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Abstract. This research paper reviews some of our results which

give emphasis to the important connections between the Pareto type

efficiency in ordered (topological) vector spaces, the best simultane-

ous and vectorial approximation in separated locally convex spaces
with immediate applications in the multicriteria analysis.

1. Introduction

It is known that in the vectorial optimization the Pareto type effi-
ciency is recognized as one of the best and appropriate way to begin
with the particular case of the study for the deterministic multiobjec-
tive programs (see, for instance, [1] and other related papers) instead
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112 Vasile Postolică and Antonino Scarelli

of the strong optimization techniques which appear sometime like pe-
culiar situations.

Since the more general and adequate framework for the Pareto kind
of efficiency is the vectorial optimization in ordered topological vector
spaces and the existence results for the efficient points as well as the
main properties for the sets of efficient points were obtained in the
most general background of the Hausdorff locally convex spaces (see,
for example, [2,3,5-8] and so on) using the study of the supernormal
cones [2] introduced by G. Isac in order to replace the strong hypoth-
esis of compactness on the set for which one looks for the existence
of Pareto type efficient points with the completeness property, taking
into account also [12-15] and other recent research papers we think that
the approach of a significant part of problems in multicriteria analysis
through the agency of Pareto type efficiency represents another impor-
tant modality of investigation in this field. For this reason, but not
only, we shall present in Section 2 some of our recent results concern-
ing the Pareto type efficiency in ordered (topological) vector spaces to
be used in a suitable manner for the problems of vectorial optimiza-
tion and multicriteria analysis, respectively, in separated locally convex
spaces and in their corresponding particular cases.

On the other hand, in [4] we introduced the concept of a spline func-
tion in any H-locally convex space defined by Precupanu [11] as every
Hausdorff locally convex space with the seminorms satisfying the paral-
lelogram law. In our opinion, the splines introduced in [4] and studied
also in [3,10], generated by the general method presented in [9], can be
of interest in decision making long-term processes, having the possi-
bility to anticipate the behaviour for such as these in their subsequent
evolution, starting from their previous or present demeanour. Section 3
is devoted to these splines and contains also two illustrative numerical
examples.

In Section 4, we propose and exhibit some ways to tackle general (in-
finite dimensional) multicriteria decision making problems using Pareto
efficiency and we give a few of conclusions. Thus, overall this work is a
review paper on some of our recent results about vector optimization
and best approximation in separated (ordered) locally convex spaces,
the main motivation for this research being also represented by the im-
plications in the study of the multicriteria decision-making programs.
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2. Pareto efficiency in ordered linear spaces

Let X be a (topological) real vector space ordered by a convex cone
K, A a non-empty subset and a0 ∈ A.

Definition 2.1. We say that a0 is an efficient (Pareto minimal)
point for A with respect to K, in notation, a0 ∈ MINK (A) if it satifres
one of the following equivalent condition:

(i) A ∩ (a0 − K) ⊆ a0 + K;
(ii) K ∩ (a0 − A) ⊆ −K;
(iii) (A + K) ∩ (a0 − K) ⊆ a0 + K;
(iv) K ∩ (a0 − A − K) ⊆ −K;

It is clear that, when K is pointed, that is, K ∩ (−K) = {0}, then
a0 ∈ MINK (A) means A∩ (a0 −K) = {a0} or equivalently, K ∩ (a0 −
A) = {0}.

In a similar manner one defines the (Pareto) type maximal elements
of A. In fact, a0 ∈ A is a Pareto maximal point of A with respect to
K if it is a Pareto minimal point for A with respect to −K, that is,
a0 ∈ MIN−K (A).

Theorem 2.1. If we denote the set of all strong K-minimal (ideal)

elements of A by S(A,K) = {a1 ∈ A : a − a1 ∈ K,∀a ∈ A} and

S(A,K) 6= ∅, then MINK (A) = S(A,K).

Proof. Clearly, S(A,K) ⊆ MINK (A). To show that MINK (A) ⊆
S(A,K), let a0 ∈ MINK (A) and ā ∈ S(A,K). Then, a − ā ∈ K for
all a ∈ A and, in particular, a0 − ā ∈ K. But since a0 ∈ MINK (A) we
have ā − a0 = k ∈ K.

