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Abstract. We introduce in this paper an asymptotic Minty’s type variational in-
equality and we prove that, under some topological properties, a variational inequality

with a pseudomonotone operator, has a solution if and only if the asymptotic Minty’s
type variational inequality has a solution.

1. Introduction

Several papers related to variational inequalities with monotone or pseudomono-
tone operators have been published after 1970, as for example [1, 6-9, 23-27, 30, 34,
35, 37, 38, 44], among others.

Moreover, if we consider the fact that the Complementarity Theory [5, 11-13]
has an important part dedicated to the study of variational inequalities, defined
onto a closed convex cone, we observe that the literature dedicated to the study
of variational inequalities is really impressive. There are two kinds of variational
inequalities studied until now in a multitude of papers.

One consists of the variational inequalities in the sense of Hartman and Stampac-
chia (see the references cited in [27]) and the other, the variational inequalities in
the sense of Minty [30].

We recall the definitions of these kinds of variational inequalities.
Let (H, 〈·, ·〉) be a real Hilbert space, Ω ⊂ H a non-empty closed convex subset

and f : H → H a mapping.
The Hartman-Stampacchia variational inequality is

HSVI :
{ find x∗ ∈ Ω such that

〈f(x∗), x − x∗〉 ≥ 0 for all x ∈ Ω

and the Minty variational inequality is

MVI :
{ find x∗ ∈ Ω such that

〈f(x), x − x∗〉 ≥ 0 for all x ∈ Ω.
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We recall that f is monotone on Ω if for and x, y ∈ Ω we have 〈f(x)−f(y), x−y〉 ≥ 0,
and we say that f is pseudomonotone (in Karamardian’s sense) on Ω if for any x, y ∈ Ω
we have that

〈f(y), x − y〉 ≥ 0 implies 〈f(x), x − y〉 ≥ 0.

For monotone operators the reader is referred to [27] and for pseudomonotone to
[6-9, 24-26, 29] and [34].

The following theorem is a classical result due to Minty.

Theorem 1. If f is monotone and continuous on finite dimensional subspaces,
then x∗ ∈ Ω is a solution of the HSVI(f, Ω) if and only if it is a solution of the
MVI(f, Ω).

A proof of this result is in ([27], see Lemma 1.5 p. 84). We note that Theorem 1
is valid for pseudomonotone operators (see [6, 29]).

In this paper we present an extension of Theorem 1 to pseudomonotone opera-
tors by replacing the MVI(f, Ω) by an asymptotic Minty’s type variational inequality.
This generalization is based on the notion of Exceptional Family of Elements, denoted
shortly by EFE, which was introduced by the topological degree in [18]. In several of
our recent papers the notion of EFE was introduced using the Leray-Schauder alter-
native [13-15, 17, 21]. There exist many papers on complementarity problems and on
variational inequalities where the notion of EFE is systematically used [2-4, 13-23,
31, 35-44]. Our notion of Asymptotic Minty’s Type Variational Inequality is in some
sense inspired by the notion of EFE. In several existence theorems presented in our
papers [13-17, 20] we used the “Condition(θ)”. As an interesting consequence of the
results presented in this paper, we will give a relation between the “Condition(θ)”and
the pseudomonotonicity property.

2. Preliminaries

In this paper we denote by (H, 〈·, ·〉) an arbitrary Hilbert space, by K a closed
convex cone in H and by Ω an arbitrary non-empty closed convex subset of H.

We recall that a closed convex cone in H is a closed subset K ⊂ H satisfying the
following properties :

(k1) K + K ⊆ K
(k2) λK ⊆ K, for all λ ∈ R+.
We denote by K∗ the dual convex cone of K, i.e., the set

K∗ = {y ∈ H : 〈x, y〉 ≥ 0, for all x ∈ K} .

If Ω ∈ H is an arbitrary closed convex set (or in particular Ω is a closed convex cone
K ⊂ H), then for any x ∈ H, the projection PΩ(x) of x onto Ω is unique and it is
well defined. We have that PΩ(x) is the unique element in Ω such that

‖x − PΩ(x)‖ = min
y∈Ω

‖x − y‖.

