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Abstract. In this paper, we are concerned with a gap function and an extended

gap function which provide an optimization problem formulation to variational-like
inequalities. We establish a convex lower bound to an extended gap function. We also

give a characterization of the solution of generalized variational-like inequality problem

and a convergence result for a class of iterative algorithms for solving it. The results of
this paper generalize the corresponding results of several authors and can be considered

as a significant extension of the previously known results.

1. Introduction

Since its birth in the mid-1960’s the area of variational inequality theory has
experienced a phenomenal growth. Several papers related to this theory have been
published and we observed that the literature dedicated to it is really impressive.
There are two kinds of variational inequalities studied until now, one consists of the
variational inequalities in the sense of Hartman and Stampacchia see [11, 17] and the
other, the variational inequalities in the sense of Minty[13]. In recent years variational
inequalities have been extended to variational-like inequalities [1, 5, 14, 15, 16]. The
minimum of a pre-invex function defined on a convex set can be characterized by a
class of variational-like inequalities and the equivalence between these problems is
very important from application and numerical point of view. Gap functions studied
in [1, 2, 3, 6, 7, 9, 10, 12, 18] play an important role in transforming variational
inequality problems into optimization problems. The minimum of a gap function is
a viable approach for solving variational inequality problems.

In this paper we are interested in the gap function for variational-like inequalities.
We define a gap function which provides an optimization problem formulation to
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Hartman and Stampacchia variational-like inequality problem and Minty variational-
like inequality problem. We also introduce an extended gap function and establish its
lower bound. The last section deals with the gap function and characterization of the
solution of generalized Hartman and Stampacchia variational-like inequality problem.
We also prove a convergence result for a class of iterative algorithms for solving it.
The results of this paper extend and generalize known results in the literature.

2. Preliminaries

We recall definitions of variational and variational-like inequalities, which are
needed in the sequel.

Let K be a nonempty, closed and convex subset of Rn and η(·, ·) : K × K → Rn

be a bifunction. Let F : K → Rn be a mapping. Then
Hartman and Stampacchia Variational Inequality Problem (for short, HSVIP) is the
problem of finding x∗ ∈ K such that

〈F (x∗), x− x∗〉 ≥ 0 for all x ∈ K;

Minty Variational Inequality Problem (for short, MVIP) is the problem of finding
x∗ ∈ K such that

〈F (x), x− x∗〉 ≥ 0 for all x ∈ K;

Hartman and Stampacchia Variational-like Inequality Problem (for short, HSVLIP)
is the problem of finding x∗ ∈ K such that

〈F (x∗), η(x, x∗)〉 ≥ 0 for all x ∈ K;

Minty Variational-like Inequality Problem (for short, MVLIP) is the problem of find-
ing x∗ ∈ K such that

〈F (x), η(x, x∗)〉 ≥ 0 for all x ∈ K;

Generalized Hartman and Stampacchia Variational-like Inequality Problem (for short,
GHSVLIP) is the problem of finding x∗ ∈ K such that there exists u ∈ F (x∗) such
that

〈u, η(x, x∗)〉 ≥ 0 for all x ∈ K,

where F : K → 2Rn

is a multivalued mapping.
We define two mappings g1, g2 : K → R as follow: For x ∈ K,

g1(x) = max
y∈K

〈F (x), η(y, x)〉

and
g2(x) = max

y∈K
〈F (y), η(x, y)〉.

We also write
Γ(x) = arg max

y∈K
〈F (y), η(x, y)〉. (1)

We denote by sol(HSVLIP) [res., sol(MVLIP)] the solution set of (HSVLIP) [res.,
(MSVLIP)]. If for all x, y ∈ K, η(x, y) + η(y, x) = 0 and η(x, x) = 0, then x∗ ∈
sol(HSVLIP) [res., x∗ ∈ sol(MVLIP) ] if and only if, it is the global minimizer with
objective values zero of the function g1(x∗) [res.,g2(x∗)].