Therefore, for every a ∈ A it follows that

a − a0 = a − (ā − k) = (a − ā) + k ∈ K + K ⊆ K.

Hence a0 ∈ S(A,K) as claimed.
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Remark 2.1. It is possible to have S(A,K) = ∅ and MINK (A) =
A. Indeed, for example, if X = RN , K = RN

+ and

A =
{

(xi) ∈ X : xi ≥ 0 whenever i ∈ N and
∑

i∈N

xi = 1
}

,

where N denotes the usual set of natural numbers, then S(A,K) = ∅
and MINK (A) = A.

Let (X,P = {pα : α ∈ I}) be a Hausdorff locally convex space with
the topology induced by a family P of seminorms, being ordered by a
convex cone K and having its topological dual space denoted by X∗.

Definition 2.2 [2]. We say that K is supernormal if for every
seminorm p ∈ P there exists f ∈ X∗ such that p(x) ≤ f(x) for all
x ∈ K.

Remark 2.2. The class of supernormal cones introduced by G.
Isac in 1981 in separated locally convex spaces was initially imposed
by the theory and the applications of the Pareto type efficient points
(especially existence conditions based on completeness instead of com-
pactness were decisive together with the main properties of the efficient
points sets). Many examples, important remarks, pertinent comments
and related topics can be found in [2,3,6-8] and so on.

Definition 2.3. A non-empty set B ⊂ X is K-bounded [5] if there
exists a bounded set B0 ⊂ X such that B ⊆ B0 + K and it is said to
be K-closed [3] if the conical extension B + K is closed.

The next theorem based on supernormality summarizes some of our
existence results for the efficient points and the immediate properties
of the efficient point sets.

Theorem 2.2 [6].
(i) Let A ⊆ B ⊆ A + K. If K is supernormal and B ∩ (A0 − K)

is bounded and complete for some non-empty set A0 ⊆ A then
MINK (A) 6= ∅;

(ii) If X is quasi-complete, that is, every non-empty, bounded and
closed subset of X is complete and K is closed and supernormal,
then for every non-void K-bounded and K-closed subset A we
have:
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MINK (A) 6= ∅, A ⊆ MINK (A) + K = A + K and MINK (A) is
K-bounded and K-closed;
(iii) Under the same hypothesis (ii) imposed on X, MINK (A) 6= ∅

whenever the set B ∩ (A0 − K) is K-bounded and K-closed for
some non-empty set B and A0 ⊆ A ⊂ X with A ⊆ B ⊆ A + K.

Corollary 2.3 [8]. Let A ⊆ B ⊆ A + K. If K is weakly super-
normal and B ∩ (A0 − K) is bounded and weakly complete for some
non-empty set A0 ⊆ A, then MINK (A) 6= ∅.

In particular, if K is a weakly supernormal cone in X and A ∩
(a − K) or (A + K) ∩ (a − K) is bounded and weakly complete for
some a ∈ A, then MINK (A) 6= ∅. When the boundedness and the
weak completeness properties hold for every a ∈ A, then we have the
following domination relation: A ⊆ MINK (A) + K.

Corollary 2.4 [8]. MINK (A) 6= ∅ if one of the following condi-
tions is satisfied:

(i) K is closed, normal, weakly complete and A is weakly closed
such that A ∩ (a − K) is bounded for some a ∈ A. We also have
A ⊆ MINK (A) +K if, under the above hypotheses, A∩ (a−K)
is bounded for every a ∈ A;

(ii) K is closed, normal and A is bounded and weakly complete. The
domination property holds.

(iii) K is closed, normal, weakly complete and A+K is weakly closed
such that (A + K) ∩ (a − K) is bounded for some a ∈ A. The
domination property holds if, in addition, (A + K) ∩ (a − K) is
bounded for any a ∈ A.

The following definition is well known.

