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Abstract. It is shown that in a wide class of Banach spaces, map-
pings T with Lipschitz constant less than 2 always have ¯xed points
if T 2 is nonexpansive. The results, which make use of structure theo-
rems of R.E. Bruck and M.A. Khamsi, substantially generalize an early
theorem of K. Goebel by showing, among other things, that an assump-
tion of strict convexity is not needed. Some further extensions are also
noted, and it is shown that analogous results hold for asymptotically
nonexpansive mappings.

1. Introduction.

Let X be a Banach space and D µ X. A mapping T : D ! X is said
to be nonexpansive if for each x; y 2 D; kT (x) ¡ T (y)k ∙ kx ¡ yk.
A rich ¯xed point theory for mappings of this class exists (e.g., see
[5]). On the other hand, if T is merely assumed to be k-lipschitzian,
that is, for some ¯xed k ¸ 0; kT (x) ¡ T (y)k ∙ kkx ¡ yk for each
x; y 2 D, then no comparable theory exists if the Lipschitz constant
k > 1. Indeed, it is known (cf., [10]) that for any k > 1 there exists
a k-lipschitzian selfmapping of the unit ball of the in¯nte dimensional
Hilbert space l2 which has no ¯xed point. It has been known for some
time, however, that such mappings T will always have ¯xed pionts if
k is su±ciently near 1 and if appropriate constraints are placed on
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