set valued maps, which needs the corresponding dual concepts as:
vectorial subdifferential, conjugate and Lagrangian ([15-17, 31, 39], Chapter
4 in [44], [47, 49, 50, 56, 57, 91-97, 109, 121, 122] and other scientific research
works). Concerning the uniqueness of the best approximation elements it is
known that in a Banach space X, every element possesses at most a best
approximation with respect to any non-empty convex subset, if and only if X

is strictly convex (see for example, Theorem 3.7 and Remark 3.4 in Chapter
3 of [7]). Thus, in every Banach space there is a strong connection between
the strict convexity of the space and the uniqueness of the elements of the
best approximation by non-empty and convex subsets with respect to the
norm which generates its topology. Starting from the more useful definition
of the strict convexity for locally convex spaces introduced by E. Huffman in
[38] and using our research papers [84, 85, 87] and [90] which contain also its
extension for a family of real functions defined on a real or complex linear
space, in Chapter 3 of [44] were exhibited the basic relationships between the
uniqueness of the elements of best simultaneous (vectorial) approximation,
the strict simultaneous (vectorial) convexity and some connections between
the simultaneous strictly convexity and the vectorial strictly convexity.

Obviously, these settings can be extended to the families of functions defined on
linear spaces and taking values in ordered linear spaces, under proper hypotheses.
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3. Best approximation in locally convex spaces

The Best Approximation Problem in any separated locally convex space with
respect to the corresponding family of the semi-norms which generates the locally
convex topology was studied at various methods.

The first of them lay in thinking the best approximation matter with respect to
each of the appropriate semi-norm (not necessary considered with respect to the
other semi-norms of the initial family which induces the Hausdorff locally convex
topology), modality of study which is equivalent to consider the Minkowski gauge
attached to some non-empty, convex, absorbing and circled subset.

In all these cases, through the agency of the corresponding separated subspace one
obtains a best approximation matter in a normed linear space ([2, 29, 53, 72, 112,
115, 115, 116, 119, 123] and so on).

Another mean of investigation, specific to the metrizable locally convex spaces and
in direct connection with the first point of study specified in the second section of
this research work consist in the use of the cvasi or asymmetrical norms, with their
some particular projections in normed modules over semifields or vectorial lattices
(see, for example [1, 34, 35, 70, 125, 127, 129, 130] and the other connected papers).

Some generalizations were obtained by replacing the semi-norms with proper func-
tions ([73, 104, 105, 110, 115]). As we shall see in the sequel, the Best Vectorial
Approximation in locally convex spaces is a particular case of Pareto Optimization,
but we must also to remark that the Pareto Efficiency with respect to the families of
semi-norms induces some type of best approximation problems as in [3, 18] and [19].

The next considerations are devoted to the basic concepts concerning the Best Ap-
proximation in Locally Convex Spaces by summarizing significant results obtained
in this field: existence of the best (simultaneous vectorial or other kinds) approxima-
tion elements, uniqueness, connections with Pareto efficiency and the multifunctions,
following [44, 51, 76, 77, 83, 85, 86, 93, 94, 98, 102, 103, 106-111], and other such as
these research works.

Let X be a Hausdorff locally convex space with the topology induced by a family
P = {pα : α ∈ A} of semi-norms, x0 ∈ X and G a non-empty subset. Throughout
this paper we denote by ∅ the empty sets.

Definition 3.1 [44, 86]. An element g0 ∈ G is said to be a best simultaneous
approximation of x0 by the elements of G with respect to the family P (abbreviated,
g0 is a P -b.s.a of x0) if

pα(x0 − g0) ≤ pα(x0 − g) for all g ∈ G and pα ∈ P. (3.1)

When, in addition, each element x ∈ X possesses at least one P -b.s.a in G, then
G is called P -simultaneous proximal and we denote by S(x0, G) the set of all P -b.s.a
elements of G for each x0 ∈ X.