If in particular K ⊂ H is a closed convex cone and x ∈ H is an arbitrary element, the
projection of x onto K will be denoted by PK(x). We recall the following classical
result.
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Lemma 2.
(1) If Ω ⊂ H is an arbitrary closed convex set, then for any x ∈ H, PΩ(x) is the
unique element in Ω such that

〈PΩ(x) − x, PΩ(x) − y〉 ≤ 0, for all y ∈ Ω.

(2) If K ⊂ H is a closed convex cone, then for every x ∈ H, PK(x) is the unique
element in K such that :

(i) 〈PK(x) − x, y〉 ≥ 0, for all y ∈ K
(ii) 〈PK(x) − x, PK(x)〉 = 0

Proof. For a proof of this result, the reader is referred to [1].

If Ω ⊂ H is a closed convex set and x∗ ∈ Ω is an arbitrary element, then we recall
that the normal cone of the set Ω at the point x∗ is the set

NΩ(x∗) = {ξ ∈ H : 〈ξ, y − x∗〉 ≤ 0, for all y ∈ Ω} .

Using Lemma 2 we can prove the following result :

Proposition 3. If Ω ⊂ H is a closed convex set and x ∈ H is an arbitrary
element, then we have that y = PΩ(x) if and only if x ∈ y + NΩ(y).

We recall also the following notions. We say that a mapping T : H → H is
completely continuous if T is continuous and, for any bounded set B ⊂ H, we have
that T (B) is relative compact. A completely continuous field on H is a mapping
f : H → H of the form f(x) = x − T (x), for any x ∈ H, where T : H → H is a
completely continuous mapping. If K ⊂ H is a closed convex cone, we recall that a
mapping f : K → H is regular (see [4]) if for each sequence {xn}n∈N ⊂ K weakly
convergent to x∗ and such that the sequence {f(xn)}n∈N converges in norm to an
element v∗ ∈ H, the equation f(x∗) = v∗ holds.

3. Variational inequalities and complementarity problems

Let (H, 〈·, ·〉) be an arbitrary Hilbert space, f : H → H a mapping and Ω ⊂ H an
unbounded closed convex set (obviously non-empty). We recall that the variational
inequality in the sense of Hartman and Stampacchia is the following problem:

HSV I(f, Ω) :
{ find x∗ ∈ Ω such that

〈f(x∗), x − x∗〉 ≥ 0, for all x ∈ Ω.

This kind of variational inequality has many applications in physics, engineering and
economics [1, 27, 29].

If Ω = K, where K is a closed convex cone in H, then the variational inequality
HSVI(f, Ω) is equivalent to the following problem named the nonlinear complemen-
tarity problem defined by K and f .

NCP (f, K) :
{ find x∗ ∈ K such that

f(x∗) ∈ K∗ and 〈x∗, f(x∗)〉 = 0.

Complementarity theory encompasses other kinds of complementarity problems, which
are studied. We note the complementarity theory has many applications in optimiza-
tion, economics, engineering, game theory and mechanics [5, 12, 13].



58 G. Isac

4. A notion of exceptioanl family of elements and the solvability of
variational inequalities

In 1995 we introduced the notion of exceptioanl family of elements for a continuous
function in Rn and we showed that this notion is more general than the notion
“coercive function ”. It proved to be a good mathematical tool applicable to the
study of the solvability of complementarity problems. In our paper [18] with V.
A. Bulavski and V. V. Kalashnikov we proved that this notion is supported by the
topological degree. We proved that given a closed pointed convex cone K in Rn and
a continuous mapping f : Rn → Rn, either the NCP(f, K) has a solution or f has
an exceptioanl family of elements with respect to K. Consequently, given a closed
convex cone K in Rn and a continuous mapping f : Rn → Rn, the NCP(f, K) has
a solution if f is without an exceptional family of elements with respect to K. The
notion of exceptional family of elements was extended to arbitrary Hilbert spaces
and also to variational inequalities and it was used in many papers [2-4, 10, 11, 13-
23, 31, 35-44], among others. In our papers we put in evidence classes of mappings
without exceptional family of elements. Now, we recall the definition of the notion
of exceptional family of elements as it was used in the study of complementarity
problems.

Let (H, 〈·, ·〉) be a Hilbert space, K ⊂ H a closed convex cone and f : H → H a
mapping.

