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1. Introduction

The complementarity theory is dedicated to the study of comple-
mentarity problems. Many complementarity problems are now used
in optimization, game theory, economics, mechanics, engineering, and
others (see [14-16,21,22]).

A particular problem considered in complementarity theory is the
complementarity problem used as mathematical model in the study
of the post critical equilibrium state of a thin elastic plate (see [7,10-
12,16,21,22,26]).

The classical problem considered in this sense is the following: We
have a Hilbert space (H, 〈·, ·〉), (which is a Sobolev space) a closed
convex cone K ⊂ H and an operator T0 : H → H of the form T0 =
I −λL+T , where I is the identity operator, L is a linear operator and
T is a nonlinear operator. In elasticity theory T0 is the classical Von
Karaman’s operator (see [6,7,10-12,16,21]).
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Denoting by K∗ the dual of the cone K, the complementarity prob-
lem (considered in this paper) is:

NCP (T0,K) :
{

find x0 ∈ K such that
T0(x0) ∈ K∗ and 〈x0, T0(x0)〉 = 0.

To include in the mathematical models, new situations related to prac-
tical problems, considered in elasticity theory, some authors considered
the problem NCP (T0,K) with T0 = T1−T2, where T1, T2 satisfy some
special conditions (see [14,18,20-22,26]).

Initially, in our paper [16] we considered K a Galerkin cone and
T0 = I − λL + T (i.e., the Von Karaman’s operator).

The problem to extend the results obtained in [16], to the case when
the space H is a reflexive Banach space, K is a general closed pointed
convex cone and T0 = T1 − T2 has a particular interest. In this sense
several results were obtained in [20] and recently in [26].

In [26] the identity operator is replaced by the duality operator
J : E → E∗. Now, in this paper we present some new existence results
more general as the results obtained in paper [26]. We consider T0 =
T1 − T2 with T1 a nonlinear bounded operator and T2 nonlinear and
demicompletely continuous. Our results are obtained using condition
(S)1+, Altman’s condition as in our paper [20] and the scalar asymptotic
derivative.

Recently, we used the notion of scalar asymptotic derivative in the
study of fixed points on cones [19].

2. Preliminaries

Let (E, || · ||) be a Banach space, E∗ the topological dual of E and
〈E,E∗〉 a duality between E and E∗ defined by a separable bilinear
form 〈·, ·〉 : E×E∗ → R. We will denote by K a closed pointed convex
cone in E, that is, K is a closed non-empty subset of E satisfying the
following properties:

(1) K+K ⊆ K; (2) λK ⊆ K for all λ ∈ R+ and (3) K∩−K = {0}.

The dual cone of K is defined by K∗ = {y ∈ E∗|〈x, y〉 ≥ 0 for all x
∈ K}. We can show that K∗ is a closed convex cone. The weak
topology on E or on E∗ refers respectively to the topology defined
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on E or E∗ by the duality 〈E,E∗〉. We will denote by (w) − lim the
limit with respect to the weak topology. In our results we will suppose
that (E, || · ||) is a reflexive Banach space. We will say that a mapping
T : E → E∗is bounded if for any bounded set B ⊂ E, we have that
T (B) is a bounded set in E∗.

Given a mapping T : E → E∗, the nonlinear complementarity prob-
lem defined by T and a closed pointed convex cone K ⊂ E is

NCP (T,K) :
{

find x∗ ∈ K such that
T (x∗) ∈ K∗ and 〈x∗, T (x∗)〉 = 0.

The problem NCP (T,K) has many applications (see [14-16,18,21,22,26]).
Given a non-empty subset D ⊂ E and a mapping T : E → E∗, the
variational inequality defined by T and D is

V I(T,D) :
{

find x∗ ∈ D such that
〈x − x∗, T (x∗)〉 ≥ 0 for all x ∈ D.

It is well known that if D = K then the problem NCP (T,K) and
V I(T,K) are equivalent [15].

3. Condition (S)1+, Altman’s condition and the scalar as-
ymptotic derivative

The following notion introduced in [20], is useful in this paper.

