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Abstract. We propose general definition of fractal/attractor to iterated function sys-
tem (IFS) as special fixed point to Barnsley-Hutchinson operator, namely maximal or

minimal compact invariant set. Although we avoid much geometrical information (e.g.
asymptotic stability, fractional dimension) but paying this price enables us to give a

unified treatment of subject. Obtained theorems show that there exist extremal in-
variant sets quite often. Particularly, IFS generated by condensing multimap admits

unique maximal invariant set.

1. Introduction

Consider classical IFS (Iterated Function System). Let X be a metric space and
f1, . . . , fs : X → X a finite system of functions. Such a system is acting on sets as
follows:

X ⊃ A
F7−→ f1(A) ∪ f2(A) ∪ · · · ∪ fs(A).

The question is: what can be said about “limit”of successive iteration through oper-
ator F ? Generally nothing special, but there are several important situations where
it is possible to say more [2, 6, 9, 12, 16]. First, however, one need to precise the
term “limit”in an accurate way. Usually (in case of so-called hyperbolic system, i.e.,
system of contractions) the limit is taken with respect to Hausdorff distance [9, 14].
It is called attractor or fractal of IFS. We would not distinguish between these names.
The classical approach was recently generalized by J. Andres and L. Górniewicz in
[5] (see also [3] for further comments). They observe that Hutchinson procedure
still gives unique limit when finite system of contractions is replaced by multivalued
contraction.

It seems that for deterministic IFS there is no way to obtain more, if some infor-
mation shall not be lost. However the reading of [17-19] supported by [16] suggests
to define final effect of iterations as some special invariant set. That was our motiva-
tion to investigate further a problem. Very soon it appeared that such an approach
was proposed much earlier by S. Hayashi [13] and quite recently in joint work of
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J. Jachymski, L. Gajek and P. Pokarowski [15]. Both papers make use of Tarski-
Kantorovitch Theorem [8, p.15]. Our methods require Tarski-Knaster Theorem [8,
p.14] and Ultimate Invariance Theorem which can be seen as parallel to transfinite
Darbo iteration process introduced by B. N. Sadovskĭı [21]. These theorems allow
us to prove existence of maximal and minimal invariant sets in several situations
classical for fixed point theory e.g. eventually compact or condensing maps.

In Section 2 we introduce IFS generated by multifunction and fit the whole for
an abstract formulation. Section 3 deals with general properties of operator which
naturally arises for IFS. Especially, there are investigated invariant sets. The core of
work constitutes Section 4 where we state two results on existence of extremal sets.
They both depend upon existence of sets of weaker type–subinvariant. Section 5
provides more information on transfinite sequence from Ultimate Invariance Theorem
and the last section presents final theorem ensuring existence of unique compact
maximal invariant set–which seems to be a reasonable candidate for “attractor”.

2. Barnsley-Hutchinson operator generated by multifunctions

Fix a Hausdorff (topological) space X. Let us denote: K(X)–the space of (nonem-
pty) compact subsets of X, F(X)–the space of (nonempty) closed subsets of X. These
spaces are standardly equipped with inclusion ⊂ as partial order. Let ϕ1, . . . , ϕs :
X ( X be a (finite) family of multifunctions. The Barnsley-Hutchinson operator
associated with such a system is the following transformation F : F(X) → FX given
by F (A) =

⋃
i=1,... ,s

ϕi(A). We see that the family of multifunctions can be replaced

by a single one ϕ : X ( X, ϕ(x) =
⋃

i=1,... ,s
ϕi(x). Then ϕ(A) =

⋃
i=1,... ,s

ϕi(A) and

F (A) = ϕ(A).
Generally it is good to assume that ϕ preserves compactness, i.e., ϕ-images of

compacta are compact. In this case one considers F : K(X) → K(X) and, of course,
F (A) = ϕ(A). Typical example of such ϕ is an upper semicontinuous multimap with
compact values. (See [4, p.41-42] or [7, p.299-300]). The Barnsley-Hutchinson oper-
ator defined on various spaces (K(X),F(X), all nonempty subsets) was extensively
studied in [15]. Our choice is K(X) since it appears the most proper for abstract
definition of fractal as some special fixed point.