Definition 1. We say that a family of elements {xr}r>0 ⊂ K is an exceptional
family of elements (shortly denoted by EFE) for f , with respect to K if for every
real number r > 0, there exists a real number µr > 0 such that the vector ur =
µrxr + f(xr) satisfies the following conditions :

(1) ur ∈ K∗,
(2) 〈ur, xr〉 = 0,
(3) ‖xr‖ → +∞ as r → +∞.

The notion of EFE introduced by Definition 1 is justified by the following result.

Theorem 4. Let (H, 〈·, ·〉) be a Hilbert space, K ⊂ H a closed pointed convex

cone and f : H → H a completely continuous field. Then there either exists a

solution to the NCP(f, K), or f has an exceptional family of elements with respect

to K (in the sense of Definition 1). Consequently, if f is without an EFE with respect

to K then the problem NCP(f, K) has a solution.

Proof. The proof of this result is in [17].

Recently, using the topological degree defined by I. V. Skrypnik in [33], A Carbone
and P. P. Zabreiko proved in [4] the following variant of Theorem 4.
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Theorem 5. Let f : H → H be a mapping which is regular and completely

continuous from K into H. Let 0 < r < +∞ be an arbitrary real number. Then ,

either the NCP((1− λ)I + λf, K) has a solution in the set Sr ∩K, for some λ ∈]0, 1[
(where Sr = {x ∈ H : ‖x‖ = r} and I is the identity mapping), or the NCP(f, K)

has a solution in Br ∩ K, (where Br = {x ∈ H : ‖xr‖ ≤ r}).

From Theorem 5 we deduce that if the NCP(f, K) has no solution, then for any
r ∈]0, +∞[, there exist λr ∈]0, 1[ and an element xr ∈ Sr ∩ K which is a solution of
the NCP((1 − λr)I + λrf, K). Then we have xr ∈ K, ‖xr‖ = r, and

{
(1 − λr)xr + λrf(xr) ∈ K∗,

〈xr, (1 − λr)xr + λrf(xr )〉 = 0.
(1)

If we divide both relations in (1) by λr, we obtain that {xr}r>0 is an EFE for f in
the sense of Definition 1. Therefore, from Theorem 5 we deduce the following result.

Theorem 6. Let (H, 〈·, ·〉) be an arbitrary Hilbert space, K ⊂ H a closed pointed

convex cone and f : H → H a mapping which is regular and completely continuous

from K into H. If f is without an EFE in the sense of Definition 1, then the

NCP(f, K) has a solution.

Let (H, 〈·, ·〉) be a Hilbert space and Ω ⊂ H an arbitrary unbounded closed convex
set. We denote by ρ = ‖PΩ(0)‖. The following alternate notion of EFE is appropriate
for variational inequalities.

Definition 2. Given a mapping f : H → H, we say that a family of elements
{xr}r>ρ ⊂ Ω, (r ∈ R), is an EFE for f , with respect to Ω if and only if the following
conditions are satisfied :

(i) ‖xr‖ → +∞ as r → +∞,
(ii) for any r > ρ, there exists tr ∈]0, 1[, such that −f(xr)− ( 1

tr
−1)xr ∈ NΩ(xr).

In 1972, A. J. Potter proved the following result that is not based on the topological
degree.

Theorem 7 [32]. Let E(τ ) be a locally convex space and B ⊂ E a closed convex

set such that 0 ∈ int(B) (supposed to be non-empty). Let T : [0, 1]× B → E be a

continuous mapping such that T ([0, 1]× B) is relatively compact in E. Consider on

[0, 1]× B the product topology. If the following assumptions are satisfied

(1) T (t, x) 6= x for all x ∈ ∂B and t ∈ [0, 1],
(2) T ({0} × ∂B) ⊂ B,

then, there is an element x∗ ∈ B such that T (1, x∗) = x∗.

Remark. A particular case of Theorem 7 is the classical Leray-Schauder Alter-
native [28].