By analogy with the usual compacness hypothesis in normed linear spaces, the
P -simultaneous proximinality and, implicitly, the existence of the P -b.s.a elements
is ensured using the next concept of approximate compacity given by
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Definition 3.2 [30, 120]. A non-empty set B ⊂ X is called approximatively
compact with respect to the family P (abbreviated B is P -approximatively compact)
if for each family {(bi)i∈I : α ∈ A} of nets in B such that the net (pα(x − bαi))i∈I , x ∈
X converges to inf {pα(x − b) : b ∈ B} , ∀α ∈ A, there exists a subnet (bt)t∈T of any
net having its limit in B.

This notion together with the continuity of the semi-norms leads immediately to

Theorem 3.1. Any P-approximatively compact subset of X is P -simultaneous

proximinal.

The Theorem 2.3 in Chapter I of [44] together with the results contained in the
first paragraph of Chapter 2 from [7] and the Corollary 2.4 in [134] generated the
following dual characterization of non-empty, convex and simultaneous proximinal
subsets.

Theorem 3.2 [44]. A non-empty and convex subset G of X is P -simultaneous

proximinal if and only if for every (x0, r0) ∈ X × RA
+ with G ∩ {x ∈ X : pα(x0 − x)

≤ r0(α), ∀α ∈ A} = ∅, there exists α0 in A and x∗
0 in the dual space X∗ of X such

that

r0(α0) < x∗
0(x0) − p∗α0

(x∗
0) − sup

g∈G
x∗

0(g) (3.2)

If, in addition, the set G contains the origin, then (3.2) is equivalent with

r0(α0) < x∗
0(x0) − p∗α0

(x∗
0) − pG0(x

∗
0), (3.3)

where p∗α0
is the corresponding conjugate map of pα0 and pG0 is the Minkowski

functional associated to the polar G0 = {x∗ ∈ X∗ : x∗(x) ≤ 1, ∀x ∈ G} of G.

As we shall see, the Best Simultaneous Approximation is a strongly connected
special instance of the Best Vectorial Approximation, which was initially introduced
([44, 86, 87]) as a particular case of the Best Vectorial Approximation in comparison
with a family of real valued functions defined on a linear space. But, both of them,
can be obtained in the general context of the Topogical Ordered Vector Spaces,
through the agency of Pareto Efficiency (eventually approximated as we considered
in [46]) as follows. Thus, let Y be a (topological) real vector space ordered by a
convex cone K, T a non-empty subset and t0 ∈ T .

Definition 3.3 [93, 97, 99, 102]. We say that t0 is an efficient (Pareto minimal)
point for T with respect to K, in notation, t0 ∈ MINK(T ) if it satisfies one of the
following equivalent condition:

(i) T ∩ (t0 − K) ⊆ t0 + K;
(ii) K ∩ (t0 − T ) ⊆ −K;
(iii) (T + K) ∩ (t0 − K) ⊆ t0 − K;
(iv) K ∩ (t0 − T − K) ⊆ −K.
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It is clear that, whenever K is pointed, that is, K ∩ (−K) = {0}, then t0 ∈
MINK(T ) means T ∩ (t0 − K) = {t0} or, equivalently, K ∩ (t0 − T ) = {0}.

In a similar manner one defines the (Pareto) type maximal elements of T . In fact,
t0 ∈ T is a Pareto maximal point of T with respect to K iff it is a Pareto minimal
point for T with respect to −K, that is, t0 ∈ MIN−K(T ).

In the language of multifunctions, the above definition is equivalent with t0 to be
a fixed point for any of the following multifunctions:

Fi : T → T, i = 1, 4, F1(x) = {t ∈ T : T ∩ (t − K) ⊆ x + K},
F2(x) = {t ∈ T : T ∩ (x − K) ⊆ t + K},
F3(x) = {t ∈ T : (T + K) ∩ (t − K) ⊆ x + K},
F4(x) = {t ∈ T : (T + K) ∩ (x − K) ⊆ t + K},

that is, t0 ∈ Fi(t0) for some i = 1, 4, which means that t0 is an equilibria point [31]
for each of the set-valued maps t − Fi(t), i = 1, 4. If, in addition, K is pointed, that
is, then t0 ∈ T is a Pareto minimal point of T with respect to K if and only if one of
the following equivalent relations hold:

(i) T ∩ (t0 − K) = {t0}; (ii) T ∩ (t0 − K \ {0}) = ∅;
(iii) K ∩ (t0 − T ) = {0}; (iv) (K \ {0}) ∩ (t0 − T ) = ∅;
(v) (T + K) ∩ (t0 − K \ {0}) = ∅.

