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Abstract. We consider the existence of solutions for some kind of

variational inequality problems in nonreflexive Banach spaces.

I. Introduction

Let X be a real Banach space, T : X → X∗ (the dual space of X) be
an operator, K ⊂ X be a set and η : K ×K → X be an operator. The
so-called generalized variational inequality problem is to find a y0 ∈ K
such that

(1.1) 〈Ty0, η(x, y0)〉 ≥ 0 for all x ∈ K.

It is known that the existence of solutions to variational inequality
problems (1.1) for η(x, y) = x − y have been considered in reflexive
Banach spaces [2, 4, 6, 7, 10], and in nonreflexive Banach spaces [3, 11,
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12]. The purpose of this paper is to study the existence of solutions
to variational inequality problems (1.1) in nonreflexive Banach spaces.
We first consider the notion of (η, θ)-pseudomonotonicity, which gen-
eralizes the monotonicity in [3] and the strong pseudomonotonicity in
[11]. Then we establish some results associated to nonlinear variational
inequality problems in nonreflexive Banach spaces, which generalizes
and extends the existence theorems considered in [3] and [11], respec-
tively.

Throughout this paper X is a real nonreflexive Banach space with
the dual X∗ and X∗∗ is the dual of X∗. And T : K → X∗ is an
operator and η, θ : K × K → X∗∗ are operators, where K is a subset
of X∗∗.

Definition 1.1. T is said to be (η, θ)-pseudomonotone if there ex-
ists a constant r such that for all x, y ∈ K,

〈Ty, η(x, y)〉 ≥ 0 implies 〈Tx, η(x, y)〉 ≥ r‖θ(x, y)‖2 ,

where ‖ · ‖ denotes the norm.

Remark. For η(x, y) = x − y and r > 0, T is called strongly pseu-
domonotone [11], and for η(x, y) = x − y and r = 0, T is called pseu-
domonotone [1]. It is well known that the pseudomonotonicity is a
generalized concept of the monotonicity (See [3]).

Definition 1.2. The operator T is said to be hemicontinuous at
x0 ∈ K, if for any y ∈ X∗∗ and for any t ∈ (0,+∞) with x0 + ty ∈ K,
when t → 0+, we have

〈T (x0 + ty), z〉 → 〈Tx0, z〉 for all z ∈ X∗∗.

Definition 1.3. The operator T is said to be finite-dimensional
continuous if for any finite-dimensional space F of X∗∗ with KF :=
K ∩F nonempty, T : K ∩F → X∗ is continuous in the norm topology.

2. Main Results

We present some results involving (η, θ)-pseudomonotone hemicon-
tinuous operators, which generalize those for the nonlinear variational
inequality problems involving strongly pseudomonotone operators and
extend those for the nonlinear variational inequality problems involv-
ing pseudomonotone operators in nonreflexive Banach spaces. The
following theorem generalizes [11], and extends [3] and [12].
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Theorem 2.1. Let X be a real nonreflexive Banach space and K a
convex subset of X∗∗. Let T : K → X∗ be an (η, θ)-pseudomonotone
hemicontinuous operator and η, θ : K × K → X∗∗ be operators such
that

(i) η(x, x) = 0 and θ(x, x) = 0 for all x ∈ K,

(ii) for each y ∈ K, x 7−→ η(x, y) and x 7−→ θ(x, y) are affine.
Then the following nonlinear variational inequality problems are

equivalent:
(2.1) find an x0 ∈ K such that 〈Tx0, η(x, x0)〉 ≥ 0 for all x ∈ K,
(2.2) find an x0 ∈ K such that 〈Tx, η(x, x0)〉 ≥ r‖θ(x, x0)‖2 for all

x ∈ K,

where r is the (η, θ)-pseudomonotonicity constant of T .

Proof. (2.2) follows from (2.1) by the definition of (η, θ)-pseudom-
onotonicity of T .

Conversely, suppose that (2.2) holds and set xt = x0 + t(x − x0),
where x ∈ K and t ∈ [0, 1]. Then xt lies in K, and we have

〈Txt, η(xt, x0)〉 ≥ r‖θ(xt , x0)‖2,

or
t 〈Txt, η(x, x0)〉 + (1 − t) 〈Txt, η(x0, x0)〉

≥ r
{
‖t θ(x, x0) + (1 − t) θ(x0, x0)‖2

}
,

or
〈Txt, η(x, x0)〉 ≥ rt‖θ(x, x0 )‖2.