From Theorem 7 we deduce the following Implicit Leray-Schauder type alternative.
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Theorem 8 [Implicit Leray-Schauder Alternative]. Let E(τ ) be a locally

convex space and B ⊂ E a closed convex set such that 0 ∈ int(B). Let T : [0, 1]×B →
E be a continuous mapping such that T ([0, 1]× B) is relatively compact in E. On

[0, 1]×B is considered the product topology. If the following assumptions are satisfied

:

(1) T ({0} × ∂B) ⊂ B,

(2) T (0, x) 6= x for any x ∈ ∂B,

then at least one of the following properties is satisfied :

(i) there exists x∗ ∈ B such that T (1, x∗) = x∗,

(ii) there exists (t, x∗) ∈]0, 1[×∂B such that T (t∗, x∗) = x∗.

The notion of EFE introduced in Definition 2 is justified by the following theorem.
Let (H, 〈·, ·〉) be a Hilbert space.

Theorem 9. Let Ω ⊂ H be a non-empty unbounded and closed convex set and

f : H → H a completely continuous field such that f(x) = x − T (x), for any x ∈ H.

Then there exists either a solution to the HSVI(f, Ω), or the mapping f has an EFE

in the sense of Definition 2, with respect to Ω.

Proof. We know that the HSVI(f, Ω) has a solution, if and only if the mapping
Ψ(x) = PΩ(x−f(x)) has a fixed point. If the HSVI(f, Ω) has a solution, the theorem
is proved. Suppose that the HSVI(f, Ω) has no solution. In this case we consider,
for any real number r such that r > ρ = ‖PΩ(0)‖, the closed convex set Br = {x ∈
H : ‖x‖ ≤ r}. Obviously ∂Br = {x ∈ H : ‖x‖ = r}. For any r > ρ, we consider the
mapping Ψr : [0, 1]× Br → H defined by Ψr(t, x) = PΩ [t(x − f(x))] = PΩ [t(T (x))].
The mapping Ψr is continuous and Ψr : [0, 1] × Br is relatively compact in H.
Moreover, Ψr({0} × ∂Br ) ⊂ Br and for any x ∈ ∂Br , we have that Ψr(0, x) 6= x.
Therefore, the assumption of Theorem 8 are satisfied and because we supposed that
the HSVI(f, Ω) is without solution, we have that Ψr(1, x) 6= x for any x ∈ Br ,
which implies that there exist tr ∈]0, 1[ and xr ∈ ∂Br such that Ψr(tr , xr) = xr,
for any r > ρ. Hence, for any r > ρ there exist tr ∈]0, 1[ and xr ∈ ∂Br such
that xr = PΩ[tr(T (xr))], which imply that xr ∈ Ω and trT (xr) ∈ xr + NΩ(xr) or
trT (xr) − xr ∈ NΩ(xr). The last relation implies that

T (xr) −
1
tr

xr ∈ 1
tr

NΩ(xr) ⊆ NΩ(xr)

and hence

−(xr − T (xr)) −
(

1
tr

− 1
)

xr ∈ NΩ(xr)

or

−f(xr) −
(

1
tr

− 1
)

xr ∈ NΩ(xr).

Because ‖xr‖ → +∞ as r → +∞, we have that the family of elements {xr}r>ρ ⊂ Ω
is an EFE for f , with respect to Ω, in the sense of Definition 2 and the proof is
complete.
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5. An asymptotic Minty’s variational inequality

Let (H, 〈·, ·〉) be a Hilbert space, Ω ⊂ H a non-empty, unbounded and closed
convex set and f : H → H a mapping.

Definition 3. The Asymptotic Minty Variational Inequality defined by f , with
respect to Ω is the following

AMV I(f, Ω) :

{
find δ∗ > 0 (eventually very big) and x∗ ∈ Ω such that

〈f(x), x − x∗〉 ≥ 0 for any x ∈ Ω satisfying ‖x‖ > δ∗.

The element x∗ satisfying Definition 3 is called a solution of the AMVI(f, Ω).
The following theorem is the main result of this paper.

Theorem 10. Let (H, 〈·, ·〉) be a Hilbert space, Ω ⊂ H, a non-empty, unbounded
and closed convex set and f : H → H a completely continuous field. If f is pseu-
domonotone then the HSVI(f, Ω) has a solution if and only if the AMVI(f, Ω) has a
solution.