In the sequel we shall use the following:
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Definition 2.1. The mapping F : K → Rn is said to be
(i) η-monotone on K if, for all x, y ∈ K, we have

〈F (x) − F (y), η(x, y)〉 ≥ 0;

(ii) η-pseudomonotone on K if, for all x, y ∈ K, we have

〈F (x), η(y, x)〉 ≥ 0 =⇒ 〈F (y), η(y, x)〉 ≥ 0;

(iii) η-strongly pseudomonotone on K with a modulus α if, there exists a positive
constant α such that for all x, y ∈ K, we have

〈F (x), η(y, x)〉 ≥ 0 =⇒ 〈F (y), η(y, x)〉 ≥ α‖x − y‖2;

(iv) η-pseudomonotone+ on K if, it is η-pseudomonotone on K and for all x, y ∈
K, we have

〈F (x), η(y, x)〉 ≥ 0, 〈F (y), η(y, x)〉 = 0 =⇒ F (x) = F (y).

Remark 2.1. η- monotone, η- pseudomonotone, η- strongly pseudomonotone and
η- pseudomonotone+ maps are called monotone, pseudomonotone, strongly pseu-
domonotone, and pseudomonotone+, provided η(x, y) = x − y, for x, y ∈ K, respec-
tively.

3. Gap function for variational-like inequalities

In this section we introduce gap functions for (HSVLIP) and (MVLIP).

Definition 3.1. A function f : K → R is called a gap function for (HSVLIP)
[res., (MVLIP)] if and only if,

(i) f(x) ≥ 0 for all x ∈ K,

(ii) f(x∗) = 0 ⇔ x∗ ∈ sol(HSVIP) [res., x∗ ∈ sol(MVIP)].

We note that if η(x, y) = x − y for all x, y ∈ K, then g2, defined above is called
dual gap function associated with the (HSVIP) and g2(x) = 〈F (ỹ), x− ỹ〉, where ỹ is
any point in the set Γ(x)see [12].

Proposition 3.1. Let K be a nonempty convex subset of Rn, F : K → Rn be a

mapping and η(·, ·) : K × K → Rn be a bifunction:

(i) If for all x, y ∈ K, η(x, y) + η(y, x) = 0 and η(x, x) = 0 then g1 and g2,
are gap functions for (HSVLIP) and (MVLIP), respectively.

(ii) Let F be an η-pseudomonotone and hemicontinuous mapping,

x 7→ 〈F (·), η(x, ·)〉 be a convex mapping and η(x, x) = 0 for all

x ∈ K, then sol(HSVLIP) = sol(MVLIP). If in addition for all x, y ∈
K, η(x, y) + η(y, x) = 0 and F is η-pseudomonotone+, then F is con-
stant over sol(HSVLIP).



4 Abdul Khaliq and Soon Yi Wu

Proof. (i) This follows from the definitions. (ii) sol(HSVLIP) ⊆ sol(MVLIP), fol-
lows from the η-pseudomonotonicity of F . We show that sol(MVLIP) ⊆ sol(HSVLIP).

Let x∗ ∈ sol(MVLIP) . Since K is convex, we have for x ∈ K, xλ = λx + (1 −
λ)x∗, λ ∈ [0, 1],

〈F (xλ), η(xλ, x∗)〉 ≥ 0. (2)

Since x 7→ 〈F (·), η(x, ·)〉 is convex and η(x, x) = 0 for all x ∈ K, we have

〈F (xλ), η(xλ, x∗)〉 ≤ λ〈F (xλ), η(x, x∗)〉. (3)

From (2) and (3), we have

〈F (x∗ + λ(x − x∗)), η(x, x∗)〉 ≥ 0 for all x ∈ K.