It is important to mention here that (i) means that t0 is a critical point [39] for
the generalized dynamical system Γ : T → T defined by Γ(t) = T ∩ (t − K), t ∈ T

and the Duality for Vectorial Optimization Programs with Multifunctions was also
studied in Chapter 4 of [44], [89-93] and in the other related papers.

Some generalizations of the Strong Optimization and Pareto Efficiency with re-
spect to cones to their approximate variants in (topological) ordered vector spaces
together with the immediate bilateral connections can be found in [46].

Theorem 3.3 [44, 46, 87, 97]. If we denote the set of all strong K-minimal

(ideal) elements of T by S(T, K) = {t1 ∈ T, t − t1 ∈ K, ∀t ∈ T} and S(T, K) 6= 0,

then MINK(T ) = S(T, K).

A significant illustration of this coincidence result will be exhibited in Section 5
of this Research Report. At the same time we remark that it is possible to have
S(T, K) = ∅ and MINK(T ) = T . Indeed, for example, if Y = RN, K = RN

+ and

T =
{

(xi) ∈ X : xi ≥ 0 whenever i ∈ N and
∑
i∈N

xi = 1
}

, where N denotes the

usual set of natural numbers, then S(T, K) = ∅ and MINK(T ) = T .
A Dual Characterization for the Efficient Points, very useful in the Scalarization

of the Vector Optimization Programs with the corresponding projection in the Best
Approximation Problems, is contained in
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Theorem 3.4 [44, 97]. If K is any closed convex cone in Y and T is ev-
ery non-empty subset, then t0 ∈ MINK(T ) if and only if for each t ∈ T \ (t0 +
K), there exists y∗ in the usual dual space Y ∗of Y such that y∗(t) < y∗(t0) and
y∗ ∈ K0, where K0 denotes the well known polar cone of K defined by K0 =
{y∗ ∈ Y ∗ : y∗(y) ≤ 0 for all y ∈ K}.

The following concept of convex cone in the background was offered by any Haus-
dorff locally convex space and it remains very important in the study of Pareto
Efficiency.

Definition 3.4 [39, 40]. If (X, P = {pα : α ∈ A}) is any separated locally convex
space with the topology induced by a family P of semi-norms, being ordered by a
convex cone K and h having its topological dual space denoted by X∗, then K is
named supernormal (nuclear) if for every semi-norm pα ∈ P there exists x∗ ∈ X∗

such that pα(x) ≤ x∗(x) for all x ∈ K.

The class of nuclear cones introduced by G. Isac in 1981 ([39] and published as
supernormal cones in 1983 [40]) for separated locally convex spaces was initially
imposed by the Theory and the Applications of the Pareto type Efficient Points (es-
pecially existence conditions based on Completeness instead of Compactness were
decisive together with the main properties of the Efficient Points Sets). Many ex-
amples, important remarks, pertinent results, comments and related topics can be
found in [44, 45, 95-97, 99, 102] and so on.

Definition 3.5 [44, 86-88, 99]. g0 ∈ G is said to be a best vectorial approxi-
mation of x0 by G with respect to P (abbreviated, go is P -b. v. a. of x0) if

(pα(x0 − g0)) ∈ MINRA
+
{(pα(x0 − g)) : g ∈ G} ,

where A denotes the power of the closed, convex and pointed cone R+.

All non-empty subsets of X which contain at least one P -b. v. a. element for
each x ∈ X will called P -vectorial proximinal. If one denotes by V (x0, G) the set of
all P -b. v. a. elements of G for x0 ∈ X, then it is obvious that S(x0, G) ⊆ V (x0, G)
and, taking into account Theorem 3.3 it follows that S(x0, G) = V (x0, G) whenever
S(x0, G) 6= ∅. In general, the converse of the above inclusion is not valid even in
the finite dimensional spaces. For example, let X = Rn(n ∈ N∗) endowed with the
H-locally convex topology generated by the family P0 = {pi : i = 1, n of seminorms
defined by

pk(x1, x2, K, xn) = |xk|, ∀x = (x1, x2, · · · , xn) ∈ X, k = 1, n and

Gα =

{
(x1, x2, · · · , xn) ∈ Rn : xs ≥ 0, ∀s = 1, n and

n∑

s=1

xs = α

}
, α ∈ (0, +∞).