The following simple observation is of primar importance.

Proposition 1. The Barnsley-Hutchinson operator F : K(X) → K(X) generated
by compact-preserving multifunction ϕ : X ( X is:

- monotone, i.e., A1 ⊂ A2 ⇒ F (A1) ⊂ F (A2),
- additive, i.e., F (A1 ∪ A2) = F (A1) ∪F (A2).

Remark. The Barnsley-Hutchinson operator is also absolutely additive on fami-
lies {At}t such that

⋃
t At ∈ K(X).

The proposition we stated motivates next definition.

Let F : (K(X),⊂) → (K(X),⊂) be monotone, i.e., A1 ⊂ A2 ⇒ F (A1) ⊂ F (A2).
Transformation F we shall call an abstract Barnsley-Hutchinson operator. Sometimes
we also assume (absolute) additivity of F , but only if needed. Recall here that F
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is additive iff F (A1 ∪ A2) = F (A1) ∪ F (A2), and is absolutely additive in the sense
that given any family {At}t ⊂ K(X) with

⋃
t At ∈ K(X) there holds F (

⋃
t At) =⋃

t F (At).

Remark. Instead of “monotone” some says “isotone” (see [8, p.14]).

In connection with above definition and Proposition 1 we have

Proposition 2. The following logical implications hold:

absolute additivity ⇒ additivity ⇒ monotonicity.

For proof, just observe: F (A2) = F (A1 ∪ A2) = F (A1) ∪ F (A2) ⊃ F (A1) when
A1 ⊂ A2. The implications cannot be reversed, however

Proposition 3. The Barnsley-Hutchinson operator F : K(X) → K(X) is gener-
ated by compact-preserving ϕ : X ( X (i.e., F (A) = ϕ(A) ∀A ∈ K(X)), if and
only if F is absolutely additive.

Proof. Formula ϕ(
⋃

t At) =
⋃

t ϕ(At) shows absolute additivity of operator F
generated by ϕ. In the reverse direction: having absolutely additive F define ϕ :
X ( X, ϕ(x) = F ( {x} ). It induces F (by previous formula) and is compact-
preserving.

3. Invariant sets

Let F : K(X) → K(X). We provide the following classes of sets:
Invt(F ) = { A ∈ K(X) : F (A) = A },
MinInvt(F ) = { A∗ ∈ Invt(F ) : ∀A ∈ Invt(F ) [ A ⊂ A∗ ⇒ A = A∗ ] },
MaxInvt(F ) = { A∗ ∈ Invt(F ) : ∀A ∈ Invt(F ) [ A ⊃ A∗ ⇒ A = A∗ ] }.

The elements of Invt(F ) we shall call invariant sets, elements of MinInvt(F )-
minimal invariant sets, and elements of MaxInvt(F )- maximal invariant sets. In-
variant sets are exactly fixed points of F .

We also introduce sub- and superinvariance. Set A ∈ K(X) is subinvariant (with
respect to F ), whenever F (A) ⊂ A, and is superinvariant, when F (A) ⊃ A. Care-
full observation leads to the question: which subinvariant sets are minimal, which
superinvariant sets are maximal? In case of monotone F the answer gives

Proposition 4. Subinvariant set A∗ is minimal (i.e., F (A) ⊂ A ⊂ A∗ ⇒ A =
A∗,) if and only if A∗ ∈ MinInvt(F ). Similarly, superinvariant set A∗ is maximal
(i.e., F (A) ⊃ A ⊃ A∗ ⇒ A = A∗,) if and only if A∗ ∈ MaxInvt(F ).

Proof. Consider F ( F (A∗) ) = F (A) ⊂ A = F (A∗) ⊂ A∗, and F ( F (A∗) ) =
F (A) ⊃ A = F (A∗) ⊃ A∗ respectively; then use extremality.