Since F is hemicontinuous, we can allow λ → 0+, to obtain x∗ ∈ sol(HSVLIP).
Now let x∗

1, x
∗
2 ∈ sol(HSVLIP). Since sol(HSVLIP) = sol(MVLIP), we have

〈F (x∗
1), η(x∗

2, x
∗
1)〉 ≥ 0 ⇔ 〈F (x∗

2), η(x∗
2, x

∗
1)〉 ≥ 0 (4)

and
〈F (x∗

2), η(x∗
1, x

∗
2)〉 ≥ 0 ⇔ 〈F (x∗

1), η(x∗
1, x

∗
2)〉 ≥ 0. (5)

From (4),(5) and the given condition, we have

〈F (x∗
2), η(x∗

2, x
∗
1)〉 = 0.

Since F is η-pseudomonotone+ on K, we have

F (x∗
1) = F (x∗

2).

The proof is complete.

Proposition 3.2. Let x∗ ∈ sol(HSVLIP). If F is η-pseudomonotone on K and
for all x, y ∈ K, η(x, y) + η(y, x) = 0. Then every x̄ ∈ sol(HSVLIP) lies on the set:

H∗ = {x ∈ K : 〈F (x∗), η(x, x∗)〉 = 0}.

Proof. Since x∗, x̄ ∈ sol(HSVLIP), we have

〈F (x∗), η(x̄, x∗)〉 ≥ 0,

〈F (x̄), η(x∗, x̄)〉 ≥ 0.

From η-pseudomonotonicity of F, we have

〈F (x̄), η(x̄, x∗)〉 ≥ 0,

〈F (x∗), η(x∗, x̄)〉 ≥ 0.

From given condition, we have

〈F (x∗), η(x̄, x∗)〉 ≤ 0.

We conclude that x̄ ∈ H∗.
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Proposition 3.3. If F is η-pseudomonotone+ and for all x, y ∈ K, η(x, y) +
η(y, x) = 0, then for any x∗ ∈ sol(HSVLIP), F is constant and equal to F (x∗) over
Γ(x∗).

Proof. For every x∗ ∈ sol(HSVLIP) and x̃ ∈ Γ(x∗), we have that

〈F (x̃), η(x∗, x̃)〉 = 0.

Also the given condition implies that

〈F (x̃), η(x̃, x∗)〉 = 0. (6)

Since x∗ ∈ sol(HSVLIP), we have

〈F (x∗), η(x̃, x∗)〉 ≥ 0. (7)

Since F is η-pseudomonotone+ on K, from (6) and (7), we have

F (x̃) = F (x∗).

Hence the result is proved.

Proposition 3.4. If F is η-pseudomonotone+ on K, for all x, y, z ∈ K, η(x, y)+
η(y, x) = 0 and η(x, y) = η(x, z) + η(z, y). Then

sol(HSVLIP) = Γ(x∗) for every x∗ ∈ sol(HSVLIP).

Proof. Let x̃ ∈ sol(HSVLIP). Then by Proposition 3.2, we have

〈F (x̃), η(x∗, x̃)〉 = 0,

for any x∗ ∈sol(HSVLIP), which implies that x̃ ∈ Γ(x∗). Conversely, let x̃ ∈ Γ(x∗),
then we have

〈F (x̃), η(x∗, x̃)〉 = 0. (8)

Also from Proposition 3.3, we have

F (x̃) = F (x∗). (9)

From (8),(9) and the given condition, we have for all x ∈ K,

〈F (x̃), η(x, x̃)〉 = 〈F (x̃), η(x, x∗)〉 + 〈F (x̃), η(x∗, x̃)〉
= 〈F (x∗), η(x, x∗)〉
≥ 0.

Hence x̃ ∈ sol(SVLIP).

Remark 3.1. When η(x, y) = x−y the the gap functions g1 and g2 colapses into
the gap functions in [7, 9, 12].
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4. Extended gap function for variational-like inequalities

In this section we provide a more general gap function by including a function
Ω(x, y) : K × K → R which satisfies the following: Assumptions:

(a) Ω(x, y) ≥ 0 for all x, y ∈ K;
(b) Ω(x, y) is continuously differentiable on K × K;
(c) Ω(x, x) = 0 and ∇2Ω(x, x) = 0 for all x ∈ K;
(d) Ω(x, y) is strongly convex on K with respect to y for all x ∈ K.