Then, S(0, Gα) = ∅ and V (0, Gα) = Gα. Accordingly to the system of seminorms
defined in a similar manner for X = RN and Gβ =

{
(xi) ∈ RN

+ :
∑

i∈N xi = β
}

(β >
0), it follows also that S(0, Gβ) = ∅ and V (0, Gβ) = Gβ, ∀β > 0.

Also, through the agency of Pareto efficiency, Definition 3.5 gives emphasis to an
important connection between the Best Approximation and the Pareto Theory using
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the coincidence results with Choquet’s boundaries ([97, 102]) and their references).
Moreover, in all such as these problems, it can be used special methods. Thus, for
example, following the polarity calculus it is possible to establish the existence of the
solutions by the generated duality scalarization ([7, 47, 53, 109, 111] and so on).

Between the Best Simultaneous Approximation and the Best Vectorial Approxi-
mation there exists other connected versions ([106]) :

I. For every pα ∈ P there exists gα ∈ G with pα(x0 − gα) ≤ pα(x0 − g), ∀g ∈ G;
II There exists p̄α ∈ P and ḡα ∈ G such that p̄α(x0 − ḡα) ≤ p̄α(x0 − g), ∀g ∈ G;

III There exists α0 ∈ A and ḡ0 ∈ G such that pα(x0 − ḡα) ≤ pα(x0 − g), ∀g ∈
G, ∀α ≥ α0;

IV There exists α0 ∈ A and g0 ∈ G such that

max
α∈A

inf
g∈G

pα(x0 − g) = min
g∈G

sup
α∈A

pα0(x0 − g) = pα(x0 − g0).

Clearly, III is a particular case of Best Simultaneous Approximation with respect
to a section of P , having special properties if one considers the directed families of
semi-norms, that is, whenever any section generates the same locally convex topology.

The immediate relationship between these variants was given in the next theorem.

Theorem 3.5 [106].
(i) if there exist P -b. s. a. elements of x0 by G then the solutions of all problems

I-III coincide with them;

(ii) whenever g0 is some P -b. s. a. element for x0 by G, IV has solutions if

and only if there exists α0 ∈ A and a P -b. s. a. g0 of x0 by G such that

pα0(x0 − g0) = sup
α∈A

pα(x0 − g0).

In all these cases, (α0, g0) is a saddle point and pα0(x0 − y0) a saddle value for the

minimax problem IV [111].

Using Lemma 2.3 [110] concerning the global optimality for a family of optimiza-
tion programs having a lower-semicontinuous valued function, in [106] is given a
characterization for the proximinality in the corresponding sense of I. Moreover, fol-
lowing the Theorem 1.1 [104], in [106] is obtained a necessary and sufficient condition
for the existence of the solutions of II and one analyzes two significant examples to-
gether with the next connection between the problems III and IV.

Theorem 3.6 [106].
(i) every solution (α0, g0) ∈ A × G of IV is solution for III and pα(x0 − g0) =

pα0(x0 − g0);
(ii) conversely, any solution (α0, g0) ∈ A × G of III satisfying the above equality

is solution of IV for the section of P induced by α0.
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4. Uniqueness of the best approximation elements

It is well known that in any Banach space X, every element possesses at most
best approximation with respect to any non-empty subset iff X is strictly convex
(see, for instance Theorem 3.7 and Remark 3.4 in Chapter 3 of [7]). Starting from
the more useful definition of strict convexity for locally convex spaces introduced by
E. Huffman [38] and using our contributions contained in Chapter 3 of [44, 84, 85,
87, 90] we reconsider here the basic notions and results concerning the uniqueness of
the elements of best simultaneous and vectorial approximation.

