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ON THE STABILITY AND STABILIZABILITY
OF NONLINEAR DYNAMICAL SYSTEMS
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Hanoi, Vietnam

Abstract. In this paper, the stability and stabilizability of nonlin-

ear systems described by both discrete and continuous-time equa-

tions are studied. Sufficient conditions for asymptotic stability and

stabilizability of the systems with more general comparable condi-

tions are established.

1. Introduction

The stability analysis of dynamical systems has been widely stud-
ied, see, for example, [1,2,5,7,9,15]. There are some developments have
been dealt with searching the stability conditions for nonlinear systems,
see, for example [4,6] for linear systems, [3,8,10-12,14] for semilinear,
bilinear and nonlinear systems, etc. But the stability analysis of the
nonlinear systems was mostly studied by using the Lyapunov function,
which is, in many cases, difficult to find. The purpose of this paper is
twofold. Firstly, we give new sufficient conditions for asymptotic sta-
bility of a class of nonlinear discrete-time retarded systems with more
general comparable conditions without using the Lyapunov function.
Secondly, as an application, considering the delay argument as a con-
trol argument, the results are applied to the stability of discrete-time
control systems with nonlinear feedback controls.
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Moreover, based on solving the Lyapunov equation, we establish a
sufficient condition for asymptotic stabilizability of a class of semilinear
continuous-time control systems with linear feedback controls.

2. Notations and definitions

Let us first define some notations and definitions that will be used
throughout the paper. Rn - the n demensional Euclidean vector space;
R1

+ - the set of all non-negative real numbers; Z+ - the set of all non-
negative integers; ‖x‖ - the Euclidean norm of vector x ∈ Rn; ‖A‖ -
the norm of matrix A, A′− transpose of A.

Consider a nonlinear system described by either differential equa-
tions

ẋ(t) = f(t, x(t)), t ≥ 0, (1)

or by discrete-time equations

x(k + 1) = f(k, x(k)), k ∈ Z+, (2)

where x(·) ∈ Rn, f(·, x) : · × Rn → Rn is a given nonlinear function
satisfying f(·, 0) = 0.

Definition 2.1. The zero solution of system (1) is called stable if
for every ε > 0 there is a number δ > 0 such that any solution x(t, x0)
with the initial condition x(0) = x0, ‖x0‖ < δ satisfies ‖x(t, x0)‖ < ε
for all t > 0.

Definition 2.2. The system (1) is called asymptotically stable if
the zero solution is stable and there exists a number δ > 0 such that
‖x0‖ < δ implies ‖x(t, x0)‖ → 0 when t → ∞.

The same definitions of the stability are applied to the discrete-time
system (2).

Consider nonlinear control systems of the form

ẋ(t) = f(t, x(t), u(t)), t ≥ 0, (3)

where x ∈ Rn, u ∈ Rm.



On the stability and stabilizability of nonlinear dynamical systems 67

Definition 2.3. Control system (3) is asymptotically stabilizable
by feedback control u(t) = Kx(t), where K is (m × n)−matrix, if the
system ẋ(t) = f(t, x(t),Kx(t)) is asymptotically stable.

3. Stability results

Consider a class of nonlinear discrete time-varying system with de-
lays of the form

x(k + 1) = f(k, x(k), x(k − r)), k ∈ Z+, (4)

where x ∈ Rn, r > 0, f(k, 0, 0) = 0, for all k ∈ Z+.

We shall consider the system with the following initial conditions:

x(k) = x0
k, k = −r, −r + 1, · · · , −1, 0.

For the system (4), the following assumption is made on the function
f(·) :

‖f(k, x, y)‖ ≤
m∑

i=1

αi‖x‖pi‖y‖qi , (5)

where m ∈ Z+, αi > 0, pi ≥ 0, qi ≥ 0 : p1 + q1 < ... < pm + qm, i =
1, 2, . . . , m.

Theorem 3.1. We assume the condition (5). The system (4) is
asymptotically stable if one of the following two conditions holds:

a) p1 + q1 > 1 and α1 > 0.
b) p1 + q1 ≥ 1 and 0 < α1 < 1.

Proof. a) Let ε > 0 and let 0 < δ < ε be chosen later and x(k) =
x0

k, k = −r, . . . , 0, such that ‖x0
k‖ < δ, k = −r, ..., 0. We first note that

from the condition p1 + q1 > 1, one can take a number s > 0 such that
1 < s < p1 + q1. Taking δ > 0 small enough such that

m∑

i=1

αiδ
p1+q1−s ≤ 1.
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Let k = 1, we have

‖x(1)‖ = ‖f(0, x(0), x(−r))‖

≤
m∑

i=1

αi‖x(0)‖piδqi

≤ δs
m∑

i=1

αiδ
pi+qi−s

≤ δs
m∑

i=1

αiδ
p1+q1−s ≤ δs.

For k = 2 we have

‖x(2)‖ = ‖f(1, x(1), x(1 − r))‖

≤
m∑

i=1

αi‖x(1)‖pi‖x(1 − r)‖qi ≤
m∑

i=1

αiδ
s.pi+qi .