Definition 2.4. A pointed convex cone K is well based if it satisfies
one of the next equivalent conditions:

(i) there exists a bounded convex set B such that 0 6∈ B and K =⋃
λ≥0

λ·B, that is, K is generated by a non-empty, convex, bounded

set which does not contain the origin in its closure;
(ii) there exists f ∈ {x∗ ∈ X∗ : x∗(x) ≥ 0,∀x ∈ K} such that for

each pα ∈ P , there exists tα > 0 with pα(x) ≤ 1
tα

· f(x), ∀x ∈ K.
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Remark 2.3. Any convex, closed and pointed cone in an arbitrary

Euclidean space Rk(k ∈ N∗) is supernormal. In every Hausdorff locally

convex space any well based convex cone is supernormal. In general,

the converse is not true, as we can see in the following example: let l1

endowed with the separated locally convex topology generated by the

family {pn : n ∈ N} of seminorms defined by pn(x) =
n∑

k=0

|xk| for every

x = (xk) ∈ l1. Then, the convex cone K = {x = (xk) ∈ l1 : xk ≥ 0
whenever k ∈ N} is supernormal, but it is not well based. In every

normed linear space a convex cone is supernormal if and only if it is

well based.

Corollary 2.5 [8].

(i) If A is a non-empty, bounded and closed subset of X and K

is well based by a complete set, then MINK (A) 6= ∅ and A ⊆
MINK (A) + K;

(ii) If A is a non-empty, bounded and closed subset of a Banach

space ordered by a convex cone K well based by a closed set,

then MINK (A) 6= ∅ and A ⊆ MINK (A) + K.

Remark 2.4. It is obvious that all the above results can be applied
in the study of multicriteria optimization problems with the objective
maps taking values in Hausdorff locally convex spaces ordered by su-
pernormal cones, in particular, in any normal linear (Banach) space.

Definition 2.5 [3]. If G ⊂ X is a non-empty set, then g0 ∈ G is
said to be a best simultaneous approximation for an element x0 ∈ X

by the elements of G with respect to the family P = {pα : α ∈ I} of
seminorms on X (abbreviated, g0 is a P -b. s. a. of x0) when

pα(x0 − g0) ≤ pα(x0 − g) for all g ∈ G and pα ∈ P.

If, in addition, each element x ∈ X possesses at least one P -b. s. a.
in G, then the set G is called P -simultaneous proximinal.

Let us denote by S(x0, G) the set of all P -b. s. a. elements of G for
x0 ∈ X.
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Definition 2.6 [3]. g0 ∈ G is said to be a best vectorial approxi-
mation of x0 by G with respect to P (abbreviated, g0 is a P -b. v. a.
of x0) if

(pα(x0 − g0)) ∈ MINRA
+
{(pα(x0 − g)) : g ∈ G},

where A denotes the power of the set I.

All non-empty subsets of X which contain at least one P -b. v.
a. element for each x ∈ X will be called P -vectorial proximinal. If
one denotes by V (x0, G) the set of all P -b. v. a. elements of G
for x0 ∈ X, then it is obvious that S(x0, G) ⊆ V (x0, G) and, taking
into account Theorem 2.1 it fdllows that S(x0, G) = V (x0, G) whenever
S(x0, G) 6= ∅. In general, the converse of the above inclusion is not valid
even in finite dimensional spaces. For example, let X = Rn(n ∈ N∗)
endowed with the H-locally convex topology generated by the family
P0 = {pi : i = 1, n} of seminorms defined by

pk(x1, x2, · · · , xn) = |xk|, ∀x = (x1, x2, · · · , xn) ∈ X, k = 1, n and

Gα =

{
(x1, x2, · · · , xn) ∈ Rn : xs ≥ 0,∀s = I, n and

n∑

s=1

xs = α

}
,

α ∈ (0,+∞).

Then, S(0, Gα) = ∅ and V (0, Gα) = Gα. With the corresponding
system of seminorms defined in a similar manner for X = RN and

Gβ =
{

(xi) ∈ RN
+ :

∑
i∈N

xi = β

}
(β > 0), it follows also that

S(0, Gβ) = ∅ and V (0, Gβ) = Gβ, ∀β > 0.

3. Splines in H-locally convex spaces

Let (X,P = {pα : α ∈ I}) be a H-locally convex space, that is, a
separated locally convex space with the seminorms satisfying the next
usual parallelogram law [11]:

p2
α(x + y) + p2

α(x − y) = 2[p2
α(x) + p2

α(y)], ∀x, y ∈ X, pα ∈ P.
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All the considerations of this section are presented in accordance
with [3,4,9].