We define
g(x) = max

y∈K
{〈F (x), η(x, y)〉 − Ω(x, y)}.

The inclusion of the term Ω(·, ·) was also discussed by Zhu and Marcotte[18] for
(HSVIP). Now we prove that g is also a gap function for (HSVLIP).

Theorem 4.1. Suppose that Ω(·, ·) satisfies the assumptions (a)-(d). If η(·, ·) is
affine in the first argument and for all x, y ∈ K, η(x, y)+η(y, x) = 0 and η(x, x) = 0,
then g is a gap function for (HSVLIP).

Proof. Suppose that

h(x, y) = 〈F (x), η(y, x)〉 + Ω(x, y). (10)

Since for all x, y ∈ K, η(x, y) + η(y, x) = 0, we have

g(x) = max
y∈K

{−h(x, y)} = −min
y∈K

h(x, y).

Since h(x, x) = 0 for all x ∈ K, we have min
y∈K

h(x, y) ≤ 0 for all x ∈ K. Hence

g(x) ≥ 0 for all x ∈ K. Suppose that x ∈ sol(HSVLIP). By assumption (a), we have

〈F (x), η(y, x)〉 + Ω(x, y) ≥ 0 for all y ∈ K,

which implies that miny∈K h(x, y) ≥ 0 or g(x) = −min
y∈K

h(x, y) ≤ 0. Hence g(x) = 0.

Now suppose that g(x) = 0. This implies that min
y∈K

h(x, y) = 0 for all y ∈ K. Since

h(x, x) = 0, x is a solution of the following optimization problem:

min
y∈K

h(x, y). (11)

Define a mapping
y → f(y) = h(x, y) for all y ∈ K. (12)

Then from (10) and (11) we have that f is convex and attains its minimum at x.
From Theorem 3.4 and Theorem 3.8 in [8], the directional derivative of f exists and

f ′(x)(y − x) ≥ 0 for all y ∈ K. (13)

Since η(·, ·) is affine in the first argument we have from (10) and (12),

f ′(x)(y − x) = 〈F (x), η(y, x)〉 + 〈∇2Ω(x, x), y − x〉. (14)

From (13), (14) and assumption (c), we have

〈F (x), η(y, x)〉 ≥ 0 for all y ∈ K.

Hence x ∈ sol(HSVLIP).

In the following result we establish a convex lower bound to the gap function g.
This result is an extension of Theorem 3.3 of Zhu and Marcotte[18] to the (HSVLIP).
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Theorem 4.2. Suppose that x∗ ∈ sol(HSVLIP) for all x, y ∈ K, η(x, y) +
η(y, x) = 0 and assumptions (a)-(d) are satisfied. We further suppose that the
following conditions are satisfied:

(i) F is η-strongly pseudomonotone with a modulus µ;
(ii) η(·, ·) is affine in the second argument, and η(x, x) = 0 for all x ∈ K;
(iii) Ω(·, ·) is convex in the second argument and gradient of Ω(·, ·) with respect

to the second argument is Lipschitz continuous with a constant LΩ.

Then there exists a positive constant α such that

g(x) ≥ α‖x − x∗‖2 for all x ∈ K.

Proof. Since x∗ ∈ sol(HSVLIP), we have

〈F (x∗), η(x, x∗)〉 ≥ 0 for all x ∈ K. (15)

Since F is η-strongly pseudomonotone with modulus µ. Hence (15) implies that

〈F (x), η(x, x∗)〉 ≥ µ‖x− x∗‖2 for all x ∈ K.

Let y = tx∗ + (1 − t)x, for 0 ≤ t ≤ 1. Since Ω(·, ·) is convex in the second argument
and its gradient with respect to the second argument is Lipschitz continuous, we have

Ω(x, y) − Ω(x, x) ≤ 〈∇2Ω(x, y), y − x〉
= 〈∇2Ω(x, y) −∇2Ω(x, x), y − x〉
≤ LΩ‖y − x‖2.

