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Abstract. In this paper we give a fixed point theorem of a non-
lipschitzian, local power condensing map on a bounded metric space.

1. Introduction
A metric space (M,d) is called hyperconvex if for any collection

{B(xα; rα)} of closed balls in M for which d(xα, xβ) ≤ rα + rβ,

∩αB(xα; rα) 6= ∅.

The notion is due to Aronszajn and Panitchpakdi in [1], where it is
shown that such a space is a nonexpansive retract of any metric space
in which is isometrically embedded. It is also known in [7] that every
metric space can be isometrically embedded in a hyperconvex space
- its so-called injective hull. The fixed point theorem for a nonex-
pansive map of a bounded hyperconvex metric spaces was obtained
independently by Soardi [27] and Sine [26]. However more is true (see
[2],[5],[21]). It was well-known by Prus (see also [10]) that the assump-
tion bounded is essential. For an example, let T : `∞ → `∞ be defined
by

T (x1, x2, · · · ) = (1 + Lim(xn), x1, x2, · · · )
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for each (xn) ∈ `∞, where Lim denotes a Banach limit on `∞. Then it
is easy to see that the orbit of 0 is bounded and T is an isometry and
fixed point free. For other recent facts about hyperconvex spaces see,
e.g., [10], [18] and [19].

Let (M,d) be a metric space and let χ denote the usual Kuratowski
measure of noncompactness on M . Thus for each nonempty bounded
A ⊆ M :

χ(A) = inf{ε > 0 : ∃n such that A ⊆ ∪n
i=1Ai where diam(Ai) < ε}.

Recall that a mapping T : M → M is condensing if T is continuous
and if χ(T (A)) < χ(A) for each A ⊆ M for which χ(A) > 0. For more
properties of χ, see also [3] or [6]. A celebrated theorem of Sadovskii
[25] asserts that if K is a bounded closed convex subset of a Banach
space, then every condensing self-mapping of K has a fixed point in
K. For simplicity, we say that T : M → M is power condensing if it is
continuous and if there exists a n ∈ N such that Tn is condensing, where
N denotes the set of positive integers. We also say that T : M → M is
local power condensing [8], i.e., T is continuous and for each bounded
set A with χ(A) > 0, there exists an integer n = n(A) such that
χ(Tn(A)) < χ(A).

As an application of Sadovskii’s theorem and the well-known fact
that every complete metric space can be isometrically embedded as a
closed subset of a Banach space, Kirk and Shin [18] recently observed
that any condensing mapping T of a bounded hyperconvex metric space
(M,d) always has a fixed point. It seems natural to ask if any local
power condensing mapping T : M → M has a fixed point as well. In
section 2 we shall first give some basic definitions and some lemmas
which are crucial for the proof of our main theorem 3.1. In section
3 we shall give a fixed point theorem in more general settings, and
as a direct consequence, a partial answer about this question on a
bounded hyperconvex metric space (M,d), that is, if a mapping T :
M → M is both of asymptotically nonexpansive type and local power
condensing, it has a fixed point. Finally in section 4, we shall give some
recent developments due to Kim-Kirk [11] on ultrametric spaces, which
improves the results due to Petalas-Vidalis [23] and Prieß-Crampe [24].

2. Basic definitions and some lemmas
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Let (M,d) be a bounded metric space. A family Σ of subsets of M
is called a convexity structure if

(i) ∅,M ∈ Σ;
(ii) Σ is closed under arbitrary intersections.

Throughout we shall use the symbol B(x; r) to denote the closed
ball centered at x ∈ M with radius r ≥ 0, and we shall always assume
that:

(iii) Σ contains the closed balls of M .

For a subset A of M, set

cov(A) = ∩{B(x; r) : x ∈ M and A ⊆ B(x; r)}.

A subset A of M is said to be admissible if A = cov(A), i.e., if A is an
intersection of balls of M. The family of all admissible sets of M will
be denoted by A(M). The family A(M) of admissible subsets of M is
a convexity structure which satisfies (i) – (iii). Following [22] we say
that a convexity structure is compact (resp., countably compact) if each
descending chain (resp., sequence) of nonempty sets in Σ has nonempty
intersection. Also, a convexity structure is said to be normal if each
nonempty set D ∈ Σ with diam(D) > 0 contains a nondiametral point,
that is, there exists a point p ∈ D such that

sup{d(p, x) : x ∈ D} < diam(D) := sup{d(x, y) : x, y ∈ D}.