Since s > 1, δ < 1 we have δspi ≤ δpi . Then

‖x(2)‖ ≤ δs
m∑

i=1

αiδ
pi+qi−s

≤ δs
m∑

i=1

αiδ
p1+q1−s ≤ δs.

By the same arguments above, we obtain

‖x(k)‖ ≤ δs, ∀k = 1, 2, . . . , r + 1.

We now estimate the solution at k = r + 2 :

‖x(r + 2)‖ = ‖f(r + 1, x(r + 1), x(1))‖

≤
m∑

i=1

αi‖x(r + 1)‖pi‖x(1)‖qi ≤
m∑

i=1

αiδ
spi+sqi

≤ δs2
m∑

i=1

αiδ
s(pi+qi−s).
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Again, since δ < 1, s > 1, we have δs(pi+qi−s) ≤ δpi+qi−s, and then

‖x(r + 2)‖ ≤ δs2
m∑

i=1

αiδ
pi+qi−s ≤ δs2

m∑

i=1

αiδ
p1+q1−s.

Therefore, ‖x(r + 2)‖ ≤ δs2
, and, analogously we obtain

‖x(k)‖ ≤ δs2
, k = r + 2, ..., 2(r + 1).

It is easy to check that for k = 2r+3, ..., 3(r+1), we have the following
estimation ‖x(k)‖ ≤ δs3

. Let us now denote Ik,r the set of all integers
of the segment [k(r + 1) − r, k(r + 1)]. Therefore, by induction we can
claim that for all k ∈ Z+ :

‖x(i)‖ ≤ δsk

, ∀i ∈ Ik,r.

Since sk → ∞, and since δ < 1 we always have limk→∞ ‖x(k)‖ = 0,

which proves the asymptotic stability of system (4).

The case b) is proved by the same arguments that used in the proof
of Theorem 1 of [13] with the assumption α1 < 1.

In the case when the numbers αi depend on k, based on the proof
of Theorem 3.1 we can replace the condition (5) by the following

‖f(k, x, y)‖ ≤
m∑

i=1

αi(k)‖x‖pi‖y‖qi . (6)

Theorem 3.2. The retarded system (4) satisfying condition (6),

where pi, qi > 0 is asymptotically stable if

lim
k→∞

αi(k) = 0, i = 1, 2, ...,m.
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Remark 3.1. It is worth to note that the comparable condition
used in [14]:

‖f(k, x, y)‖ ≤
m∑

i=1

αi‖x‖pi +
n∑

i=1

βi‖y‖qi ,

is a special case of the the condition (5) if we put M = m + n and

Pi =
{

pi if i = 1, 2, ...,m

0 if i = m + 1, ...,M,

Qi =
{ 0 if i = 1, ...,m

qi if i = m + 1, ...,M,

ηi =
{

αi if i = 1, ...,m

βi if i = m + 1, ...,M,

we then reduce to the condition (5) as

‖f(k, x, y)‖ ≤
M∑

i=1

ηi‖x‖Pi‖y‖Qi .

Example 3.1. Consider a nonlinear retarded system in R3 of the
form 




x1(k + 1) = a1x1(k)x2(k − r),
x2(k + 1) = a2x2(k)x3(k − r),
x3(k + 1) = a3x3(k)x1(k − r),

where a1, a2, a3 > 0, r ≥ 0. The system is asymptotically stable by
Theorem 3.1 since

‖f(k, x(k), x(k − r))‖ ≤ (a2
1 + a2

2 + a2
3)

1/2‖x(k)‖‖x(k − r)‖,

and the condition (5) holds for m = 1, α1 = (a2
1+a2

2+a2
3)

1/2, p1+q1 =
2 > 1.
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4. Stabilizability results

We now consider the delay argument x(k−r) as an output feedback
control, consider the following discrete-time closed-loop control system
of the form

x(k + 1) = f(k, x(k), u(k)), k ∈ Z+, (7)

y(k) = H(k)x(k), u(k) = g[y(k)], (8)

where x ∈ Rn, u ∈ Rm, y ∈ Rq, q ≤ n;H(k) − (q × n) matrix; g(·) :
Rq → Rm, g(0) = 0, f(k, 0, 0) = 0, for all k ∈ Z+.

The problem is to find the output feedback in the form (8) satisfying

‖g(y)‖ ≤ α0‖y‖l, (9)

such that the zero solution of the system without control:

x(k + 1) = f(k, x(k), g[H(k)x(k)]), k ∈ Z+,

is asymptotically stable. The following theorem gives a criterion for
asymptotical stability of control system (7).

Theorem 4.1. We assume that

‖f(k, x, u)‖ ≤
m∑

i=1

αi(k)‖x‖pi‖u‖qi ,

where pi ≥ 0, qi ≥ 0 : p1 + q1 < p2 + q2 < ... < pm + qm;αi(k) :
Z+ → R1

+, i = 1, 2, . . . m. The system (7) is asymptotically stable by
the output feedback control u(k) = g[H(k)x(k)], where g(·) satisfies
the condition (9) with α0 > 0, l > 0 if

lim
k→∞

m∑

i=1

αi(k)αqi

0 ‖H(k)‖lqi = 0.