Let X be a Hausdorff locally convex space whose topology is generated by a family
P = {pα : α ∈ A} of semi-norms and M a non-empty subset of X.]

Definition 4.1 [38, 44, 90]. M is P -simultaneous strictly convex if for every
x, y ∈ M, x 6= y, 1

2 (x+y) ∈ M and pα(x) = pα(y) for all pα ∈ P , we have pα

(
x+y

2

)
≤

pα(x), ∀α ∈ A with at least one of these inequalities being strict.

An ample class of simultaneous strictly convex separated locally convex spaces is
represented by the H-locally convex spaces indicated in the next Chapter 5. The
Theorem 1.2 and its immediate corollary in Chapter 3 of [4] give characterizations
for this property. As a generalization to locally convex spaces of the specified result
in Banach spaces, the following theorem shows the strong relationship between the
simultaneous strictly convexity and the uniqueness of the best simultaneous approx-
imation element.

Theorem 4.1 [44]. A Hausdorff locally convex space is simultaneous strictly

convex with respect to a family P of semi-norms which induces the locally convex

topology if and only if every element of the space has at most one P -best simultaneous

approximation in any non-trivial and closed segment.

Even if, the uniqueness of the best vectorial approximation elements seems to hold
only in strong optimization programs, under proper conditions (one of the reason for
this fact being the important connections with Pareto Efficiency), we give here an
appropriate concept of strict convexity which achieves it.

Definition 4.2 [44, 84, 87]. X is P -vectorial strictly convex if whenever x, y ∈
X, x 6= y, (pα(x)) 6≺ (pα(y)) 6≺ (pα(x)) we have

(
pα

(
x + y

2

))
< (pα(x)) or

(
pα

(
x + y

2

))
< (pα(y)) .

Example 4.1. Let X = R, a, b ∈ (0, +∞) and the family P = {p1, p2} of semi-
norms defined on X by p1(x) = a|x| and p2(x) = b|x|, x ∈ X. If x, y ∈ X, x 6= y and
(p1(x), p2(x)) 6≺ (p1(y), p2(y)) 6≺ (p1(x), p2(x)) then x = −y 6= 0. Consequently, X is
P -vectorial strictly convex.

It is obvious that every vectorial strictly convex Hausdorff locally convex space is
simultaneous strictly convex with respect to the same family of semi-norms which
generates the locally convex topology, but, in general, the converse is not true (Ex-
ample 2.2 in Chapter 3 of [44]). Unfortunately, the vectorial strictly convexity is
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only a sufficient condition ensuring the uniqueness of the vest vectorial approxima-
tion points in any non-empty and convex subset (Theorem 2.1 and Remark 2.3 in
Chapter 3 of [44]).

In our opinion, the above announced uniqueness of the best vectorial approxima-
tion elements is unusual, this problem being well defined only for the best simulta-
neous approximation, by virtue of the previous reasons.

5. Best approximation in a special kind of separated locally convex
spaces: The H-locally convex spaces background and the corresponding
splines

We conclude this research paper with topics on the best approximation in H-
locally convex spaces. So, the concept of H-locally space was introduced for first
time by T. Precupanu ([107, 108]), studied also by E. Krammar [51] and defined as
any Hausdorff convex space X with any semi-norms pα satisfying the parallelogram
law: pα

2(x + y) + pα
2(x − y) = 2

[
pα

2(x) + pα
2(y)

]
, ∀x, y ∈ X.

Every such as this space is simultaneous strictly convex (Theorem 1.1 in [44], [85])
and concerning the simultaneous proximinality, the following result is valid.

Theorem 5.1 [106]. A non-empty, convex and complete subset G of any H-
locally convex space (X, P = {pα : α ∈ A}) is P -simultaneous proximinal if and only
if for every x0 ∈ X, there exists a net (gj)j∈J such that lim

j∈J
pα(x0−gj) = inf

g∈G
pα(x0−

g), ∀pα ∈ P .