As t → 0+, Txt → Tx0 weakly by the hemicontinuity of T , and thus

〈Tx0, η(x, x0)〉 ≥ 0 for all x ∈ K.

Corollary 2.2. Putting η(x, y) = x−y for all x, y ∈ K, we obtain
[11, Theorem 2.1] and [12, Lemma 1] as corollaries.

We are now in a position to give the main result dealing with the
solvability of the variational inequality (2.1) involving (η, θ)-pseudomo-
notone operators.
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Theorem 2.3. Let X be a real nonreflexive Banach space and K
a nonempty bounded closed convex subset of X∗∗. Let T : K → X∗

be an (η, θ)-pseudomonotone operator and η, θ : K × K → X∗∗ be
operators such that

(i) η(x, x) = 0 and θ(x, x) = 0 for all x ∈ K,
(ii) for each y ∈ K, x 7−→ η(x, y) and x 7−→ θ(x, y) are affine,
(iii) for each x ∈ K, y 7−→ η(x, y) and y 7−→ θ(x, y) are continuous.
If T is finite-dimensional continuous, then there exists an x0 ∈ K

such that
〈Tx0, η(x, x0)〉 ≥ 0 for all x ∈ K.

A detailed proof of Theorem 2.3 can be found in [9]. Now we show
the sketch of the proof.

Sketch of Proof. For each finite-dimensional subspace F of X∗∗

with F∩K = KF nonempty, we first show that the following variational
inequality problem has a solution in KF by modifying the arguments
of Hartman-Stampacchia in [7]; find u in KF such that

〈Tu, η(x, u)〉 ≥ 0 for all x ∈ KF .

In fact, define a multifunction G : KF → 2F by for each y ∈ KF ,

Gy := {x ∈ KF : 〈Tx, η(y, x)〉 ≥ 0}.

First, we can show that G is a Knaster-Kuratowski-Mazurkiewicz
(shortly, KKM)-map [5, 8].

Next, we show that Gy is closed in F for all y ∈ KF .
Moreover Gy is compact from the compactness of KF . By Knaster-

Kuratowski-Mazurkiewicz theorem (KKM-theorem) [5, 8],
⋂

x∈KF

Gx is

nonempty.
Letting u0 ∈

⋂
x∈KF

Gx, we have

〈Tu0, η(x, u0)〉 ≥ 0 for all x ∈ KF .

Using the (η, θ)-pseudomonotonicity and finite-dimensional continu-
ity of T , by Theorem 2.1 we have that

〈Tx, η(x, u0)〉 ≥ r‖θ(x, u0)‖2 for all x ∈ KF .
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Letting = = {F ⊂ X∗∗ : dim(F ) is finite and F ∩ K is nonempty},
and associating each F ∈ = with a set

WF = {x0 ∈ KF : 〈Tx, η(x, x0)〉 ≥ r‖θ(x, x0)‖2 for all x ∈ KF }.

We know that {W ∗
F : F ∈ =} has the nonempty intersection by using

the Banach-Alaoglu Theorem and the finite intersection properity; i.e.,
⋂

F∈=

W
∗
F is nonempty,

W
∗
F is the weak∗-closure of F .
Take x0 ∈

⋂
F∈=

W
∗
F . Since each F ∈ = is closed in the weak∗-

topology, x0 ∈ F for each F ∈ =.
Next we prove that

〈Tx, η(x, x0)〉 ≥ r‖θ(x, x0 )‖2 for all x ∈ K.

Hence by the viewness of Theorem 2.1, we arrive at

〈Tx0, η(x, x0)〉 ≥ 0 for all x ∈ K.

The following two theorems can be obtained from Theorem 2.3 as
corollaries.

Corollary 2.4[11]. Let X be a real nonreflexive Banach space,
K a nonempty bounded closed convex subset of X∗∗ and T : K →
X∗ a strongly pseudomonotone operator. If T is finite-dimensional
continuous, then there exists a unique x0 in K such that

〈Tx0, x − x0〉 ≥ 0 for all x ∈ K.

Corollary 2.5[3]. Let X be a real nonreflexive Banach space, K
a nonempty bounded closed convex subset of X∗∗, and T : K → X∗

a monotone operator. If T is finite-dimensional continuous, then there
exists an element x0 ∈ K such that

〈Tx0, x − x0〉 ≥ 0 for all x ∈ K.
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