Note specifically that the definition of normal used here and else-
where in metric fixed point theory differs markedly from the one com-
monly used both in topology and in the study of abstract convexity
structures (e.g., see [4], [28]).

Penot observed in [22] that a fairly straightforward modification of
the proof of [13] yields the following:

Theorem 2.1. If (M,d) is a bounded metric space which possesses
a convexity structure which is compact and normal, then every nonex-
pansive mapping T : M → M has a fixed point.

Subsequently, Kirk proved in [16] (also see [17]) that countable com-
pactness suffices for this result; and in fact Kulesza and Lim [20] have
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quite recently shown that a normal convexity structure is compact if
and only if it is countably compact.

Note that every compact operator (completely continuous mapping)
or contractions are condensing. Futhermore, if T1 is a contraction
mappging with Lipschitz constant k < 1 and T2 is a compact mapping,
then T = T1 + T2 is a k-set contraction and hence also condensing.
Immediately, we give a question raised by Sadovskii’s theorem [25].

Question. Let (M,d) be a bounded metric space which possesses
a convexity structure which is compact and normal. Does every con-
densing mapping T : M → M have a fixed point?

Recently, Kirk-Shin observed a positive answer on hyperconvex spaces.

Theorem 2.2 [18]. Any condensing mapping T of a bounded hy-
perconvex metric space (M,d) always has a fixed point.

In section 3, we shall give a partial solution of the above question.
For our argument we first need two basic lemmas below.

For a bounded subset A ⊆ M and H ⊆ M , we set

rx(A) = sup{d(x, a) : a ∈ A}, x ∈ M ;

rH (A) = inf{rx(A) : x ∈ H};
CH(A) = {z ∈ H : A ⊆ B(z; rH (A))}.

Note that if D,H ⊆ M , rH(D) = rH(cov(D)) and diam(D) =
diam(cov(D)) (see [10]).

It is well-known that the convex hull conv(D) of a compact set D
of Banach space X is always compact. Then it is easy to show that
if D is a compact convex subset of a closed convex set H, H ⊆ X,
and if diam(D) > 0, then rH(D) < diam(D), in particular, CH(D) is
a (nonempty and convex) proper subset of H. However, in a discrete
metric space (M,d), the admissible set cov(D) ∈ A(M) of any finite
set D ⊆ M with diam(D) > 0 is in general not compact because
cov(D) = M . But we can similarly obtain the following alternative in
more general metric settings.
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Lemma 2.1 [12]. Let (M,d) be a bounded metric space for which

A(M) is compact and normal. Suppose D be a subset of H ∈ A(M). If

diam(D) > 0, then diam(CH(D)) < diam(D). In particular, CH(D)
is a nonempty proper subset of H.

Let (M,d) be a bounded metric space. Recall that T : M → M

is said to be a mapping of asymptotically nonexpansive type (simply
a.n.t.) [14] if for each x ∈ M ,

lim sup
n→∞

{ sup
y∈M

[d(Tnx, Tny) − d(x, y)]} ≤ 0.

And a mapping T : M → M is said to be lipschitzian if for each
n ∈ N, there exists a real number kn such that d(Tnx, Tny) ≤ knd(x, y)
for every x, y ∈ M . T is said to be asymptotically nonexpansive [5]
if limn→∞ kn = 1. Note that if T is a lipschitzian mapping with
lim supn→∞ kn ≤ 1, it is obviously of a.n.t.

For each x ∈ M , we set

ω(x) := {y ∈ K : y = lim
k→∞

Tnkx for some subsequence {nk} as n → ∞},

ω(x) is called the ω-limit set of x.

The following result is due to Kirk and Torrejón [15].