Proof. Indeed, if x∗ ∈ Ω is a solution of the HSVI(f, Ω), then we have

〈f(x∗), x− x∗〉 ≥ 0, for any x ∈ Ω. (2)

Because f is pseudomonotone from (2) we obtain

〈f(x), x − x∗〉 ≥ 0, for any x ∈ Ω.

Now, taking an arbitrary δ∗ > 0, we have that

〈f(x), x − x∗〉 ≥ 0, for any x ∈ Ω with ‖x‖ > δ∗,

that is, x∗ is a solution to the AMVI(f, Ω).
Conversely, let x∗ ∈ Ω be a solution to the AMVI(f, Ω). Considering Theorem

9, it is sufficient to show that f is without EFE with respect to Ω, in the sense of
Definition 2, where ρ = ‖PΩ(0)‖. Since ‖xr‖ → +∞ as r → +∞, we consider xr,
with max{δ∗, ‖x∗‖} < ‖xr‖, where δ∗ is the real number used in the definition of the
AMVI(f, Ω). Since ‖x∗‖ < ‖xr‖, we deduce that 〈f(xr ), xr − x∗〉 ≥ 0. We have also
the following relation :

−f(xr ) −
(

1
tr

)
xr ∈ NΩ(xr),

where tr ∈]0, 1[ (considering the definition of {xr}r>ρ). If we let µr = 1
tr

− 1, we
have µr > 0 and −f(xr) − µrxr = ξ ∈ NΩ(xr). Then, we deduce

0 ≤ 〈xr − x∗, f(xr)〉 = 〈xr − x∗, µrxr − ξ〉 = 〈xr − x∗,−ξ〉 − µr〈xr − x∗, xr〉
= −〈xr − x∗, ξ〉 − µr〈xr − x∗, xr〉 = 〈x∗ − xr, ξ〉 − µr〈xr − x∗, xr〉

≤ −µr

[
‖xr‖2 − 〈x∗, xr〉

]
< 0,

which is a contradiction. Therefore, f is without EFE, with respect to Ω, in the sense
of Definition 2. Appliying Theorem 9, we have that the AMVI(f, Ω) has a solution,
and the proof is complete.
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Corollary 11. Let (Rn, 〈·, ·〉) be the Euclidean space, Ω ⊂ Rn a non-empty,
unbounded and closed convex set and f : Rn → Rn a continuous mapping. If f is

pseudomonotone, then the HSVI(f, Ω) has a solution if and only if the AMVI(f, Ω)
has a solution.

Remark. Obviously, if the MVI(f, Ω) has a solution, then the AMVI(f, Ω) also
has a solution, but the converse is not generally true.

In particular, Theorem 10 is valid for the complementarity problem NCP(f, K),
but it also has another variant that we now introduce.

Theorem 12. Let (H, 〈·, ·〉) be a Hilbert space, K ⊂ H a closed convex cone and
f : H → H a regular completely continuous mapping. If f is pseudomonotone then

the NCP(f, K) has a solution if and only if the AMVI(f, K) has a solution.

Proof. The proof is similar to the proof of Theorem 10, but we use the notion of
the EFE with respect to K, in the sense of Definition 1 and Theorem 6.

In our papers [13-17, 20] we used Condition(θ) in several existence theorems for
complementarity problems. Now, we recall this condition, but with respect to an
unbounded closed convex set.

Condition(θ) : We say that f : H → H satisfies Condition(θ) with respect to Ω
if and only if there exists ρ∗ > 0 such that for any x ∈ Ω with ‖x‖ > ρ∗, there exists
y ∈ Ω, with ‖y‖ < |x‖ such that 〈x − y, f(x)〉 ≥ 0.

In our papers, cited above we proved that when f is a completely continuous field,
the Condition(θ) implies the solvability of the NCP(f, K).

A similar result is true for the HSVI(f, Ω). Because we can prove that, if the
AMVI(f, Ω) has a solution, then f satisfied Condition(θ), with respect to Ω, we
obtain the following result.

Theorem 13. Let (H, 〈·, ·〉) be a Hilbert space, Ω ⊂ H a non-empty, unbounded

and closed convex set and f : H → H a completely continuous field. If f is pseu-
domonotone then the HSVI(f, Ω) has a solution if and only if f satisfies Condition(θ),
with respect to Ω.