Moreover, in the case when numbers αi(k) are constants, i.e., αi(k) :=
αi, the system is asymptotically stable if either p1+lq1 > 1 or p1+lq1 ≥
1 and 0 < α1α

q1
0 supk∈Z+ ‖H(k)‖lq1 < 1.
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Proof. We have the following obvious estimation

‖f(k, x, u)‖ = ‖f(k, x, g(Hx))‖

≤
m∑

i=1

αi(k)‖x‖pi‖g(Hx)‖qi

≤
m∑

i=1

αi(k)‖x‖piαqi

0 ‖H(k)‖lqi‖x‖lqi =
m∑

i=1

βi(k)‖x‖pi+lqi,

where
βi(k) = αi(k)αqi

0 ‖H(k)‖lqi .

Therefore, the proof is followed from Theorems 3.1.

Example 4.1. Consider the following control system

x(k + 1) = 1/k‖x(k)‖−1/3x(k) + kB(k)u(k), k ∈ Z+,

where x(k) ∈ Rn, u(k) ∈ Rm, B(k) is an arbitrary (n×m) matrix with
‖B(k)‖ ≤ 1. We take the output feedback control of the form

u(k) = 1/(k2 + 1)‖x(k)‖−1/2B(k)x(k).

It is easy to check that the system is asymptotically stable by this
feedback control, since

‖f(k, x, u)‖ ≤ 1/k‖x(k)‖2/3 + k/(k2 + 1)‖x(k)‖1/2.

For some special type of nonlinear control system (3), we shall show
that the system can be stabilizable by some linear feedback control. For
this, we consider a class of semilinear continuous-time control systems
of the form

ẋ(t) = Ax(t) + Bu(t) + f(x(t), u(t)), t ≥ 0, (10)

where x ∈ Rn, u ∈ Rm, f(x, u) : Rn × Rm → Rn is a some given
nonlinear purturbation function satisfying the following comparable
condition

‖f(x, u)‖ ≤ a‖x‖ + b‖u‖, ∀(x, u) ∈ (Rn × Rn), (11)
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for some a > 0, b > 0. In the sequel, we denote by LPDO the set of
all positive definite symmetric matrices. Let us consider the Lyapunov
matrix equation of the form

A′Q + QA = −P. (12)

It is well-known from [1,15] that the matrix A is asymptotically
stable in the Lyapunov sense (i.e., the real part of all eigenvalues of A
is negative) if and only if for every P ∈ LPDO, the Lyapunov equation
(12) has a solution Q ∈ LPDO.

Theorem 4.2. Assume the condition (11). Let P,Q ∈ LPDO be
the matrices satisfying the Lyapunov equation (12) such that 〈Px, x〉 ≥
α‖x‖2, for x ∈ Rn, α > 0. The nonlinear control system (10) is asymmp-
totically stabilizable by the feedback control u(t) = −βB′Qx(t) if

0 < β <
α − 2a‖Q‖
2b‖B‖‖Q‖2.

(13)

Proof. Let x(t, x0) be any solution of system (10). Let Q ∈ LPDO
be a solution of the Lyapunov equation (12). We consider the Lyapunov
function of the form

V (x(t, x0)) = 〈Qx(t, x0), x(t, x0)〉.

We have

d

dt
V (x) = 〈Qẋ, x〉 + 〈Qx, ẋ〉

= 〈Q(Ax − βBB′Qx, x〉 + 〈Qx,Ax − βBB′Q + f(x, u)〉
= −〈Px, x〉 − β〈QBB′Qx, x〉 − β〈Qx,BB′Qx〉

+ 〈Qf(x, u), x〉 + 〈Qx, f(x, u)〉.

Since Q is symmetric, using the condition (11), (13) we get the following
estimation

d

dt
V (x) ≤ −α‖x‖2 − 2β‖B′Qx‖2 + 2‖Q‖(a‖x‖ + bβ‖B′‖‖Q‖‖x‖)‖x‖

≤ −(α − 2bβ‖Q‖2‖B‖ − 2a‖Q‖)‖x‖2.
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Consequently,
d

dt
V (x) ≤ −δ‖x‖2, (14)

where
δ =

(
α − 2bβ‖Q‖2‖B‖ − 2a‖Q‖

)
> 0.

Therefore, from (14) it follows that

V (x(t, x0)) − V (x0) ≤ −δ

∫ t

0

‖x(s, x0)‖2ds,

and hence ∫ t

0

‖x(s, x0)‖2ds ≤ V (x0)
δ

.

Letting t → ∞ in the above relation we get

∫ ∞

0

‖x(t, x0)‖2ds < +∞,

which shows, by the classical stability Lyapunov theorem [15, p. 222],
the system (10) is asymptotically stable.
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