Since η(·, ·) is affine in the second argument, η(x, x) = 0 for all x ∈ K, F is η-strongly
pseudomonotone and Ω(·, ·) is Lipschitz continuous in the second argument, we have

g(x) ≥ 〈F (x), η(x, y)〉 − Ω(x, y)

= t〈F (x), η(x, x∗)〉 − (Ω(x, y) − Ω(x, x))

≥ t〈F (x), η(x, x∗)〉 − LΩ‖y − x‖2

≥ tµ‖x − x∗‖2 − LΩt2‖x− x∗‖2

= (tµ − LΩt2)‖x − x‖2.

Since the unconstrained maximum of (tµ − t2LΩ) occurs at µ/2LΩ , we choose

t = min{1, µ/2LΩ},

to obtain
g(x) ≥ α‖x− x∗‖2,

where

α =

{
µ − LΩ if µ ≥ 2LΩ

µ2/4LΩ otherwise.

Hence the result is proved.
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5. Gap function for generalized variational-like inequalities

Definition 5.1. Let F : K → 2Rn

be a multivalued mapping and η(·, ·) : K×K →
Rn be a bifunction. Then F is called:

(i) generalized η-monotone on K if, for all x, y ∈ K, u ∈ F (x) and v ∈ F (y), we
have

〈u − v, η(x, y)〉 ≥ 0;

(ii) generalized η-monotone+
∗ on K if, it is generalized η-monotone on K and,

for all x, y ∈ K, u ∈ F (x) and v ∈ F (y), we have

〈u, η(x, y)〉 = 0, 〈v, η(x, y)〉 = 0 =⇒ v ∈ F (x);

(iii) generalized η-pseudomonotone on K if, for all x, y ∈ K, u ∈ F (x) and
v ∈ F (y), we have

〈u, η(y, x)〉 ≥ 0 =⇒ 〈v, η(y, x)〉 ≥ 0;

(iv) generalized η-pseudomonotone∗ on K if, it is generalized η - pseudomonotone
on K and there exists a positive constant k such that for all x, y ∈ K, u ∈
F (x) and v ∈ F (y), we have

〈u, η(x, y)〉 = 0, 〈v, η(x, y)〉 = 0 =⇒ kv ∈ F (x).

Definition 5.2. A multivalued mapping F : K → 2Rn

is said to be closed at a
point x if, for any sequence {xn} in K with xn −→ x and sequence {un} in F (xn)
with un −→ u, we have u ∈ F (x).

Theorem 5.1. Let K be a nonempty subset of Rn and η(·, ·) : K × K → Rn be

a bifunction such that for all x, y ∈ K, η(x, y) + η(y, x) = 0 and η(x, x) = 0. Let
F : K → 2Rn

be a multivalued mapping. Define a mapping g : K → R such that

g(x) = max{〈u, η(x, y)〉 : y ∈ K and u ∈ F (x)}.

Then g is a gap function for sol(GHSVLIP).

Proof. The proof is similar to the proof of Theorem 2 in [1].

Theorem 5.2. Let K be a nonempty convex subset of Rn. Let η(·, ·) : K ×
K → Rn be a bifunction such that for all x, y, z ∈ K, η(x, y) + η(y, x) = 0 and
η(x, y) = η(x, z) + η(z, y). Assume that F : K → 2Rn

is generalized η-monotone+
∗

and x∗ ∈ sol(GHSVLIP). Then any z ∈ K is in sol(GHSVLIP) if and only if, there

exists w ∈ F (z) such that

〈w, η(x∗, z)〉 ≥ 0.
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Proof. The ‘only if’ part is immediate. We prove the ‘if’ part. Assume that for
some w ∈ F (z)

〈w, η(x∗, z)〉 ≥ 0, (16)

for some x∗ ∈ sol(GHSVLIP). Since x∗ ∈ sol(GHSVLIP), there exists a

u ∈ F (x∗) such that 〈u, η(y, x∗)〉 ≥ 0 for all y ∈ K.