Comment. It would be interesting to know whether or not Theorem 10 is valid for
another class of mapping more general than the class of pseudomonotone operators.

References

[1] C. Baiocchi and A. Capelo, Variational and Quasivariational Inequalities. Applications to
Free-Boundary Problems, John Wiley and Sons, 1984.

[2] V. A. Bulavski, G. Isac and V. V. Kalashnikov, Application of topological degree to comple-
mentarity problems, Multilevel Optimization: Algorithms and Applications (A. Migdalas, P.

M. Pardalos and P. Warbrant, eds.), Kluwer Academic Publishers, 1998, pp. 333–358.

[3] , Application of topological degree theory to semidefinite complementarity problem,
Optimization 49 (2001), 405–423.

[4] A. Carborne and P. P. Zabreiko, Some remarks on complementarity problems in Hilbert space,
Zeitschr. Anal. Anw. 21 (2002), 1005–1014.



An asymptotic Minty’s type variational inequality with pseudomonotone operators 63

[5] R. W. Cottle, J. S. Pang and R. E. Stone, The Linear Complementarity Problem, Academic

Press, New York, 1992.

[6] R. W. Cottle and J. C. Yao, Pseudomonotone complementarity problems in Hilbert spaces, J.
Opt. Theory Appl. 75, (2) (1992), 281–295.

[7] J. P. Crouzeix, Pseudomonotone variational inequality problems: existence of solutions, Math.
Programming 78 (1997), 305–314.

[8] M. S. Gowda, Affine pseudomonotone mappings and the linear complementarity problems,
SIAM J. on Matrix Anal. Appl. 11 (1990), 373–380.

[9] N. Hadjisavvas and S. Schaible, Quasimonotonicity and pseudomonoto-nicity in variational

inequalities and equilibrium problems, Generalized convexity and Monotonicity: Recent De-
velopments (J. P. Crouzeix, J. E. Martinez-Legaz and M. Wolle, eds.), Kluwer Academic

Publishers (Forthcoming).

[10] N. J. Huang, C. J. Yao and X. P. Huang, Exceptional family of elements and feasibility

for nonlinear complementarity problems, Preprint, Academia SINICA, Beijing, China (2001)
(preprint).

[11] D. H. Hyers, G. Isac and Th. M. Rassias, Topics in Nonlinear Analysis and Applications,
World Scientific, Singapore, New Jersey, London, Hong Kong, 1997.

[12] G. Isac, Complementarity Problem, Lecture Notes in Math., Springer-Verlag, Nr. 1528, 1992.

[13] , Topological Methods in Complementarity Theory, Kluwer Academic Publishers, 2000.

[14] , A generalization of Karamardian’s condition in complementarity theory, Nonlinear

Analysis Forum 4 (1999), 49–63.

[15] , Exceptional family of elements, feasibility, solvability and continuous paths of e-
solutions for nonlinear complementarity problems, Approximation and Complexity in Nu-

merical Optimization: Continuos and Descrete Problems (Panos M. Pardalos, eds.), Kluwer

Academic Publishers, 2000, pp. 323–337.

[16] , On the solvability of multivalued complementarity problem: A topological method,
Fourth European Workshop on Fuzzy Decision Analysis and Recognition Technology, EF-

DAN’99, Dorthmund, Germany, June 14-15 (R. Felix, ed.), pp. 51–66.

[17] , Leray-Schauder type alternatives and the solvability of complementarity problems,

Topological Meth. Nonlinear Anal. 18 (2001), 191–204.

[18] G. Isac, V. A. Bulavski and V. V. Kalashnikov, Exceptional families, topological degree and

complementarity problems, J. Global Opt. 10 (1997), 207–225.

[19] , Complementarity, Equilibrium, Efficiency and Economics, Kluwer Academic Pub-
lishers, 2002.

[20] G. Isac and A. Carbone, Exceptional families of elements for continuous functions, J. Global
Opt. 15 (1999), 181–196.

[21] G. Isac and V. V. Kalashnikov, Exceptional family of elements, Leray-Schauder alternative,
pseudomonotone operators and complementarity, J. Opt. Theory Appl. 109, (1) (2001), 69–

83.