Let us consider a closed linear subspace M of X for which there
exists a H-locally convex space (Y,Q = {qα : α ∈ I}) and a linear
(continuous) operator U : X → Y such that M = {x ∈ X : (x, y)α =
〈Ux,Uy〉α ,∀y ∈ X,α ∈ I}, where (·, ·)α (α ∈ I) denotes the scalar
semiproduct which generates the seminorms Pα ∈ P and 〈·, ·〉α is the
scalar semiproduct generating the seminorms qα ∈ Q, α ∈ I.

The linear subspace of spline functions with respect to U was defined
in [4] as the U-orthogonal of M by M⊥ = {x ∈ X : 〈Ux,Uζ〉α = 0,∀ζ ∈
M,α ∈ I}.

It is clear that M⊥ is the orthogonal of M also in the H-locally
convex sense, that is,

M⊥ = {x ∈ X : 〈x, y〉α = 0,∀y ∈ M}.

The main result concerning connections between the best approxi-
mation and the vectorial optimization is the following.

Theorem 3.1 [9].
(i) if K = RI

+, then for each s ∈ M⊥, every σ ∈ M⊥ is the only
solution of the next vectorial optimization problem:

MINK

({
(qα(U(η − s))) : η ∈ M ⊕M⊥ and η − σ ∈ M

})
.

(ii) for every x ∈ M⊕M⊥ its spline function (projection onto M⊥) sx

is the only solution for each of the following vectorial optimization
problems:

MINK

({
(qα(U(η − x))) : η ∈ M⊥})

;

MINk

({
(pα(x − y)) : y ∈ M⊥})

;

MINK ({(qα(Uy)) : y − x ∈ M}) .

The following numerical examples [3,9] suggest perhaps the possi-
bility of using the above splines in multicriteria decision making for
long-term processes, taking into account their properties of simultane-
ous and vectorial optimal interpolations.
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Example 3.1. Let

X ={f ∈ Cm−1(R) : f (m−1) is locally absolutely

continuous and f (m) ∈ L2
loc(R)} m ≥ 1,

be endowed with the H-locally convex topology generated by the scalar
semiproducts

(x, y)k

=
m−1∑

h=0

[
x(h)(k) · y(h)(k) + x(h)(−k) · y(h)(−k)

]
+

∫ k

−k

x(m)(t) · y(m)(t)dt,

k = 0, 1, 2, · · ·

and y = L2
loc(R) with the H-locally convex topology induced by the

scalar semiproducts

〈x, y〉k =
∫ k

−k

x(t) · y(t)dt, k = 0, 1, 2, · · · .

If U : X → Y is the derivation operator of order m, then

M = {x ∈ H(m)(R) : x(h)(v) = 0,∀h = 0,m − 1, v ∈ Z} and

M⊥

=

{
s ∈ H(m)(R) :

∫ k

−k

s(m)(t)x(m)(t)dt = 0,∀x ∈ M, k = 0, 1, 2, · · ·
}

= {s ∈ H(m)(R) : s/(v,v+1) is a polynomial function of degree

2m − 1 at most, ∀v ∈ Y }

It was proved in [3] that any spline function S such as this is defined
by

S(x) = p(x) +
m−1∑

h=0

c
(h)
1 (x − 1)2m−1

+ +
2m−1∑

h=0

c
(h)
2 (x − 2)2m−1

+

+ · · · +
m−1∑

h=0

c
(h)
0 (−x)2m−1

+ + · · ·
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where u+ =
|u|+ u

2
, ∀u ∈ R, p is a polynomial function of degree

2m − 1 at most perfectly determined together with the coefficients
ch
v(h = 0,m − 1,∀v ∈ Z) by the interpolation conditions.

Therefore, for every function f ∈ X there exists an unique function
denoted by Sf ∈ M⊥ such that S

(h)
f (v) = f (h)(v), ∀h = 0,m − 1,

v ∈ Z. Hence M and M⊥ give an orthogonal decomposition for the
space X, that is X = M ⊕ M⊥.