Definition 1. Let D a subset of E. We say that a mapping
f : D → E∗ satisfies condition (S)1+ if any sequence {xn}n∈N ⊂ D with
(w)− lim

n→∞
xn = x∗, (w)−lim f(xn) = u ∈ E∗ and lim supn→∞〈xn, f(xn)〉 ≤

〈x∗, u〉, has a subsequence {xnk}k∈N convergent to x∗.

Condition (S)1+, its relations with condition (S)+ and its applica-
tions to the study of complementarity problems, were extensively stud-
ied in [8,9,14,20].

In the cited papers are also presented several examples of operators
satisfying condition (S)1+. Condition (S)+ was introduced and studied
by F. E. Browder in [2-5]. It is known that condition (S)+ implies
condition (S)1+ [20].

Now, suppose that a pointed closed convex cone K ⊂ E and two
mappings T1, T2 : K → E∗ are given.
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Definition 2. We say that T2 satisfies Altman’s condition with
respect to T1 for r > 0 (on K) if for every x ∈ K with ‖x‖ = r, we
have 〈x, T2(x)〉 ≤ 〈x, T1(x)〉.

The condition defined in Definition 2 with T1 = I was introduced
by M. Altman in the fixed-point theory [1]. We introduced Altman’s
condition for a couple of operators (T1, T2) in [20] and we used also
this condition in fixed-point theory [18]. In [26] Altman’s condition is
named the acute angle condition.

In this paper we will use also the scalar asymptotic derivative. Re-
cently, in [24,25], S. Z Németh introduced and studied the concept of
scalar derivative in the Euclidean space (Rn, 〈·, ·〉). If f : Rn → Rn is
a function and if there exists the limit

lim
x→x0

〈f(x) − f(x0), x − x0〉
‖x − x0‖2

then, the number f#(x0) := lim
x→x0

〈f(x) − f(x0), x − x0〉
‖x − x0‖2

is called the

scalar derivative of f at the point x0. Considering this notion and
the asymptotic derivative studied by M. A. Krasnoselskii in [23], we
introduced in a Hilbert space, the notion of scalar asymptotic derivative
and we applied this notion to the study of fixed point of nonlinear
mappings on cones [19].

Let f : E → E∗ be a function and L(E,E∗) the vector space of
continuous linear operators. Let K ⊂ E be a closed pointed convex
cone.

Definition 3. We say that T ∈ L(E,E∗) is a scalar asymptotic

derivative of f : E → E∗ along the cone K if lim
‖x‖→∞

x∈K

〈x, f(x) − T (x)〉
‖x‖2

.

It is easy to show that if f has an asymptotic derivative along K in
the sense of Krasnoselskiis notion, then f has also a scalar asymptotic
derivative.

4. Main results
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Let 〈E,E∗〉 be a duality of reflexive Banach spaces, K ⊂ E a
pointed closed convex cone and T1, T2 : E → E∗ two mappings. In
this section we will study some existence theorems for the problem
NCP (T1, T2,K).

Definition 4. We say that the mapping T2 : E → E∗ is demicom-
pletely continuous if the following conditions are satisfied:
(1) T2 is demicontinuous, i.e., for every sequence {xn}n∈N ⊂ E, norm

convergent to an element x∗ ∈ E, {T2(xn)}n∈N is weakly conver-
gent to T2(x∗),

(2) for every bounded sequence {xn}n∈N ⊂ E, a strongly convergent
subsequence exists in {T2(xn)}n∈N .

The following result is useful.

Theorem 1. Let (E, ‖ · ‖) be a reflexive Banach space and T1,
T2 : E → E∗ two mappings. If the following assumptions are satisfied:

(1) T1 is norm continuous, bounded and satisfies condition (S)1+,
(2) T2 is demicompletely continuous,

then, for every non-empty bounded, closed convex set D ⊂ E, the
problem V I(T1 − T2,D) has a solution.