By F n we shall mean the n-th iterate of F , precisely: F 0(A) = A, F n+1(A) =
F ( F n(A) ). Note that F n inherits most properties assumed to hold for F (e.g.
additivity, monotonicity).

To justify yet our interest in (sub)invariant sets, take into account the next easy
result, which is said in [16, p. 168-178] to characterize self-similarity.
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Proposition 5. For monotone F : K(X) → K(X) the following are equivalent:

i) A∗ is subinvariant,

ii) A∗ =
⋃∞

n=0 F n(A∗).

The proof is very similar to that of Proposition 4. Now we describe structure of
the four introduced classes of sets.

Proposition 6. Let F : K(X) → K(X) be monotone.

i) Subinvariant sets are absolutely multiplicative, i.e., nonempty intersection

of subinvariant sets is subinvariant. If F is (absolutely) additive, then so

are subinvariant sets, i.e., compact (arbitrary) union of subinvariant sets is

subinvariant.

ii) Superinvariant sets are absolutely additive, i.e., arbitrary compact union of

superinvariant sets is superinvariant.

iii) Subinvariant A∗ is minimal if and only if any subinvariant A ∈ K(X) with

A∩A∗ 6= ∅ satisfies A ⊃ A∗. Any two different A∗, A∗∗ ∈ MinInvt(F ) must

be disjoint A∗ ∩ A∗∗ = ∅.
iv) For additive F the class MaxInvt(F ) consists from not more than one set.

The proof of above result is straightforward. What bothers, there is no multiplica-
tivity property for family of (super)invariant sets. Moreover, the class MinInvt(F )
can be very reach in contrast to MaxInvt(F ). This breaks symmetry between sub-
and superinvariance. To shed some light on fineness of considered classes we point
out that if we would permit empty set, then it would be always the only minimal
invariant set. In some sense, for maximal invariant sets such a role is played by
the whole space X. When explaining the lack of multiplicativity we have to study
order-continuity properties as we do in section 5.

4. Existence of extremal invariant sets

Until now we have presented Barnsley-Hutchinson operator, classes of invariant
sets and their “structural” properties. The question is: aren’t these classes trivial
in general ? Maybe they are empty or singletons ? Vast legion of books on chaos
(see [2, 6, 12, 16] and references therein) suggests it is more delicate and much more
complicated.

We establish here two general theorems on existence. First one is the famous
Tarski-Knaster Principle in disguise (see [8, p.14]). For the sake of completeness we
also sketch the proof.

Theorem 1 [Tarski-Knaster Theorem]. For monotone F : K(X) → K(X), if

there exists subinvariant A∗ ∈ K(X), then the class MinInvt(F ) is nonempty. In

particular Invt(F ) 6= ∅.
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Proof. We want to apply Zorn Lemma to the (nonempty) class S of subinvariant
sets in K(X) with reversed inclusion ⊃ as a partial order; thus we think “down-
ward” (maxima are minima etc.).

Each chain {At}t in S has A0 =
⋂

t At as lower bound. Indeed: A0 ⊂ At ∀t
and A0 ∈ K(X); nonemptiness follows from Riesz characterization of compactness
[10, p.102]. Being poset inductive, there must be a minimal set A∗ ∈ S, i.e., A∗ ∈
MinInvt(F ) ⊂ Invt(F ).

Remark. In fact the above theorem gives more: any subinvariant set A] ∈ K(X)
contains a minimal one, A∗ ⊂ A], A∗ ∈ MinInvt(F ).

So, having subinvariant we get minimal (sub)invariant sets. Conditions which do
assure existence of subinvariant sets are of compactness character and will be treated
in Section 6.

The second theorem shows that existence of maximal (super)invariant sets de-
pends upon subinvariance too. Formulation exploits transfinite iterative procedure.
With fixed subinvariant A ∈ K(X) and ordinal number χ we associate sequence
{F α(A)}α<χ in an inductive way:

F 0(A) = A, F α+1(A) = F [ F α(A) ] , F β(A) =
⋂

α<β

F α(A),

where α is arbitrary ordinal, α + 1 is successor of α and β is limit ordinal, all less
than χ (see e.g. [10, p.17-19]). Evidently α1 6 α2 implies F α1(A) ⊃ F α2(A); just
use monotonicity of F . Therefore transfinite sequence {F α(A)}α<χ forms a chain
(downward).