Example 3.2. Let X = {f ∈ Cm−1(R) : f (m−1) is locally abso-
lutely continuous and f (m) ∈ L2(R)} be endowed with H-locally con-
vex topology induced by the scalar semiproducts (x, y)v = x(v)y(v) +∫
R

x(m)(t)y(m)(t )dt, v ∈ Z, Y = L2(R) with the topology generated

by the inner products 〈x, y〉v =
∫
R

x(t)y(t)dt and U : X → Y be the

derivation operator of order m. Then

M = {x ∈ X : x(v) = 0,∀v ∈ Z} and

M⊥ =
{

s ∈ X :
∫

R

x(m)(t)s(m)(t)dt = 0,∀x ∈ M

}
.

As in Example 3.1, M⊥ coincides with the class of all piecewiese
polynomial functions of order 2m (degree 2m−1 at most) having their
knots at the integer points.

Consequently, for every function f ∈ X, there exists an unique
spline function Sf ∈ M⊥ which achieves an optimal interpolation for f
on the set Z, that is, Sf satisfies the equalities Sf (v) = f(v) for every
v ∈ Z and it is the unique solution for each corresponding optimization
problems contained in Theorem 3.1.

Thus, M ⊕M⊥ = X, that is, M and M⊥ give an orthogonal decom-
position of the space X, M⊥ being again simultaneous and vectorial
proximinal with respect to the family of seminorms generated by the
above scalar semiproducts.

4. Some proposals for the study and analysis of multicrite-
ria decision-making problems
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It is well known that the usual multicriteria decision-making prob-
lems are defined by a set A = {a1, a2, a3, · · · } of alternatives (projects)
and a set G = {gj : j = 1,m} (m ∈ N∗) of criteria. In these conditions,
the performance of any project ai under G is {g1(ai), g2(ai), · · · , gm(ai)}
and one says that the project a is preferred to another project b if
gj(a) ≥ gj(b) for every j = 1,m.

If kj (j = 1,m) denotes the weight of the criteria gj (j = i,m),
then it is clear that any point of strong maximum for the function

F =
m∑

j=1

kj · gj is an optimal project.

Another modality of study is to transform the initial program in
an equivalent Pareto type optimization problem in Rm ordered by the
usual convex and supernormal cone Rm

+ = {t ∈ Rm : t ≥ 0} and to
apply Theorem 2.1 in the first step. If the set of strong solutions is
empty, then one passes to the next step, applying Theorem 2.2; the
selection of the ideal solutions in the efficient points set being achieved
using the thresholds. To do this, we enlarge the intervals of variation
for the performances like as follows:

Variant 1

1.1. if gj(a) > gj(b) ⇒
{

gj(a) → gj(a) + kj · gj(a) = g∗
j (a);

gj(b) → gj(b) − kj · gj(b) = g∗
j (b);

1.2. if gj(a) < gj(b) ⇒
{

gj(a) → gj(a) − kj · gj(a) = g∗
j (a);

gj(b) → gj(b) + kj · gj(b) = g∗
j (b);

1.3. if gj(a) = gj(b) ⇒
{

gj(a) = g∗
j (a),

gj(b) = g∗
j (b).

Variant 2
Let qj be the threshold of indifference and pj be the threshold of

preference for cach criteria gj (j = l,m).
2.1. if |gj(a) − gj(b)| < q, then a = b;

2.2. if |gj(a) − gj(b)| ≤ pj , then
{

gj(a) → gj(a) + kj(pj − qj) · gj(a);
gj(b) → gj(b) − kj(pj − qj) · gj(b);

2.3. if vj ≥ |gj(a)−gj (b)| > pj , then
{

gj(a) → gj(a) + (vj − pj) · gj(a);
gj(b) → gj(b) − (vj − pj ) · gj(b);



122 Vasile Postolică and Antonino Scarelli

and one looks for the set of solutions for the corresponding vectorial op-
timization problem, the selection of “the best solution” being identified
using “the vetto” thresholds vj (j = i,m).

Conclusions
4.1. Pareto type efficiency can be applied for the study of finite (and

not only) dimensional multicriteria decision-making problems, taking
into account the specific background for programs such as these (see
the Variant 1 and Variant 2 in this section).

4.2. The abstract method generating, in particular, cardinal splines
is useful to find optimal interpolation solutions for the long-time decisi-
on-making adequate processes whenever it is known their previous
and/or the present behaviour and one desires to check the further be-
haviour.
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