Lemma 2.2. Let (M,d) be a metric space and let T : M → M be a

continuous mapping of asymptotically nonexpansive type. Suppose for

given x ∈ M , the orbit {Tnx}∞n=0 of x under T is precompact. Then,

(1) for each z ∈ ω(x), ω(x) = ω(z) 6= ∅;
(2) T maps ω(x) isometrically onto ω(x).

3. Fixed point theorems

Our main result is the following.
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Theorem 3.1. Suppose (M,d) is a bounded metric space for which
A(M) is compact and normal. If a mapping T : M → M is of asymp-
totically nonexpansive type and local power condensing, then T has a
fixed point.

Proof. We follows the lines of the proof in [12]. On setting A :=
{T kx}∞k=1, we have for each n ∈ N,

χ(Tn(A)) = χ({Tn+kx}∞k=1) = χ(A).

Since T is local condensing, it must be χ(A) = 0, and hence A =
{T kx}∞k=1 is precompact and so ω(x) 6= ∅. The remaining proof is the
same as in [12]. However, for the sake of completeness we give the
detail proof.

A routine application of Zorn’s lemma yields a subset H of M which
is minimal with respect to being nonempty in A(M), and having the
following property;

[ x ∈ H =⇒ ω(x) ⊆ H ].

If diam(H) = 0, ω(x) must be a singleton set, say {z}. By Lemma 2.2,
since T : ω(x) → ω(x) is onto, z is a fixed point of T . Assume that
diam(H) > 0 and diam(ω(x)) > 0. Consider

CH(ω(x)) = ∩u∈ω(x)B(u; rH(ω(x))) ∩ H.

Since H ∈ A(M), obviously CH(ω(x)) ∈ A(M). Now we claim that
if z ∈ CH(ω(x)), then ω(z) ⊆ CH(ω(x)). To this end, for y ∈ ω(z)
it must be that y ∈ ∩u∈ω(x)B(u; rH (ω(x))). In fact, if y ∈ ω(z) and
u ∈ ω(x), there exists a subsequence {nk} of N such that Tnkz → y as
k → ∞. Since T maps ω(x) isometrically onto ω(x) by Lemma 2.2, for
each k ∈ N there also exists unk ∈ ω(x) such that Tnkunk = u. Hence

d(y, u) ≤ d(y, Tnkz) + d(Tnkz, Tnkunk)

= d(y, Tnkz) + [d(Tnkz, Tnkunk) − d(z, unk)] + d(z, unk)

≤ d(y, Tnkz) + sup
v∈M

[d(Tnkz, Tnkv) − d(z, v)] + rH(ω(x)).

Taking lim supk→∞ on both sides, we have d(y, u) ≤ rH (ω(x)) for all
u ∈ ω(x) and hence y ∈ CH(ω(x)). Obviously, CH(ω(x)) is a proper
subset of H by Lemma 2.1, which contradicts to the minimality of H.
Therefore diam(H) = 0 and the proof is complete. �

As a direct consequence of Theorem 3.1, we have the following
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Corollary 3.2 [12]. Suppose (M,d) is a bounded metric space
for which A(M) is compact and normal. If a mapping T : M → M
is of asymptotically nonexpansive type and power condensing, then T
has a fixed point.

Corollary 3.3. Suppose (M,d) is a bounded metric space for
which A(M) is compact and normal. If a mapping T : M → M is
of asymptotically nonexpansive type and condensing, then T has a
fixed point.

Remark 1. It is still open whether the above corollary holds with-
out the assumption which T : M → M is a mapping of asymptotically
nonexpansive type.

Note that the family A(M) of addmissible sets in a hyperconvex
metric space is a compact normal convexity structure for M (e.g., see
[6]). As a direct consequence of Corollary 3.2, we have the following

Corollary 3.4. Let (M,d) be a nonempty bounded hyperconvex
metric space. If a mapping T : M → M is of asymptotically nonex-
pansive type and power condensing, then T has a fixed point.

Remark 2. It is well-known [6] that a Banach space X is hyper-
convex if and only if it is isometrically isomorphic to C(K) where K is
a compact extremally disconnected Hausdorff space. In particular, the
Banach spaces `∞, L∞ are hyperconvex. Recently, Kirk [134] showed
that a complete R-tree is also hyperconvex. Therefore we obtain the
variations of Corollary 3.4 for these spaces.