[22] G. Isac and W. T. Obuchowska, Functions without exceptional families of elements and com-
plementarity problems, J. Opt. Theory Appl. 99 (1998), 147–163.

[23] G. Isac and Y. B. Zhao, Exceptional family of elements and the solvability of variational
inequalities for unbounded sets in infinite dimensional Hilbert spaces, J. Math. Anal. Appl.

246 (2000), 544–556.

[24] S. Karamardian, Complementarity problems over cones with monotone and pseudomonotone

maps, J. Opt. Theory Appl. 18 (1976), 445–454.

[25] S. Karamardian and S. Schaible, Seven kinds of monotone maps, J. Opt. Theory Appl. 66
(1990), 37–46.

[26] S. Karamardian, S. Schaible and J. P. Crouzeix, Characterizations of generalized monotone
maps, J. Opt. Theory Appl. 76 (1993), 399–413.

[27] D. Kinderkehrer and G. Stampacchia, An Introduction to Variational Inequalities and their
Applications, Academic Press, New York, London, 1980.

[28] J. Leray and J. Schauder, Topologie et equations fonctionnelles, Ann, Sci. Ecole Norm. Sup.

51 (1934), 45–78.

[29] G. Mastroeni, Some remarks on a minimax formulation of a variational inequality, Minimax

Theory and Applications (B. Ricceri and S. Simons, eds.), Kluwer Academic Publishers, 1998,
pp. 157–166.



64 G. Isac

[30] G. J. Minty, On variational inequalities for monotone operators, (I), Advances in Math. 30

(1978), 1–7.
[31] W. T. Obuchowska, Exceptional families and existence results for nonlinear complementarity

problem, J. Global Opt. 19 (2001), 183–198.
[32] A. J. B. Potter, An elementary version of the Leray-Schauder theorem, J. London Math. Soc.

2, (5) (1972), 414–416.
[33] I. V. Skrypnik, Methods for Analysis of Nonlinear Elliptic Boundary Value Problems, (Trans-

lations of Mathematical Monographs Nr. 139), AMS, Providence, RI, 1994.
[34] J. Ch. Yao, Multi-valued variational inequalities with k-pseudomonotone operators, J. Opt.

Theory Appl. 83, (2) (1994), 391–403.
[35] Y. B. Zhao, Existence Theory and Algorithms for Finite-Dimensional Variational Inequal-

ity and Complementarity Problems, Ph.D. Dissertation Institute of Applied Mathematics,
Academia SINICA Beijing, (China), 1998.

[36] , D-orientation sequences for continuous and nonlinear complementa-rity problems,
Applied Math. Computation 106 (1999), 221–235.

[37] Y. B. Zhao and J. Y. Han, Exceptional family of elements for variational inequality problem
and its applications, J. Global Opt. 14 (1999), 313–330.

[38] Y. B. Zhao, J. Y. Han and H. D. Qi, Exceptional family and existence theorem for variational
inequality problems, J. Opt. Theory Appl. 101, (2) (1999), 475–495.

[39] Y. B. Zhao, G. Isac, Quasi-P∗ and P(τ,α,β)-maps, exceptional family of elements and com-
plementarity problems, J. Opt. Theory Appl. 105, (1) (2000), 213–231.

[40] , Properties of multivalued mapping and existence of central paths for some non-
monotone complementarity problems, SIAM J. Control Optim. 39, (2) (2000), 571–593.

[41] Y. B. Zhao and D. Li, Strict feasibility conditions in nonlinear complementarity problems, J.
Opt. Theory Appl. 107, (2) (2000), 641–664.

[42] , On a new homotopy continuous trajectory for nonlinear complementarity problems,
Math. Oper. Res. 26, (1) (2001), 119–146.

[43] Y. B. Zhao and D. Sun, Alternative theorems for nonlinear projection equations and applica-
tions, Nonlinear Anal. 46 (2001), 853–868.

[44] Y. B. Zhao and J. Y. Yuan, An alternative theorem for generalized variational inequalities
and solvability of non-linear quasi-P M

∗ -complementarity problems, Appl. Math. Computation

109 (2000), 167–182.


