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Abstract. Some fixed point theorems for two pairs of non-self mappings employing

Boyd and Wong type contractive conditions are obtained which generalize some recent
results due to Zaheer and Abdalla. Illustrative examples are also furnished.

1. Introduction and preliminaries

The study of fixed point theorems for non-self mappings in metrically convex
spaces was initiated by Assad and Kirk [2]. In recent years it has been exploited
by many authors and by now there exist considerable literatures on this topics. To
mention a few, we cite [1, 10, 12, 13].

Recently Zaheer and Abdalla [16] proved some fixed point theorems for a pair of
mappings with weak conditions of commutativity (cf. [6, 7]) employing the Boyd and
Wong [3] type contractive condition.

The aim of this paper is to improve some results proved by Zaheer and Abdalla
[16] by relaxing ‘continuity’ and lightening the ‘commutativity’ requirements besides
increasing the number of involved maps from ‘two’ to ‘four’. Before proving our
results, we collect the relevant definitions and results for future use.

Following Hadzic and Gajic [7], and Pant [11], we introduce the notion of R-weak
commutativity of a pair for non-self mappings.

Definition 1.1. Let K be a nonempty subset of a metric space (X, d) and F, T :
K → X mappings. A pair (F, T ) will be called pointwise R-weakly commuting on K
if given x ∈ K and Fx, Tx ∈ K there exists R ≥ 0 such that

d(TFx, FTx) ≤ Rd(Fx, Tx). (1.1.1)

A pair (F, T ) will be called R-weakly commuting on K if for x ∈ K, Tx, Fx ∈ K
and (1.1.1) holds for some R > 0.

By setting R = 1, we get the definition of weak commutativity on K due to Hadzic
and Gajic [7] (also see [8]) whereas for R = 1 and K = X the weak commutativity
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due to Sessa [14]. If F, T : X → X are mappings, then we get definitions of point-
wise R-weak commutativity and R-weak commutativity due to Pant [11]. Here it is
worth noting that the pointwise R-weak commutativity is more general than their
compatibility.

Definition 1.2 [6]. Let K be a nonempty subset of a metric space (X, d) and
F, T : K → X mappings. Then (F, T ) is said to be compatible if for every sequence
{xn} ∈ K, from the relation

lim
n→∞

d(Fxn, Txn) = 0,

it follows that
lim

n→∞
d(Tyn, FTxn) = 0

for every sequence yn in K with yn = Fxn, n ∈ N. For K = X, this definition reduces
to ‘compatiblity’ for self-mappings due to Jungck [8].

Definition 1.3. Mappings T, F : K (⊂ X) → X is said to be coincidentally
commuting if for all x with Fx = Tx, Fx, Tx ∈ K, FTx = TFx.

One may remark that

Commutativity ⇒ Weak commutativity ⇒ Compatibility ⇒ pointwise R-weak
Commutativity.

However, these implications can not be reversed. Neverthless, all these notions for
the pair (T, F ) are equivalent at coincidence points x (i.e., Tx = Fx).

Definition 1.4. A metric space (X, d) is said to be metrically convex if X has
the property that for each x, y ∈ X with x 6= y there exists z ∈ X, x 6= z 6= y such
that

d(x, z) + d(z, y) = d(x, y).

Lemma 1.1 [2]. Let K be a closed subset of a complete metrically convex metric

space. If x ∈ K and y /∈ K then there exists a point z ∈ ∂K (the boundary of K)

such that

d(x, z) + d(z, y) = d(x, y).

Following the Danes [4], let H denote the set of all real-valued functions g :
[0,∞) → [0,∞) such that g is nondecreasing right continuous and g(t) < t for every
t > 0.

The following lemma due to Singh and Meade [15] is crucial in proving our main
result.

Lemma 1.2 [15]. For every t > 0, g(t) < t if and only if lim
n→∞

gn(t) = 0 where

gn denotes the composition of g with itself n times.
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2. Results

We state and prove our main result as follows :

Theorem 2.1. Let (X, d) be a complete metrically convex metric space, K a

nonempty closed subset of X and F, G, S, T : K → X mappings such that

d(Fx, Gy) ≤ g(d(Tx, Sy)) (2.1.1)

for all x, y in K, g ∈ H. Suppose that

(i) ∂K ⊂ SK ∩ TK, FK ∩ K ⊂ SK, GK ∩ K ⊂ TK,

(ii) Tx ∈ ∂K ⇒ Fx ∈ K, Sx ∈ ∂K ⇒ Gx ∈ K,

(iii) either TK and SK or FK and GK are closed subspace of X.