Theorem 2 [Ultimate Invariance Theorem]. Let F : K(X) → K(X) be

monotone, A ∈ K(X) be subinvariant and χ the smallest ordinal of cardinality greater
than card X. Then there exists (the smallest) ordinal number γ such that

i) (invariance) F [F γ(A) ] = F γ(A),
ii) (maximality) F γ(A) ⊂ A∗ ⊂ A ∧ F (A∗) = A∗ ⇒ A∗ = F γ(A).

Proof. Ad i). Suppose the converse

∀α < χ, Φα
.= F α(A) \ F α+1(A) 6= ∅.

Then Φα1 ∩ Φα2 = ∅ ∀α1 6= α2. Indeed: take α1 < α2; since α1 + 1 6 α2, the
inclusion F α2(A) ⊂ F α1+1(A) holds and finally:

Φα1∩Φα2 ⊂
(
F α1(A) \ F α1+1(A)

)
∩F α2(A) ⊂

(
F α1(A) \ F α1+1(A)

)
∩F α1+1(A) = ∅.

The family {Φα}α<χ consists of nonempty, pairwise disjoint subsets of X and
any (set-theoretical) selector Σ : {Φα}α<χ → X is injective. This brings inequality
card χ = card {Φα}α<χ 6 card X, which is impossible. Resulting contradiction shows
existence of γ < χ with Φγ = ∅ as desired.
Ad ii). Take F γ(A) ⊂ A∗ ⊂ A, F (A∗) = A∗. First: A∗ ⊂ A. Second: A∗ ⊂
F α(A) implies A∗ = F (A∗) ⊂ F [F α(A) ] = F α+1(A). Third, for limit β, if A∗ ⊂
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F α(A) ∀α < β, then A∗ ⊂
⋂

α<β F α(A) = F β(A). Consequently A∗ ⊂ F α(A) for
each α < χ what means F γ(A) ⊂ A∗ ⊂ F γ(A).

In contrast to Tarski-Knaster Theorem, ultimate invariance gives only relative
maximality, among all subsets of chosen subinvariant set. Global maximality is con-
nected with existence of subinvariant set containing all invariant sets. The compactness-
like assumption on multifunction generating Barnsley-Hutchinson operator guaran-
tees that such a subinvariant set exists. Further investigation will be conducted in
Section 6.

5. Order-continuity of multifunctions

Our transfinite procedure from Ultimate Invariance Theorem stops at some ordinal
γ. We may ask, does it really depends on ordinals? Perhaps the process stops at
γ = ω, or depends on cardinality of γ? Generally the answer is “no”. Despite
this observation something more can be said in this direction. The order-continuity
provides clear tool when describing iteration process generated by multifunction.

Fix cardinal number ζ. We shall say that a set D ⊂ X is:
- ζ-closed, iff for each convergent generalized sequence across D, {pλ}λ∈Λ ⊂ D,

pλ → q, not longer than ζ (card Λ 6 ζ), the limit falls into D, q ∈ D;
- ζ-compact, iff for each generalized sequence across D, {pλ}λ∈Λ ⊂ D of length

not exceeding ζ (card Λ 6 ζ) has a cluster point q ∈ D.

We recognize the following known facts [10, p.23-56,105,171]: in Hausdorff space
the limit is unique; cluster point is always a limit to some subsequence; to describe
fully a topology one needs to consider sequences of all lengths; in case of metric (first
countable, Fréchet) space it is enough to take usual countable sequences.

Note that every closed [compact] set is ζ-closed [ζ-compact] with any ζ. Hint also,
every ζ-compact set is ζ-closed, and ζ-closed subset of ζ-compact set is ζ-compact;
in particular, intersection of ζ-compact with ζ-closed set is still ζ-compact.