We introduced the concept of spline function in arbitrary H-locally convex spaces
[83], and we established the basic properties of approximation and optimal interpo-
lation for these splines, with the appropriate extensions ([44, 83, 94, 104] and other
connected works). Our splines are natural generalizations in H-locally convex spaces
of the usual abstract splines which appear in Hilbert’s spaces like the minimizing
elements for a semi-norm subject to the restrictions given by a set of linear and
continuous functionals.

Let (X, P = {pα : α ∈ A}) be a H-locally convex space with each semi-norm pα

being induced by a scalar semi-product (·, ·)α(α ∈ I) and M a closed linear subspace
of X for which there exist a H-locally convex space (Y, Q = {qα : α ∈ I}) with every
semi-norm qα ∈ Q generated by a scalar semi-product

〈
·, ·

〉
α
(α ∈ I) and a linear

(continuous) operator U : X → Y such that
M =

{
x ∈ X : (x, y)α =

〈
Ux, Uy

〉
α
, ∀α ∈ I

}
.

The space of spline functions with respect to U was defined in [19] as the U -
orthogonal of M , that is

M⊥ =
{
x ∈ X :

〈
Ux, Uζ

〉
α

= 0, ∀ζ ∈ M, α ∈ I
}

.

Clearly, M⊥ is the orthogonal of M in the H-locally convex sense.
Let us consider the direct sum X ′ = M ⊕ mperp and for every x ∈ X ′, we denote

its projection onto M⊥ by sx. Then, taking into account the Theorem 4 in [19] it
follows that this spline is a best simultaneous U -approximation of x with respect to
M⊥ since it satisfies pα(x − sx) ≤ pα(x − y) ∀y ∈ M⊥, pα ∈ P .

Moreover, following the Theorem 3.3 of the present research work, the results
given in Chapter 3 of [44] and the Theorem 3 in [83], we have
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Theorem 5.2.
(i) for every x ∈ X ′ the only elements of best simultaneous and vectorial ap-

proximation with respect to any family of seminorms which generates the
H-locally convex topology on X by the linear subspace of splines are the
spline functions sx. Moreover, if M and M⊥ supply an orthogonal decom-
posiion for X, that is X = M ⊕ M⊥, then M⊥ is simultaneous and vectorial
proximinal;

(ii) if K = RI
+, then for each s ∈ M⊥, every σ ∈ M⊥ is the only solution of

following optimization problem MINK({(qα(U (η − s))) : η ∈ X ′ and η − σ ∈
M});

(iii) for every x ∈ X ′ its spline function sx is the only solution for the next vectorial
optimization problems:

MINK({(qα(U (η − x))) : η ∈ M⊥}), MINK({(pα(x − y)) : y ∈ M⊥}),
MINK({(qα(Uy)) : y − x ∈ M}).

Finally, let us consider two numerical examples in which following the paragraph
3 in Chapter 1 of [44] we specify the expressions of splines and M and M⊥ realize
orthogonal decompositions.

Example 5.1. Let X = Hm(R) = {f ∈ Cm−1(R) : f (m−1) is locally abso-
lutely continuous and f (m) ∈ L2

loc(R)}, m ≥ 1 endowed with the H-locally con-

vex topology generated by the scalar semi-products (x, y)k =
m−1∑
h=0

[x(h)(k)y(h)(k) +

x(h)(−k)y(h)(−k)] +
k∫

−k

x(m)(t)y(m)(t)dt, k = 0, 1, 2, · · · and Y = L2
loc(R) with the

H-locally convex topolgy induced by the scalar semi-products
〈
x, y

〉
k

=
k∫

−k

x(t)y(t)dt,

k = 0, 1, 2, · · ·. If U : X → Y is the derivation operator of order m, then

M =
{

x ∈ Hm(R) : x(h)(ν ∈ Z
}

and

M⊥ =



s ∈ Hm(R) :

k∫

−k

s(m)(t)x(m)(t)dt, ∀x ∈ M, k = 0, 1, 2, · · ·



 .