Then

(a) (F, T ) has a point of coincidence,

(b) (G, S) has a point of coincidence.

Further if the pairs (F, T ) and (G, S) are coincidentally commuting, then F, G, S

and T have a unique common fixed point.

Proof. First of all, we proceed to construct sequences {xn} and {yn} in the
following way.

Let x ∈ ∂K. Since ∂K ⊆ TK there exists a point x0 ∈ K such that x = Tx0.

From the implication Tx ∈ ∂K ⇒ Fx ∈ K, we conclude that Fx0 ∈ K ∩ TK ⊂ SK.

Let x1 ∈ K be such that y1 = Sx1 = Fx0 ∈ K. Since y1 = Fx0, there exists a point
y2 = Gx1 such that d(y1, y2) = d(Fx0, Gx1).

Suppose y2 ∈ K, then y2 ∈ K ∩ G(K) ⊂ T (K) which implies that there exists a
point p ∈ ∂K such that

d(Sx1, p) + d(p, y2) = d(Sx1, y2).

Since p ∈ ∂K ⊂ TK, there exists a point x2 ∈ K such that p = Tx2 and so

d(Sx1, Tx2) + d(Tx2, y2) = d(Sx1, y2).

Let y2 = Fx2 be such that d(y2, y3) = d(Gx1, Fx2).
Thus repeating the foregoing arguments one obtains two sequences {xn} and {yn}

such that
(i) y2n = Gx2n−1, y2n+1 = Fx2n,

(ii) y2n ∈ K ⇒ y2n = Tx2n or y2n /∈ K ⇒ Tx2n ∈ ∂K and

d(Sx2n−1, Tx2n) + d(Tx2n, y2n) = d(Sx2n−1, y2n),

(iii) y2n+1 ∈ K, y2n+1 = Sx2n+1 or y2n+1 6∈ K, Sx2n+1 ∈ ∂K and

d(Tx2n, Sx2n+1) + d(Sx2n+1, y2n+1) = d(Tx2n, y2n+1),

(iv) d(y2n−1, y2n) = d(Gx2n−1, Fx2n−2) and d(y2n, y2n+1) = d(Fx2n, Gx2n−1).
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We denote
P0 = {Tx2i ∈ {Tx2n} : Tx2i = y2i}
P1 = {Tx2i ∈ {Tx2n} : Tx2i 6= y2i}
Q0 = {Sx2i+1 ∈ {Sx2n+1} : Sx2i+1 = y2i+1}
Q1 = {Sx2i+1 ∈ {Sx2n+1} : Sx2i+1 6= y2i+1} .

First we notice that (Tx2n, Sx2n+1) 6∈ P1 × Q1 and (Sx2n−1, Tx2n) 6∈ Q1 × P1.
Note that if Tx2n ∈ P1 then y2n 6= Tx2n and we have Tx2n ∈ ∂K which implies
that y2n+1 = Fx2n ∈ K. Hence y2n+1 = Sx2n+1 ∈ Q0. Similarly one can argue that
(Sx2n+1, Tx2n) 6∈ Q1 × P1. Now, we distinguish the following cases.

In what follows we write d2n = d(Tx2n, Sx2n+1) and d2n−1 = d(Tx2n, Sx2n−1).

CASE 1. If (Tx2n, Sx2n+1) ∈ P0 × Q0 then

d2n = d(Tx2n, Sx2n+1) = d(y2n, y2n+1)

= d(Fx2n, Gx2n−1) ≤ g(d(Tx2n, Sx2n−1)) = g(d2n−1).

Similarly if (Sx2n−1, Tx2n) ∈ Q0 × P0, then one gets

d2n−1 = d(Sx2n−1, Tx2n) = d(y2n−1, y2n)

= d(Fx2n−2, Gx2n−1) ≤ g(d(Tx2n−2, Sx2n−1)) = g(d2n−2).

CASE 2. If (Tx2n, Sx2n+1) ∈ P0 × Q1, then by (iii), we have

d(Tx2n, Sx2n+1) ≤ d(Tx2n, Sx2n+1) + d(Sx2n+1, y2n+1)

= d(Tx2n, y2n+1) = d(y2n, y2n+1)

and it follows from Case 1 that

d2n = d(Tx2n, Sx2n+1) ≤ g(d(Tx2n, Sx2n−1)) = g(d2n−1).