As an application of our main theorem in Banach spaces, we have
the following

Theorem 3.2. Let C be a bounded closed convex subset of a
Banach space X with uniform normal structure [6]. If a mapping
T : C → C is of asymptotically nonexpansive type and local power
condensing, then T has a fixed point.

Proof. Let Σ be a family of all closed and convex subsets of C.
Then Σ has a compact convexity structure for C. Since X has uniform
normal structure, Σ is also normal. Since all assumptions of Theorem
3.1 are fulfilled the required conclusion follows. �
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Remark 3. Under the assumptions of Theorem 3.2, it is still open
whether the above theorem holds without the condition that T : C → C
is local power condensing. However, it was recently known that the
above theorem holds if T : C → C is only asymptotically nonexpansive
without the condition that T is local power condensing.

4. Ultrametric spaces

In this section we introduce some recent results due to Kim-Kirk
[11] in ultrametric spaces.

We adopt the notation and abstract setting of Prieß-Crampe [24].
By an ultrametric space we mean a set X along with a mapping d :
X ×X → Γ, where (Γ,≤) is a totally ordered set with 0 ∈ Γ and 0 ≤ γ
for each γ ∈ Γ, and where d satisfies the properties of an ultrametric;
thus:

(D1) d(x, y) = 0 ⇔ x = y,
(D2) d(x, y) = d(y, x) for all x, y ∈ X,
(D3) d(x, y) ≤ max{d(x, z), d(y, z)} for all z ∈ X.
If d(z, x) 6= d(z, y), then it follows from (D3) that
(D′

3) d(x, y) = max{d(x, z), d(y, z)}.
For π ∈ Γ and a ∈ X set Bπ(a) = {x ∈ X : d(x, a) ≤ π}. We call

Bπ(a) the ball at a with radius π. (This notation differs from that previ-
ously used.) It is immediate that for the ultrametric spaces considered
here the following holds:

(B) For π, γ ∈ Γ with π ≤ γ and a, b ∈ X, it follows that either
Bπ(a) ∩ Bγ(b) = ∅ or Bπ(a) ⊂ Bγ(b).

Further, each ball is both open and closed, and consequently (X,d) is
a totally disconnected space. Thus even in the real case an ultrametric
space cannot be metrically convex. An ultrametric space is said to be
spherically complete if for each collection B of balls of X the following is
true: If ∩B = ∅ then there are two balls B, B′ ∈ B for which B∩B′ = ∅.
Note in particular that for Γ the nonegative reals the collection B forms
a compact convexity structure as defined in the Introduction. However
B fails to be normal.
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A mapping T of an ultrametric space X into itself is said to be
nonexpansive if d(Tx, Ty) ≤ d(x, y) for each x, y ∈ X, and contractive
if d(Tx, Ty) < d(x, y) for each x, y ∈ X, x 6= y. A nonexpansive
mapping of an ultrametric space into itself need not always have a
fixed point even if the space is spherically complete (see [23]). However
the following ’alternative’ results holds. This observation (in the real
case) is due to Petalas and Vidalis [23]. We shall adapt their proof to
establish the same result in the more general setting of Prieß-Crampe.

Theorem 4.1 [11]. Suppose (X,d) is a spherically complete ultra-
metric space and suppose T : X → X is nonexpansive. Then either T
has a fixed point, or there exists a ball B in X of radius r > 0 such
that (i) T : B → B and (ii) d(x, Tx) = r for each x ∈ B.

We remark that the above results can be sharpened in ultrametric
spaces over the reals. Let (X,d) be an ultrametric space with d :
X × X → R (the reals) satisfying (D1) - (D3). All the remaining
results pertain to real ultrametric spaces.

Theorem 4.2 [11]. Suppose (X,d) is a spherically complete ultra-
metric space and suppose T : X → X is lipschitzian with lim supn→∞
kn ≤ 1. Then (i) either T has a fixed point, or (ii) there exists a ball
B in X of radius r > 0 such that lim supn→∞ d(x, Tnx) = r for each
x ∈ B.