By the given condition
〈u, η(x∗, z)〉 ≤ 0. (17)

By the generalized η-monotonicity of F , we have

〈u, η(x∗, z)〉 ≥ 〈w, η(x∗, z)〉 (18)

From (16),(17) and (18), we have

〈u, η(x∗, z)〉 = 0

〈w, η(x∗, z)〉 = 0.

Since F is generalized η-monotone+
∗ , we have u ∈ F (z). Hence for all y ∈ K,

〈u, η(y, z)〉 = 〈u, η(y, x∗)〉 + 〈u, η(x∗, z)〉
= 〈u, η(y, x∗)〉
≥ 0.

Therefore, there exists u ∈ F (z) such that 〈u, η(y, z)〉 ≥ 0 for all y ∈ K.

Theorem 5.3. Let K be a compact subset of Rn. Let η(·, ·) : K × K → Rn,
be a continuous bifunction such that for all x, y, z ∈ K, η(x, y) + η(y, x) = 0 and

η(x, y) = η(x, z) + η(z, y). Assume that multifunction F : K → 2Rn

is bounded,
generalized η-pseudomonotone∗ and closed on K. Let {xn} be a sequence in K and
{un} a sequence in Rn such that un ∈ F (xn) and limn→∞〈un, η(xn, x∗)〉 = 0, for
some x∗ ∈ sol(GHSVLIP). Then any limit point x̄ of {xn} is in sol(GHSVLIP).

Proof. Let {xn} be a sequence in a compact set K with limit x̄. If {xn′} be
a subsequence of {xn} then xn′ −→ x̄. let un′ ∈ F (xn′ ). Since F is bounded,
there exists a subsequence {xn

′′} ⊆ {xn
′} such that un′′ ∈ F (xn

′′ ) and un
′′ −→ u.

Since F is closed. u ∈ F (x̄). By the given condition and continuity of η, we have
〈u, η(x̄, x∗)〉 = 0. Therefore by the generalized η-pseudomonotonicity of F, we have

〈u∗, η(x̄, x∗)〉 ≤ 0 for u∗ ∈ F (x∗).

But x∗ ∈ sol(GHSVLIP), we have

〈u∗, η(x̄, x∗)〉 = 0.

Since F is generalized η-pseudomonotone∗, there exists a positive constant k such
that ku∗ ∈ F (x̄). Hence for all y ∈ K, we have

k〈u∗, η(y, x̄)〉 = k〈u∗, η(y, x∗)〉 + k〈u∗, η(x∗, x̄)〉
= k〈u∗, η(y, x∗)〉
≥ 0.

This implies that the limit x̄ of the sequence {xn} is in sol(GHSVLIP).
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Remark 5.1. Generalized η- monotone, generalized η- monotone+
∗ , generalized

η- pseudomonotone and generalized η-pseudomonotone∗ maps are called generalized
monotone, generalized monotone+

∗ , generalized pseudomonotone and, generalized
pseudomonotone∗ provided η(x, y) = x − y, for x, y ∈ K, respectively. Proposition
14 in [4] is a special case of Theorem 5.3 with η(x, y) = x − y.

Example 5.1. Let K = R and η(·, ·) : K × K → K be a map defined by

η(x, y) =





x − y, if x ≥ 0, y ≥ 0,

−x + y, if x < 0, y < 0,

x + y, if x ≥ 0, y < 0,

−x − y, if x < 0, y ≥ 0,

for x, y ∈ K. Then it can easily be verified that the conditions η(x, x) = 0 and
η(x, y) + η(y, x) = 0 may hold for a large class of the bifunction η(·, ·), rather then
just for a trivial case η(x, y) = x− y.

Remark 5.2. For further related results see [1, 3, 4, 7, 9, 18].

Aknowledgement. We thank to the anonymous referee for valuable comments
and suggestions.
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