Similarly if (Sx2n−1, Tx2n) ∈ Q1 × P0, then

d2n−1 = d(Sx2n−1, Tx2n) ≤ g(d(Tx2n−2, Sx2n−1) = g(d2n−2).

CASE 3. If (Tx2n, Sx2n+1) ∈ P1 × Q0, then Sx2n−1 = y2n−1.
Hence proceeding as in Case 1, we have

d2n = d(Tx2n, Sx2n+1) = d(Tx2n, y2n+1)

≤ d(Tx2n, y2n) + d(y2n, y2n+1)

≤ d(Tx2n, y2n) + g(d(Tx2n, Sx2n−1))

≤ d(y2n, Tx2n) + d(Tx2n, Sx2n−1)

= d(y2n, y2n−1)

≤ g(d(Tx2n−2, Sx2n−1)) = g(d2n−2).

Thus in any case

dn ≤

{
g(dn−1),

g(dn−2).
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Note that for n = 1, we have d1 ≤ g(d0) whereas for n = 2 we have d2 ≤ g(d1)
or d2 ≤ g(d0). Now, from the relation d1 ≤ g(d0) < d0 and the fact that g is
nondecreasing we observe that

g(d1) ≤ g2(d0) < g(d0).

Thus max{g(d0), g(d1)} = g(d0) and in any case we have d2 ≤ g(d0) and continuing
inductively one can obtains

dn+1 ≤ gn(d0)

which due to Lemma 1.2. Hence limn→∞ dn+1 = 0. Thus {zn} is a Cauchy sequence,
where z2n = Tx2n and z2n+1 = Sx2n+1, and there exists at least one subsequence
{Tx2nk} or {Sx2nk+1} which is contained in P0 or Q0, respectively.
First we suppose that there exists a subsequence {Tx2nk} which is contained in P0

and, TK and SK are closed subspaces of X. Since {Tx2nk} is Cauchy sequence in
TK, it converges to a point u ∈ TK. Let v ∈ T−1u, then u = Tv. Since {Sx2nk+1}
is a subsequence of the Cauchy sequence {zn} , {Sx2nk+1} also converges to u. Using
(2.1.1) one gets

d(Fv, Tx2nk) = d(Fv, Gx2nk−1)

≤ g(d(Tv, Sx2nk−1),

which on letting n → ∞, reduces to

d(Fv, u) ≤ g(d(u, u)) = 0.

Thereby Fv = u = Tv, which shows that v is a coincidence point of (F, T ).
Since the Cauchy sequence {z2n} converges to u ∈ K and u = Fv, u ∈ FK∩K ⊂ SK,
there exists a w ∈ K such that Sw = u. Using (2.1.1) again one gets

d(Sw, Gw) = d(Tv, Gw) = d(Fv, Gw)

≤ g(d(Tv, Sw)) = g(d(u, u)) = 0.

Thereby Sw = Gw, which shows that w is a coincidence point of (G, S).
Since the pairs (T, F ) and (S, G) are coincidentally commuting at v and w, respec-
tively, one can have

u = Tv = Fv = Sw = Gw,

Fu = TFv = FTv = Tu

and
Su = SGw = GSw = Gu.

To prove that u is a fixed point of F , suppose that Fu 6= u, then

d(Fu, u) = d(Fu, Gw) ≤ (d(Tu, Sw)) < d(Fu, u),

which shows that u is a fixed point of F and T. Similarly it can also be shown that
u is a fixed point of G and S. Thus u is a common fixed point of F , G, S and T .
The uniqueness of the common fixed point follows easily.
By setting F = G in Theorem 2.1, we deduce a corollary involving three mappings
which is new to the literature and can be stated as follows.
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Corollary 2.2. Let X, K, F, S and T be the same as in Theorem 2.1 such that

d(Fx, Fy) ≤ g(d(Tx, Sy))

for all x, y in X and g ∈ H. Suppose that

(iv) ∂K ⊂ SK ∩ TK, FK ∩ K ⊂ SK ∩ TK,

(v) Tx, Sx ∈ ∂K ⇒ Fx ∈ K,

(vi) either TK and SK or FK are closed subspace of X.

Then (F, T ) and (G, T ) has a point of coincidence. Moreover, if the pairs (F, T ) and

(F, S) are coincidentally commuting, then F, T and S have a unique common fixed

point.