We shall use the following lemma in our proof.

Lemma 4.3. Let {an} and {bn} be any two sequences of nonnega-
tive real numbers. Then,

lim sup
n→∞

max{an, bn} = max{lim sup
n→∞

an, lim sup
n→∞

bn}.

Proof. Note that for each n ∈ N,

sup
k≥n

max{ak, bk} = max{sup
k≥n

ak, sup
k≥n

bk}.

Then it is easy to check out the equality in lemma 4.3. �

For each a ∈ X, we set

ra := lim sup
n→∞

d(a, Tna).
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Lemma 4.4. Suppose (X,d) is an ultrametric space. If T : X → X

is lipschitzian with lim supn→∞ kn ≤ 1, ra < ∞ for every a ∈ X.

Further, if ra = 0, then a is a fixed point of T .

Proof. Since lim supn→∞ kn ≤ 1, there exists N ∈ N such that
kn < 2 for all n ≥ N . It follws from (D3) that for each n ≥ N ,

d(a, Tna) ≤ max{d(a, T iNa), d(T iNa, T iN+ja)},

where n := iN + j, i, j ∈ N with 0 ≤ j < N . Then (by (D3) again)
we have ra ≤ 2kd(a, Ta), where k := max{1, k1, . . . , kN−1}. If ra = 0,
then

d(a, Ta) ≤ max{d(a, Tna), d(Tna, Ta)} → 0

as n → ∞, so Ta = a by continuity. �

Proof of Theorem 4.2. For each a ∈ X let B(a) denote the ball
centered at a of radius ra, and let A denote the family of all such balls
ordered by set inclusion, and let A1 be a descending chain in A. As
in the proof of Theorem 4.1 A1 has a nonempty intersection, say B.

Let b ∈ B and let B(a) ∈ A1. Then if x ∈ B(b), d(a, b) ≤ ra and, by
Lemma 4.3, (D3) and the asymptotic nonexpansivity of T , we have

d(x, b) ≤ rb = lim sup
n→∞

d(b, Tnb)

≤ lim sup
n→∞

max{d(b, a), d(a, Tna), d(Tna, Tnb)}

≤ max{d(a, b), ra} = ra

so
d(x, a) ≤ max{d(a, b), d(x, b)} ≤ ra.

Thus x ∈ B(a) and therefore B(b) ⊆ B(a). Hence each descending
chain in A is bounded below by a member of A. It follows that A has
a minimal element, say B(z). For any x ∈ B(z)

d(x, Tnx) ≤ max{d(x, z), d(z, Tnz), d(Tnz, Tnx)}
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for all n ∈ N and so rx ≤ rz. Since B(x)∩B(z) 6= ∅ it must be the case
(by (B)) that B(x) ⊆ B(z) and, by minimality, B(x) = B(z). Note
that

rz = lim sup
n→∞

d(z, Tnz) ≤ lim sup
n→∞

max{d(z, x), d(x, Tnx), d(Tnx, Tnz)}

≤ max{d(z, x), rx}.

Suppose that rx < rz . Then we have

rx < rz ≤ max{d(z, x), rx} = d(x, z).

But this implies that z /∈ B(x), contradicting B(x) = B(z). Therefore
it must be the case that

rx = rz ≥ 0 for each x ∈ B(z).

�

Corollary 4.5. Suppose (X,d) is a spherically complete ultra-
metric space. If T : X → X is lipschitzian with lim supn→∞ kn < 1,
then T has a fixed point.

Proof. If B = B(z) satisfies alternative (ii) of Theorem 4.2, then
a := lim supm→∞ Tmz ∈ B(z) and

rz = ra = lim sup
n→∞

d(a, Tna) = lim sup
n→∞

lim
k→∞

d(Tmkz, Tn+mkz)

≤ (lim sup
k→∞

kmk )rz < rz,

which gives a contradiction. Hence, by Theorem 4.2, T has a fixed
point. �

As a direct consequence of Corollary 4.5,

Corollary 4.6 [24]. Suppose (X,d) is a spherically complete ul-
trametric space. If T : X → X is contractive, then T has a fixed
point.
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