We proved in [83] that M⊥ = {s ∈ Hm(R) : s/(ν, ν + 1) is a polynomial function of
degree 2m−1 at most} and if y = (yν), y′ = (y′ν), y′′ = (y′′ν), y(m−1) = (y(m−1)

ν) are
m sequences of real numbers, then there exists an unique spline S ∈ M⊥ satisfying
the following conditions of interpolation: S(h)(ν) = y(h)(ν) whenever h = 0, m − 1
and ν ∈ Z. Moreover, we observed in the paragraph 3 of [44] that any spline of
function S such as this is defined by

S(x) = p(x) +
m−1∑

h=0

c1
(h)(x − 1)2m−1

+ +
m−1∑

h=0

c2
(h)(x − 2)2m−1

+ + · · ·

+
m−1∑

h=0

c0
(h)(−x)2m−1

+ + · · · ,
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where u+ = (|u|+ u) /2 for every real number u, p is a polynomial function of de-
gree 2m − 1 at most perfectly determined by the conditions p(h)(0) = y0

(h) and
p(h)(1) = y1

(h) for all h = 0, m − 1 and the coefficients cν
(h)(h = 0, m − 1, ν ∈ Z) are

successively given by the interpolation.
Therefore, for every function f ∈ H(m)(R), there exists an unique function denoted

by Sf ∈ M⊥ such that Sf
(h)(ν) = f (h)(ν), ∀h = 0, m − 1 and ν ∈ Z. Hence M and

M⊥ give in this case an orthogonal decomposition for the space Hm(R).

Example 5.2. Let X = Fm = {f ∈ Cm−1(R) : f (m−1) is locally absolutely
continuous and f (m) ∈ L2(R)} with the H-locally convex topology induced by the
scalar semiproducts (x, y)ν = x(ν)y(ν) +

∫
R

x(m)(t)y(m)(t)dt, ν ∈ Z, Y = L2(R) with

the topology generated by the inner product (x, y)ν =
∫
R

x(t)y(t)dt, ν ∈ Z and U :

X → Y be the derivation operator of order m. Then M = {x ∈ Fm : x(ν) = 0 for all
ν ∈ Z} and M⊥ = {s ∈ Fm :

∫
R

x(m)(t)y(m)(t)dt = 0 for every x ∈ M}.

In a similar manner as in Example 5.1 it may be proved that M⊥ coincides with
the class of all piecewise polynomial functions of order 2m (degree 2m − 1 at most)
having their knots at the integer points.

Moreover, for every function f in Fm there exists an unique spline function Sf ∈
M⊥ which interpolates f on the set Z of all integer numbers, that is, Sf satisfies the
equalities Sf (ν) = f(ν) for every ν ∈ Z, being defined by

Sf (x) = p(x) + a1(x − 1)2m−1
+ + a2(x − 2)2m−1

+ + · · ·+ a0(−x)2m−1
+

+ a−1(−x − 1)2m−1
+ + · · · ,

where u+ has the same signification as in Example 5.1, the coefficients aν(ν ∈ Z)
are successively and completely determined by the interpolation conditions Sf (ν) =
f(ν), ν ∈ Z\{0, 1} and p is a polynomial function satisfying the conditions p(0) = f(0)
and p(1) = f(1). The uniqueness of Sf is ensured by Theorem 2 in [83].

Thus, M and M⊥ give an orthogonal decomposition of the space Fm and, as in the
preceding example, M⊥ is simultaneous and vectorial proximinal with respect to the
family of semi-norms generated by the above scalar semiproducts. Our examples show
that the abstract construction of splines can be used to solve also several frequent
problems of interpolation and approximation, having the possibility to choose the
spaces and the scalar semi-products. It is obvious that for a given (closed) linear
subspace of a H-locally convex space X such a H-locally convex space Y (respectively,
a linear (continuous) operator U : X → Y ) would not exist. Otherwise, the problem
of best vectorial approximation by the corresponding orthogonal space of any (closed)
linear subspace M for the elements in the direct sum M ⊕ M⊥ might be always
reduced to the best simultaneous approximation. But, in general, such a possibility
doesnt exist.

Clearly, this survey can be completed any time with additional scientific contri-
butions in this beautiful field of Mathematics named The Best Approximation.
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[82] V. Postolică, The best approximation problem in topological spaces, Comunication to The
Conference of General Topology, Iaşi, Romania, May 15-17, 1981.
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