Remark 2.1. By setting g(t) = ht, h ∈ (0, 1), one gets an extension of the
theorem of Fisher [5] for coincidentally commuting non-self mappings.

By setting S = T , one deduces a corollary involving three mappings which seems
to be new and runs as follows:

Corollary 2.3. Let X, K, F, G, T and H be the same as in Theorem 2.1 such

that

d(Fx, Gy) ≤ g(d(Tx, Ty))

for all x, y in X and g ∈ H. Suppose that

(vii) ∂K ⊂ TK, (FK ∪GK) ∩ K ⊂ TK,

(viii) Tx ∈ ∂K ⇒ Fx, Gx ∈ K,

(ix) either TK or FK and GK are closed subspaces of X.

Then F, G and T have a common coincidence point. Moreover, if (F, T ) and (G, T )
are coincidentally commuting, then F, G and T have a unique common fixed point.

By restricting F = G and S = T in Theorem 2.1 one can deduce a substantially
improved version of [16, Theorem 3.1] and runs as follows:

Corollary 2.4. Let X, K, F, T and H be the same as in Theorem 2.1 such that

d(Fx, Fy) ≤ g(d(Tx, Ty))

for all x, y in X and g ∈ H. Suppose that

(x) ∂K ⊂ TK, FK ∩ K ⊂ TK,

(xi) Tx ∈ ∂K ⇒ Fx ∈ K,

(xii) either TK or FK is closed subspace of X.

Then F and T have a common coincidence. Moreover, if (F, T ) is coincidentally

commuting, then F and T have a unique common fixed point.
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Remark 2.2. Corollary 2.4 presents a substantially improved version of [16, The-
orem 3.1] wherein the assumption ′FK ⊂ TK′ should be corrected to ′FK ∩ K ⊂
TK′. Notice that F in the absence of this correction will be a self-mapping of K if T
is restricted to be identity mapping on K. Also we never need the continuity of any
involved mapping as required in [16] besides restricting commutativity requirements
at coincidence points of the pairs on the cost of closedness of TK and SK (or FK
and GK).
In an attempt to generalize Theorem 3.2 of Zaheer and Abdalla [16] we adopt the no-
tion of pointwise R-weak commutativity (cf. [11]) to non-self setting which is indeed
more general than ‘compatibility’. Besides this we employ two pairs of mappings
instead of one.

Theorem 2.5. Let (X, d) be a complete metrically convex metric space, K a
nonempty closed subset, F, G, S, T : K → X mapping such that (2.1.1), (i) and (ii)
are satisfied. Suppose that

(xiii) (T, F ) and (G, S) are pointwise R-weakly commuting pairs,
(xiv) mappings T, F, S and G are continuous on K.

Then T, F, S and G have a unique common fixed point.

Proof. Proceeding as in the proof of Theorem 2.1, we suppose that there exists
a subsequence {Tx2nk} which is contained in P0. Further subsequences {Tx2nk} and
{Sx2nk+1} both converges to z ∈ K as K is a closed subset of complete metric space
(X, d).
Since Tx2nk = Gx2nk−1 and Sx2nk−1 ∈ K, the pointwise R-weakly commutativity
of (G, S) implies

d(SGx2nk−1, GSx2nk−1) ≤ R1d(Gx2nk−1, Sx2nk−1) (2.2.1)

for some R1 > 0. Also

d(SGx2nk−1, Gz) ≤ d(SGx2nk−1, GSx2nk−1) + d(GSx2nk−1, Gz). (2.2.2)

Making k → ∞ in (2.2.1) and (2.2.2) and using continuity of G and S, we get
d(Sz, Gz) ≤ 0. Thereby Sz = Gz. Since y2nk+1 = Fx2nk and Tx2nk ∈ K, the
pointwise R-weakly commutativity of (F, T ) implies

d(TFx2nk, FTx2nk) ≤ R2 d(Fx2nk, Tx2nk)

for some R2 > 0. Therefore, as previously, the continuity of T and F implies
d(Tz, Fz) ≤ 0. Hence Tz = Fz.
If we assume that there exists a subsequence {Sx2nk+1} is contained in Q0, then
analogous argument establishes the earlier conclusions.
The rest of the proof is identical to that of Theorem 2.1 after noting that at co-
incidence points the notion of pointwise R-weak commutativity and coincidentally
commuting property are equivalent, hence it is omitted.