Proof. Denote by Λ the family of all finite dimensional subspaces
F of E such that F ∩ D is non-empty. Consider the family Λ ordered
by inclusion. Denote by h(x) = T1(x) − T2(x) for all x ∈ D and by
D(F ) = D ∩ F for each F ∈ Λ. For each F ∈ Λ we set

AF = {y ∈ D|〈x − y, h(y)〉 ≥ 0 for all x ∈ D(F )}.

For each F ∈ Λ the set AF is non-empty. Indeed, the solution set of
the problem V I(h,D(F )) is a subset of AF . The solution set of the
problem V I(h,D(F )) is non-empty because of the following reason.
Let j : F → E denote the inclusion and j∗ : E∗ → F ∗ the adjoint of j.
By our assumptions we have that

j∗ ◦ h ◦ j : D(F ) → F ∗

is continuous and

〈x − y, (j∗ ◦ h ◦ j)(y)〉 = 〈j(x − y), (h ◦ j)(y)〉 = 〈x − y, h(y)〉,
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for all x, y ∈ D(F ). Applying the classical Hartman-Stampachia theo-
rem [15] to the mapping j∗ ◦h◦ j and the set D(F ), we obtain that the
problem V I(h,D(F )) has a solution. Denote by A

σ

F the weak closure
of AF . We have that,

⋂
F∈A

A
σ

F 6= ∅. Indeed, let A
σ

F1
, A

σ

F2
, · · · , A

σ

Fn
be

a finite subfamily of the family {Aσ

F }F∈A. Let F0 be the finite dimen-
sional subspace in E generated by F1, F2,· · · , Fn. Because Fk ⊂ F0 for
all k = 1, 2, · · · , n, we have that D(Fk) ⊆ D(F0) for all k = 1, 2, · · · ,
n. We have AF0 ⊆ AFk which implies A

σ

F0
⊆ A

σ

Fk
for all k = 1, 2, · · · ,

n and finally we have that
n⋂

k=1

A
σ

Fk
is non-empty. Since D is weakly

compact, we conclude that
⋂

F∈A

A
σ

F 6= ∅.

Let y∗ ∈
⋂

F∈A

A
σ

F , i.e., for every F ∈ Λ, y∗ ∈ A
σ

F . Let x ∈ D be

an arbitrary element. There exists some F ∈ Λ such that x, y∗ ∈ F .
Since y ∈ A

σ

F , there exists a net {yj} ⊂ AF such that {yj} is weakly
convergent to y∗. By Eberlein-Smulian theorem, we can suppose that
the net {yj} is a sequence {yn}n∈N weakly convergent to y∗.

We have 



〈y∗ − yn, h(yn)〉 ≥ 0
and
〈x − yn, h(yn)〉 ≥ 0

or
〈yn − y∗, T1(yn)〉 ≤ 〈yn − y∗, T2(yn)〉 (1)

and
〈x − yn, T1(yn)〉 ≥ 〈x − yn, T2(yn)〉. (2)

By assumption (2) there exists a subsequence of {T2(yn)}n∈N , denoted
again by {T2(yn)}n∈N , strongly convergent to an element u0 ∈ E∗.
From formula (1) we have

lim sup
n→∞

〈yn − y∗, T1(yn)〉 ≤ 0. (3)

Because T1 is bounded, we can suppose (taking eventually a subse-
quence of {yn}n∈N) that {T1(yn)}n∈N is weakly convergent to an ele-
ment ν0 ∈ E∗. Because,

〈yn, T1(yn)〉 = 〈yn − y∗ + y∗, Tn(yn)〉 = 〈yn − y∗, T1(yn)〉+ 〈y∗, T1(yn)〉
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and considering formula (3) we obtain

lim sup
n→∞

〈yn, T1(yn)〉 ≤ 〈y∗, ν0〉.

Hence, by condition (S)1+ we obtain that the sequence {yn}n∈N has
a subsequence, denoted again by {yn}n∈N strongly convergent to y∗.
Because T2 is demicontinuous we have necessarily T2(y∗) = u0. From
inequality (2) we obtain 〈x−y∗, T1(y∗)−T2(y∗)〉 ≥ 0 for all x ∈ D and
the proof is complete.