We shall say that ϕ : X ( X is ζ-order-continuous, if for any decreasing family
{Aµ}µ∈M ⊂ K(X), Aµ1 ⊃ Aµ2 ∀µ1 6 µ2, card M 6 ζ, the following formula holds:

ϕ


 ⋂

µ∈M

Aµ


 =

⋂

µ∈M

ϕ(Aµ).

The notions of ζ-closedness, ζ-compactness and ζ-order-continuity permit exten-
sion of theory developed for ζ = ω in [15].

By fibre of multifunction ϕ: X ( X is understood the set

ϕ−(y) = {x ∈ X : ϕ(x) ∩ {y} 6= ∅ },

i.e., solution set to inclusion ϕ(x) 3 y. Below we give sufficient condition for order-
continuity.

Proposition 7. If all fibres ϕ−(y) of multifunction ϕ: X ( X are ζ-closed, then
ϕ is ζ-order continuous.
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Proof. Let {Aµ}µ∈M ⊂ K(X) be a chain (downward). It is enough to show
⋂

µ ϕ(Aµ) ⊂ ϕ
(⋂

µ Aµ

)
. Take y ∈

⋂
µ ϕ(Aµ). There exists {aµ}µ∈M with aµ ∈ Aµ,

y ∈ ϕ(aµ), so aµ ∈ Aµ ∩ ϕ−(y) for all µ ∈ M . The set M is directed (linearly) as
follows:

µ1 6 µ2 ⇔ Aµ1 ⊃ Aµ2 .

Fix µ0 and find in ζ-compact Aµ0 ∩ϕ−(y) a cluster point x to the sequence {aµ}µ>µ0 .
This point is also cluster of any {aµ}µ>µ where µ > µ0 is chosen arbitrarily. By ζ-
closedness of Aµ∩ϕ−(y) we get x ∈ Aµ∩ϕ−(y). Hence x ∈

⋂
µ∈M Aµ and x ∈ ϕ−(y)

so y ∈ ϕ
(⋂

µ Aµ

)
.

Finite unions preserve order-continuity (again we see that our assumption on IFS
to be generated by one multifunction is nonrestrictive). Proof requires

Lemma 1. For two (downward) chains {Bi
t}t, i = 1, 2, the pairwise union {B1

t ∪
B2

t }t is still a chain and holds equality

⋂

t

B1
t ∪

⋂

t

B2
t =

⋂

t

(
B1

t ∪ B2
t

)
.

Proposition 8. If ϕi: X ( X, (i = 1, . . . , s) are ζ-order-continuous, then ϕΣ =⋃s
i=1 ϕi : X ( X is ζ-order-continuous too.

Proof. First observe ϕΣ(A) =
⋂s

i=1 ϕi(A). Fix any chain of compact sets {Aµ}µ∈M ,
card M 6 ζ and calculate:

ϕΣ

(⋂

µ

Aµ

)
=
⋃

i

ϕi

(⋂

µ

Aµ

)
=
⋃

i

⋂

µ

ϕi(Aµ)

=
⋂

µ

⋃

i

ϕi(Aµ) =
⋂

µ

ϕΣ(Aµ),

where second equality comes from ζ-order-continuity and third from Lemma 1.

Remark. Upper semicontinuous ϕ: X ( X has closed fibres (see [7, p.299]).

6. Compact-like multifunctions

Consider multifunction ϕ: X ( X and fix some (nonempty) closed set Q ⊂ X
with ϕ(Q) ⊂ Q (i.e., Q-subinvariant). We shall define two procedures:

(a) Cn = ϕn(Q) , n > 0;

(b)
{

D0 = Q,

Dn+1 = ϕ(Dn) , n > 0.