Remark 2.3. It will be interesting to explore the possibility of any improvement
in the continuity requirement of Theorem 2.5.

Remark 2.4. As every Banach space is metrically convex, the result of this note
holds good for Banach spaces.
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3. Illustrative examples

Now we furnish two examples demonstrating the validity of the hypotheses of
Theorem 2.1.

Example 3.1. Let X be the set of reals equipped with Euclidean metric and
K = {−3} ∪ [0, 1]. Define mappings T, F, S and G as

Tx =

{
−3x, x ∈ [0, 1],

1, x = −3,
Sx =

{
−3.1, x x ∈ [0, 1],

1, x = −3,

Fx =

{
−x/2, x ∈ [0, 1),

0, x ∈ {−3, 1}
and Gx =

{
−x/4, x ∈ [0, 3/3.1],

0, x ∈ {−3} ∪ {3/3.1, 1} .

It is straight forward to note that TK = [−3, 0] ∪ {1} , SK = [−3.1, 0] ∪ {1} and
∂K = {−3, 0, 1} ⊂ TK ∩ SK. Furthermore

FK = (−1/2, 0] ⇒ K ∩ FK = {0} ⊂ SK

GK = (1/2, 0] ⇒ K ∩ GK = {0} ⊂ TK

Also

T1 = −3 ∈ ∂K ⇒ F1 = {0} ⊂ K

T0 = 0 ∈ ∂K ⇒ F0 = {0} ⊂ K

T (−3) = 1 ∈ ∂K ⇒ F (−3) = {0} ⊂ K

whereas

S(3/3.1) = −3 ∈ ∂K ⇒ G(3/3.1) = {0} ⊂ K

S(0) = 0 ∈ ∂K ⇒ G(0) = {0} ⊂ K

S(−3) = 1 ∈ ∂K ⇒ G(−3) = {0} ⊂ K

Note that T0 = F0 and S0 = G0. Also the pairs (T,F) and (G,S) commute at
their common coincidence. By a routine calculation we can verify that d(Fx, Gy) ≤
g(d(Tx, Sy)) for all x, y in K, where we choose g(t) = t(2+ t)/(3 + t). As mentioned
in [16], any function g(t) = tf(t), where f(t) < 1, (t ∈ [0,∞)) may serve the purpose.
Note that 0 = T0 = F0 = G0 = S0.

Our next example, though adopted to demonstrate Theorem 2.5, also establishes
the genuineness of Theorem 2.5 over Theorem 3.1 of [16].
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Example 3.2. Let X = [1,∞) with Euclidean metric d, K = [1, 3] and F, G, S, T :
K → X mappings defined by Tx = 2x4 − 1, Sx = 2x6 − 1, Fx = x2, Gx = x3 for
x ≥ 1. Note that TK = [1, 161], SK = [1, 1457] and ∂K = {1, 3} ⊂ TK ∩ SK.
Furthermore

FK = [1, 9] ⇒ K ∩ FK = [1, 3] ⊂ SK

GK = [1, 27] ⇒ K ∩GK = [1, 3] ⊂ TK.

Now,
T1 = 1 ∈ ∂K ⇒ F1 = 1 ∈ K

S1 = 1 ∈ ∂K ⇒ G1 = 1 ∈ K,

whereas T3 /∈ ∂K and S3 /∈ ∂K.
Note that all the four mappings F, G, S and T are continuous, whereas the pairs
(F, T ) and (G, S) are pointwise R-weakly commuting pairs. Moreover

d(Fx, Gy) =| x2 − y3 |= (| x2 − y3 | . | x2 + y3 |)/(| x2 + y3 |) ≤ (1/4)(2 | x4 − y6 |)

for all x, y ∈ K. Thus condition (2.1.1) is satisfied if we choose g(t) = t/4. Note that
‘1’ is the unique common fixed point of T, S, F and G.
However, Theorem 3.1 of Zaheer and Abdalla [16] can not be used in the context of
this example because the pairs (F, T ) and (G, S) are not weakly commuting (cf. [6,
7]). Otherwise for x = 21/4

d(FTx, TFx) = 2 > 3 − 21/2 = d(Tx, Fx),

whereas for y = 21/6

d(FGy, GFy) = 12 > 3 − 21/2 = d(Sy, Gy).

The idea of this example appears in Kaneko and Sessa [9].
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