By using Theorem 1 we obtain the following result.

Theorem 2. Let (E, ‖ · ‖) be a reflexive Banach space, K ⊂ E, a
closed pointed convex cone and T1, T2 : E → E∗ two mappings. If the
following assumptions are satisfied:
(1) T1 is bounded, norm continuous and satisfies condition (S)1+,
(2) T2 is demicompletely continuous on K,
(3) there exists r > 0 such that 〈x, T1(x)〉 ≥ c‖x‖2 for all x ∈ K with

‖x‖ > r and c > 0,
(4) T2 has a scalar asymptotic derivative Ts,∞ such that ‖Ts,∞‖ < c,

then the problem NCP (T1 − T2,K) has a solution.

Proof. For every n ∈ N , denote by Kn = {x ∈ K | ‖x‖ ≤ n}.
Obviously, K =

∞⋃
n=1

Kn. For each n ∈ N , Kn is a bounded closed

convex set. By Theorem 1, the problem V I(T1−T2,Kn) has a solution
yn ∈ Kn, for every n ∈ N . Hence we have

〈x − yn, (T1 − T2)(yn)〉 ≥ 0 for all x ∈ Kn. (4)

If in (4) we put x = 0, we obtain

〈yn, T1(yn)〉 ≤ 〈yn, T2(yn)〉. (5)

The sequence {yn}n∈N is bounded. Indeed, if we suppose that ‖y‖ →
+∞ as n → +∞, then by assumptions (3) and (4) we have (supposing
that ‖yn‖ 6= 0 for all n ∈ N)

c ≤ 〈yn, T1(yn)〉
‖yn‖2

≤ 〈yn, T2(yn)〉
‖yn‖2

=
〈yn, T2(yn) − Ts,∞(yn)〉

‖yn‖2
+

〈yn, Ts,∞(yn)〉
‖yn‖2
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which implies

c ≤ lim sup
‖y‖→+∞

〈yn, T1(yn)〉
‖yn‖2

≤ lim sup
‖y‖→+∞

〈yn, Ts,∞(yn)〉
‖yn‖2

≤ ‖Ts,∞‖ < c,

which is a contradiction.
Because we obtained a contradiction, the sequence {yn}n∈N must

be bounded. By the reflexivity of E and the weak closedness of K,
we know that, there exists a subsequence in {yn}n∈N , denoted again
by {yn}n∈N such that {yn}n∈N is weakly convergent to an element
y∗ ∈ K. Since T1 is bounded, and considering eventually again a
subsequence, we can suppose that {T1(yn)}n∈N is weakly convergent in
E∗ (using another terminology, weakly-star convergent) to an element
u ∈ E∗. Let x ∈ K be an arbitrary element. There exists n0 ∈ N such
that {y∗, x} ⊂ Kn0 and obviously, {y∗, x} ⊂ Kn for all n ≥ n0. From
formula (4) we deduce

〈y∗ − yn, (T1 − T2)(yn)〉 ≥ 0, (6)

and
〈x − yn, (T1 − T2)(yn)〉 ≥ 0, (7)

Because, there exists a subsequence {T2(ynk)}k∈N in {T2(yn)}n∈N

strongly convergent to an element w ∈ E∗ and since

〈y∗ − ynk , T2(ynk )〉 = 〈y∗ − ynk , T2(ynk) −w〉 + 〈w, y∗ − ynk 〉,

we obtain that 〈y∗−ynk , T2(ynk )〉 converges to 0 as k → +∞. Therefore
using (6) we have

lim sup
k→∞

〈ynk − y∗, T1(ynk)〉 ≤ lim sup
k→∞

〈ynk − y∗, T2(ynk )〉 = 0.

From the last inequality and the following equality

〈ynk , T1(ynk )〉 = 〈ynk − y∗, T1(ynk )〉 + 〈y∗, T1(ynk )〉,

we deduce the inequality

lim sup
k→+∞

〈ynk , T1(ynk )〉 ≤ 〈y∗, u〉.
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From the fact that T1 satisfies condition (S)1+ we obtain that {ynk}k∈K

contains a subsequence, denoted again by {ynk}k∈K, strongly conver-
gent to an element, which obviously must be y∗.