Denote C∞ =
⋂∞

n=0 Cn, D∞ =
⋂∞

n=0 Dn. Recall also the notion of center: set
Cϕ =

⋂∞
n=0 ϕn(X) be center of multifunction ϕ. Hint that unlike [11] and [20] we

take closures.
Properties of {Cn}∞n=0, {Dn}∞n=0 important for our purposes are collected below.
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Lemma 2. For {Cn}∞n=0, {Dn}∞n=0 hold:

(i) Cϕ = C∞ when Q = X;

(ii) {Cn}∞n=0, {Dn}∞n=0 are decreasing;

(iii) Cn ⊂ Dn for n = 0, 1, 2, . . . ,∞;

(iv) ϕ(C∞) ⊂ C∞ if ϕ is lower semicontinuous (see [4, p.43] or [7, p.299]),

ϕ(D∞) ⊂ D∞;

(v) if some Cn [resp. Dn] is compact, then C∞ [resp. D∞] is nonempty;

(vi) ϕ(A) = A ⊂ Q implies A ⊂ C∞ ⊂ D∞.

The proof is not hard so we omit it.

Multifunction ϕ: X ( X is called eventually compact iff there exists compact K

with ϕm(X) ⊂ K for some m ∈ N. In case m = 1 we just say about compactness.
When X is compact all multifunctions are such. Note that unlike [11] we dispose
local compactness assumption for ϕ (similarly as in [20]). Thus we are ready to state
promised earlier result on existence of compact subinvariant sets.

Proposition 9. For eventually compact ϕ: X ( X there exists nonempty set

A∞ with properties:

(i) A∞ is compact;

(ii) ϕ(A∞) ⊂ A∞ (subinvariance);

(iii) A∞ contains every invariant A, i.e., ϕ(A) = A ⇒ A∞ ⊃ A.

Proof. Apply Lemma 2 with Q = X to obtain ∅ 6= C∞ ⊂ D∞. Set A∞ = D∞

fulfills properties (i)–(iii).

Remark. There are only relatively compact invariant sets.

Theorem 3. Let ϕ: X ( X be eventually compact. Then there exists (nonempty)

compact invariant set. Additionally we can demand its maximality or minimality. If

maximal – it is unique.

Proof. This is a consequence of Proposition 9, Tarski-Knaster Theorem and Ul-
timate Invariance Theorem.

For further discussion we need measures of noncompactness defined in a way to
be utilized. Let X be a metric space, B the class of bounded sets. Function µ :
B → [0,∞) is measure of noncompactness (m.n.c. for short) iff it satisfies (for any
B, B1, B2, Bn ∈ B):

(µ1) µ(B) = 0 ⇔ B-compact;
(µ2) B1 ⊂ B2 ⇒ µ(B1) 6 µ(B2);
(µ3) µ( B ) = µ(B);
(µ4) [Kuratowski Condition] if {Bn}∞n=0 is decreasing sequence of nonempty closed

sets with µ(Bn) −→
n→∞

0, then
⋂∞

n=0 Bn 6= ∅.



Extremal sets as fractals 207

There are two classic m.n.c.’s: Kuratowski and Hausdorff, both fulfilling (µ1)–(µ4)
on a complete space (see [1, 7, p.41,53] or [8, p.69-70]). Multifunction ϕ : X → X

is called µ-contraction (or set-contraction) when µ[ϕ(B) ] 6 λµ(B) for all B ∈ B
and some λ ∈ [0, 1). Contraction and compact map are typical examples of set-
contractions w.r.t. Hausdorff/Kuratowski measure.

Fix µ-contraction ϕ: X ( X and take closed bounded subset Q ⊂ X which is
subinvariant, i.e., ϕ(Q) ⊂ Q. Sequence {Dn}∞n=0 (from our procedure (b) ) consists of
bounded closed sets. Moreover µ(Dn) 6 λnµ(D0) −→

n→∞
0. By Kuratowski Condition

D∞ =
⋂∞

n=0 Dn is compact nonempty subinvariant set. This construction is due to
Darbo [1, 7, p.71].

Multifunction ϕ: X ( X is called µ-condensing when µ[ϕ(B)] > µ(B) implies
µ(B) = 0 for B ∈ B. Note, each µ-contraction is µ-condensing.

We extend procedure (b) to include all possible countable sequences

(bΩ)





D0 = Q - closed, bounded, subinvariant set,

Dα+1 = ϕ(Dα) , α < Ω,

Dβ =
⋂

α<β Dα , when β < Ω is limit ordinal.

Here Ω means first uncountable ordinal. Of course {Dα}α<Ω is decreasing sequence
of closed bounded not necessarily nonempty sets.

Proposition 10. For condensing multifunction ϕ: X ( X and closed bounded

subinvariant Q ⊂ X there exists nonempty set A∞ with properties:

(i) A∞ is compact;

(ii) ϕ(A∞) ⊂ A∞ ⊂ Q (subinvariance);

(iii) A∞ contains every invariant A ⊂ Q.

Proof. The proof is performed by means of iterative procedure (bΩ). We claim
that in {Dα}α<Ω there exists δ < Ω with Dδ 6= ∅, µ(Dδ) = 0. Suppose µ(Dα) > 0
for all α < Ω. Then 0 < µ(Dα2 ) < µ(Dα1) for α1 < α2 < Ω. Thus we arrive at
contradiction: {µ(Dα)}α<Ω constitutes transfinite decreasing sequence of positive
reals.

Pick δ to be the smallest among such ordinals. Then Dδ 6= ∅. Indeed D0 6= ∅
and Dδ ⊃ ϕ(Dα) 6= ∅ when δ = α + 1. For limit δ > 0 there exists another limit
ordinal θ < δ with property that between them lies no other limit ordinal. Decreasing
sequence of closed sets {Dθ+n}n<ω satisfies Dδ =

⋂
n<ω Dθ+n, 0 < µ(Dθ+n) → 0.

Nonemptiness follows from Kuratowski Condition.
Letting A∞ = Dδ we obtain desired set.

The above allows us to state the main result

Theorem 4 (Compact attractors for multifunction). Let ϕ: X ( X be

condensing and bounded (i.e., ϕ(X) – bounded). Then there exists (nonempty)

compact invariant set being extremal. If maximal – it is unique.
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Proof. Just take Q = ϕ(X) in Proposition 10 and then use Tarski-Knaster or
Ultimate Invariance Theorem.

The theory we developed do not guarantee any geometric or stability properties as
can be seen on simple examples of planar maps e.g. reflections and rotations (after
apropriate restriction of domain). Because of obvious reasons it also does not deal
with unbounded fractals.
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me in subject and constant encouragement. I would like to thank also Professor
W. Kryszewski who informed me about the serie of papers by J. Jachymski and
collaborators.

References
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[11] L. Górniewicz and D. Rozploch-Nowakowska, On the Schauder fixed point theorem, Topology
in Nonlinear Analysis, Serie: Banach Center Publications 35 (1996), 207–219.

[12] J. K. Hale, Asymptotic Behavior of Dissipative Systems, Serie: Mathematical Surveys and
Monographs, AMS, Providence, 1988.

[13] S. Hayashi, Self-similar sets as Tarski’s fixed points, Publ. RIMS, Kyoto Univ. 21 (1985),
1059–1066.

[14] J. E. Hutchinson, Fractals and self similarity, Indian. Univ. Math. J., 30(5) (1981), 713–747.
[15] J. Jachymski, L. Gajek and P. Pokarowski, The Tarski-Kantorovitch principle and the theory

of iterated function systems, Bull. Austral. Math. Soc. 61 (2000), 247–261.
[16] H. Jürgens, H.O. Peitgen and D. Saupe, Chaos and Fractals, Springer-Verlag, New York, 1992.

[17] A. Lasota and J.Myjak, Semifractals, Bull. Pol. Ac. : Math 44 (1996), 5–21.
[18] , Semifractals on Polish spaces, Bull. Pol. Ac. : Math 46 (1998), 179–196.

[19] , Attractors of multifunctions, Bull. Pol. Ac. : Math 48 (2000), 319–334.
[20] D. Pastor, A remark on generalized compact maps, Studies of University in Žilina, Math.
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