Now, computing the limit in (7) and considering the properties of
T1 and T2 we obtain that

〈x − y∗, (T1 − T2)(y∗)〉 ≥ 0 for all x ∈ K,

which implies the solvability of the problem NCP (T1 − T2,K).

Theorem 3. Let (E, ‖ · ‖) be a reflexive Banach space, K ⊂ E,
a closed pointed convex cone. If T1, T2 : E → E∗ are two mappings
satisfying the following assumptions :
(1) T1 is bounded, norm continuous and satisfies condition (S)1+,
(2) T2 is demicompletely continuous on K,
(3) T2 satisfies Altmans condition with respect to T1 for some r > 0

on K, then the problem NCP (T1 − T2,K) has a solution.

Proof. Consider the set Kr = {x ∈ K | ‖x‖ ≤ r}, where r is given
by assumption (3). Obviously, Kr is a bounded closed convex set in
E. By Theorem 1 we obtain an element x∗ ∈ Kr such that

〈x − x∗, (T1 − T2)(x∗)〉 ≥ 0 for all x ∈ Kr. (8)

From (8) we have in particular

〈x∗, T1(x∗)〉 ≤ 〈x∗, T2(x∗)〉. (9)

We shall prove that

〈x∗, T1(x∗)〉 ≥ 〈x∗, T2(x∗)〉. (10)

We have only two possibilities:
(I) ‖x∗‖ = r : In this case (10) is true by assumption (3)(Altman’s

condition).
(II) ‖x∗‖ < r : In this case there exists some λ∗ > 1 such that

x = λ∗x∗ ∈ Kr. Taking x = λ∗x∗ in (8) we obtain that (10) is
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true. Now, let x ∈ K be an arbitrary element. There exists λ > 0
such that λx ∈ Kr and from (8) we have

〈λx − x∗, (T1 − T2)(x∗)〉 ≥ 0,

which implies

0 ≤ 〈λx − x∗, (T1 − T2)(x∗)〉
= 〈λx − [λx∗ + (1 − λ)x∗], (T1 − T2)(x∗)〉
= λ〈x − x∗, (T1 − T2)(x∗)〉.

Therefore, for all x ∈ K, we have

〈x − x∗, (T1 − T2)(x∗)〉 ≥ 0 for all x ∈ K,

which implies that the problem NCP (T1 −T2,K) has a solution.

As an application of Theorem 3 consider the problem NCP (T1 −
λT2,K), where λ is a positive real number. This is a complementarity
problem with eigenvalue. In this case suppose that there exists r > 0
such that

(C) :





inf{〈x, T1(x)〉 | x ∈ K and ‖x‖ = r} = ρ1 > 0
and
sup{〈x, T2(x)〉 | x ∈ K and ‖x‖ = r} = ρ2 > 0

In this case we have the following result.

Corollary. Let (E, ‖ · ‖) be a reflexive Banach space, K ⊂ E, a
closed pointed convex cone. If T1, T2 : E → E∗ are two mappings
satisfying the following assumptions :
(1) T1 is bounded, norm continuous and satisfies condition (S)1+,
(2) T2 is demicompletely continuous on K,
(3) T1 and T2 satisfies condition (C), then for any λ such that 0 <

λ ≤ ρ1

ρ2
the problem NCP (T1 − λT2,K) has a solution which is

not the trivial solution if T1(0) − λT2(0) 6∈ K∗.
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Proof. It is sufficient to remark that all the assumptions of Theorem
3 are satisfied.

Comments. We presented in this paper some existence results re-
lated to some complementarity problems considered in elasticity. Our
results are existence results for the nonlinear complementarity problem
in a general reflexive Banach space, defined by a general cone and a
demicompletely continuous perturbation of an operator satisfying con-
dition (S)1+. This paper can be considered as a starting point for new
extensions to more general situations of the results obtained recently
by K. Lan and J. Webb [26].
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